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PREFACE TO THE FIRST EDITION 

In this treatise, the author has attempted to bring together 
all the well-known theorems and examples connected with 
Harmonics, Anharmonics, Involution, Projection (including 
Homology), and Eeciprocation. In order to avoid the 
difficulty of framing a general geometrical theory of Ima- 
ginary Points and Lines, the Principle of Continuity is 
appealed to. The properties of Circular Points and Circular 
Lines are then discussed, and applied to the theory of the 
Foci of Conies. 

The examples at the ends of the articles are intended 
to be solved by the help of the article to which they are 
appended. Among these examples will be found many 
interesting theorems which were not considered important 
enough to be included in the text. At the end of the book 
there is, besides, a large number of Miscellaneous Examples. 
Of these, the first part is taken mainly from examination 
papers of the University of Oxford. Scattered throughout 
the book will be found examples taken from that admirable 
collection of problems called Mathematical Questions and 
Solutions from the * Educational Times.' For permission to 
make use of these, I am indebted to the kindness of the able 
editor, Mr. W. J. C. Miller, B.A., Eegistrar of the General 
Medical Council. 

The book has been read both in MS. and in proof by my 
old pupil, Mr. A. E. Jolliffe, B.A., Fellow of Corpus Christi 
College, and formerly Scholar of Balliol College, Oxford, 
whose valuable suggestions I have made free use of. To 
him I am also indebted for the second pai*t of the Miscella- 
neous Examples. I am glad of this opportunity of ac- 
knowledging my great obligations to my former tutor, the 
late Professor H. J. S. Smith. My first lessons in Pure 
Geometry were learnt from his lectures ; and many of the 
proo& in this book are derived from the same source. 

I have assumed that the reader has passed through the 



iv Preface to the First Edition 

ordinary curriculum in Geometry before attempting to read 
the present subject ; viz. Euclid, some Appendix to Euclid, 
and Geometrical Conies. 

I have not found it convenient to keep rigidly to any 
single notation. But, ordinarily, points have been denoted 
by -4, 5, C, ... , lines by a, 5, c, ... , and planes and conies by 
a, ^, y,.... 
. The following abbreviations have been used — 

A straight line has been called a line, and a curved line 
has been called a curve. 

The point of intersection of two lines has been called the 
meet of the lines. 

The line joining two points has been called the jom of 
the points. 

The meet of the lines AB and CD has been denoted by 
(AB] CD). 

To avoid the frequent use of the phrase 'with respect to' 
or *with regard to,' the word 'for * has been substituted. 

The abbreviation 'r. h.' has sometimes been used for 
* rectangular hyperbola.* 

The single word ' director ' has been used to include the 
'director circle' of a central conic and the 'directrix' of 
a parabola. 

The angle between the lines a and }> has been denoted by 
Lab and the sine of this angle by sin ab. 

The length of the perpendicular from the point A on the 
line h has been denoted by (A, V). 

I have ventured to use the word 'mate' to mean 'the 
point (or line) corresponding.' I have avoided using the 
word ' conjugate ' except in connexion with the theory of 
polars. 

I shall be glad to receive, from any of my readers, correc- 
tions, or suggestions for the improvement of the book; 
interesting theorems and examples which are not already 
included will also be welcomed. 

J. W. RUSSELL. 
. February^ 1893. 



PEEFACE TO THE SECOND EDITION 

Besides numerous small improvements throughout, the 
following are the principal changes made in this edition. 

The examples in each chapter have been rearranged, the 
redundant ones being omitted and those of the nature of 
problems being placed at the end of the chapter. 

Each chapter has been made independent of the following 
chapters; for instance in Chapter VI, proofs have been 
introduced that the projection of a conic is a conic, and 
that five points determine a conic, and in Chapter YII an 
elementary theory of foci has been added. 

More use has been made of Projection in proofs of 
theorems; and correlative theorems have been proved by 
Eeciprocation. 

The method of (1, 1) correspondence has been introduced 
wherever possible, but only as an alternative method ; as 
the author thinks it, although elegant and powerful, a 
dangerous method on account of the difficulty of seeing 
whether a given construction is ^rational.' 

A model to illustrate figures in projection has been added 
at the end of the book ; it is hoped that this will enable the 
reader to follow the theory of Projection more clearly. 

The more difficult portions have been marked with a *. 

Also an index has been added. 

I thank Mr. G. G. Berry, of Balliol College, for kindly 
verifying the new matter, and numerous correspondents 
who have been good enough to send me corrections of the 
old edition and suggestions for the new. Further help in 
this direction will be welcomed ; and the author will be 
glad to communicate with readers on any matter arising 
out of the book. 

J. W. EUSSELL. 
Julyj 1905. 
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PURE GEOMETRY 

CHAPTER I 

rORMULAE CONNEOTING SEGMENTS OP THE SAME LINE 

^ 1. One of the differences between Modern Geometry and 
the Geometry of Euclid is that a length in Modern Geometry 
has a sign as well as a magnitude. Lengths measured on 
a line in one direction are considered positive and those 
measured in the opposite direction are considered negative. 
Thus if ABj i. e. the segment extending from ^ to ^y be 
considered positive, then BA, i. e. the segment extending 
from B to A, must be considered negative. Also AB and 
BA differ only in sign. Hence we obtain the first formula, 
Yiz. AB '=^ - BA. 

Notice that by allowing lengths to have a sign as well as 
a magnitude, we are enabled to utilize the formtdae of 
Algebra in geometrical investigations. In making use of 
Algebra it is generally best to reduce all the segments we 
employ to the same origin. This is done in the following 
way. A B 

Take any segment AB on a line and also any origin 0. 
Then AB =» OB-OA, This is obviously true in the above 
figure, and it is true for any figure. For 

OB-OA^OB-^AO^AO+OB^AB; 
for A0+ OB means that the point travels from A to and 
then from to J5, and thus the point has gone from J. to B. 

The fundamental formulae then are 

(1) AB « -BA ; (2) AB « OB-OA. 

In the above discussion the lengths have been taken on 
a line. But this is not necessary; the lengths might have 
been taken on any curve. 

BUSgXLZ* B 



2 Formulae connecting Segments [ch. 

It is generally convenient to use an abridged form of the 
formula AB « OB - OA, viz. AB « 6 - a, where a = OA 
and 6 = OB. 

2, Af B, C, D are any four coUinear points ; show that 

AB.Cn + AC.BB + AD.BG^O. 
Take A as origin, then CD ^AD-AC « d-c, and so on. 
Hence 

AB.CD + AC.nB + An.BC-=h{d-c) + c(h''cl^'^d{c--h) 

= M-hc + cb-cd + dc-db'' 0. 

Ex. 1. 4, JB, C, B, are any five points in a plane; show that 
AA0B.AC0n + /!^A0C.AD0B + AA0D.AB0C'=0, 

where A AOB denotes the area of the triangle AOB. 
Let a line meet OA, OB, 00, OD in A', B", (T, D\ Then 
AAOB'^-^.OA.OBsmAOB. 
Hence the given relation is true if 

2 {sin J^05. sin C02)} =6, 
i. e. if 2 {sin A'OB" . sin CO!/} = 0. 

But p . A'B' = 0A\ OB' sin A'OB", where p is the perpen- 
dicular from on A'B'C'D\ Hence the given relation is 
true if A'B'.C'iy + A'C'.iyB' + A'iy.B'C^O. 

Ex. 2. IfOA, OB, 00, OD he any four lines meeting in a 
point, show that 

sin AOB . sin COD + sin AOC. sin DOB 

+ sin AOD . sin BOC « 0. 

Ex. 3. From Ex. 2 deduce Ptolemy's Theorem connecting four 
points on a circle. 

Take also on the circle. Then AB « 2 . J3 . sin AOB. 

Ex. 4. IfO,A,B are any coUimar points, then 
OA^-¥OB^ - AB^-\^20A . OB. 

Ex. 6. If A, B, C,...X, Y are any number of coUinear 
points, show that AB-^BC-h ... + XY+ YA =• 0. 

Ex. e. If \ denotes the ratio OA : OB and X' the ratio 
OA' : OB' [0, A, B, A', B! being coUinear points), sliow that 
Bff.X.X' + A'B.k + BTA . X'-¥AA' « 0. 

Ex. 7. IfD, E, Fare any three points on the sides BC, CA, 
AB of a triangle, show that 

DB.EC.FA ^ sin DAB . sin EBC. sin FCA 
DC. EA.FB" sin DAC. sin EBA . sin FCB* 



I] of the same Line 3 

Stewart's Theorem. 

3. A,By C are any three coUinear points^ and P is any other 
point; show that 

PAKBG+PB^.CA-¥P(P.AB + BC\CA.AB^O. 
Drop the perpendicular PO from P on ABC. 
Take A as origin (so that the factors CA and AB may be 
obvious) ; and let AO >= x and PO -p. 
Then PA^.BG+PB^.CA + PGKAB 
- (OA^ + OP^) BC+ (OB^ + OP^) CA + {OC^ + OP^) AB 

«ir2c-a;26 + (62-26ir+ic2)(-c) + (c2-.2cj?+ir2)6 

+i>2 (c - 6 - c + 5) 

«-fe2c + c2fe = 6c{c-6)«^B.4C.BC 

Ex. 1. If A, By Che three coUinear points and a^h, che the 
tangents from Af B, Cto a given circle^ then 

aKBC-^bKCA + (^.AB-hBC.CA.AB^O. 

Ex. 2. XfP he any point on the hose AB of the triangle ABCj 
AP. CB^'-BP. CA^ - AB.iCP^-AP.BP). 



Ex. 8. IfAf Bj Cj B he four points on a circle and P any 
point, show that 

LBCD.AP^-LCDA.BP^ 

•^LDAB.CP^-LABC.BP^^O, 
disregarding signs. 

Let AC, BB meet in inside the circle. 

Then ABCDocBD.CO and BO. OB = CO.OA. 

Ex. 4. If 7 A, TB, VC, 7D he a/ny four lines through V, 
then 

sin BVB . sin C7B sin CFD. sin^FD 



sin ^F^ . sin CVA sin GVB . sin A 7B 

. sin-lFD.sin^FD 



= 1. 



sin^FC. sinJ5FC 
Draw a parallel to TB. 

Ex. 5. If from any point P there he drawn the perpendicular 
PQ on the line AB, then 

PA^ ''PB^=^AB^-\^2.AB. BQ. 

B 2 



4 Formulae connecting Segments [oh. 

A. If C he the middle point ofABj then whatever origin 
he chosen on the line AB, we have 00^ ^ {OA + OB). 

For OC^-OA + AC^OA + ^AB^OA + iiOB-OA) 

«i{04 + 0J5). 

As we have used general formulae throughout this proofs 
the formula holds for every relative position of the points 
Oj A, and B. 

Ex. 1. IfAA\ BB^, C(/ he coUinear segments whose middle 
points are a, 13, y, and if P he a variable point on the line, show 
that 
FA . PA\ Py + PB . PB" .ya + PC. PC\ a^ is constant. 
Take any origin 0. Then 

2./3>' = 2.0y-2.0i3 = c + c'-6-6'. 
Twice the given expression is 

{a -p) (a' -'p){C'^c'-h-h') +... + ..., 
which is equal to aa'(c + c'-fe-fe')+ ••• + ••• • 

Ex. 2. If C he the middle point ofAB, and he any point 
on the line ACB, show that 

0A^ + 0B^^CA^+CB^ + 2.0C^ 

Ex. 3. IfPhe the middle point of the segment A A' and Q he 
the middle point of the segment Biff (on the same line as AA'), 
show that 

2.Pq.AA' ^AB.AB'-'A'B.A'B^. 

Ex. 4:. If on the line AB the point G he taken such that 
a . GA + h . GB == 0, a and h heing any numbers, positive or 
negative, then, being also on AB, 

a . OA + h . OB >« (a + h) . OG. 

Ex. 6. If on the line ABGD-.. a point G be taken stich that 
GA + GB-hGG+ ... = 0, 
and be a/ny other point on the line, then 

OA^-hOB^ + OC^-^...-=GA^+GB^ + GC^+...-¥n.GO^ 
n heing the number qftJie points ABCD... . 

*5. The following is an interesting application of Algebra 
to Geometry : 

If A, B, G, D, P, Q he any six collinear points, then 
AP.AQ BP.BQ CP.GQ ^ DP.DQ 



AB.AC.AD BC.BD.BA CD.GA.CB DA.DB.DG' 



0. 
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Put X {otA, and reduce the resulting equation to any 
origin, after getting rid of the denominators. We shall have 
an equation of the second order in a; to determine X. 

Put X ^hf Le, X — Bj and we get an identity. 

Hence a? = 6 is one solution of this equation. 

Similarly a; = c, and x^ dare solutions. 

Hence the equation of the second order has three solutions ; 
and is therefore an identity. 

If Ay By 0, P, Q be any five cdUmear points, then 
AP.AQ BP.BQ GP.CQ - 
AB.AC BC.BA CA.Cb' 

Multiply the identity just proved by AD throughout and 
let D be at infinity. 

Then AD=^AB + BDy .'. AD/BD -- AB/BD + 1. 

But when D is at infinity AB/BD « 0. 

Hence AD/BD = 1. Similarly AD/CD « 1. 

So DP/DB^l and DQ/DC^l. 

Hence we obtain the result enunciated. 

If Ay By Cy By P U ttnyfive cdUinear pointSy then 

AP BP CP DP _Q 

AB.AC.ADBaBD.BA CD.CA.CB DA.DB.DC 
In the first identity take Q at infinity, then since 
BQ/AQ ^ly CQ/AQ^l, DQ/AQ ^ly 
the required result follows. 

Ex. 1. Show that the first result is true for n points Ay B, .., 
and (n - 2) points P, ft ... . 

Ex. 2. Show that the second result is true for n points 
A, By ... and (n- 1) points Py Q, .... 

Ex. 3. Show that the third result is true for n points 
Ay By ...and (n-2-m) points P, ft — > ^^^^ ^ *way be 
0, 1,2,3, ...(n-2). 

Ex. 4. Enunciate the theorems obtained from Ex. 2 and 
Ex. 3 by taking the points P, ft ... all coincident; and show 
that the theorems stiU hold when P is outside the line, provided 
the index ofAP is even. 

Use AP^ = Ap^ +pP^y and the Binomial Theorem, 
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Menelaus's Theorem. 

e. If any transversal meet the sides BGj CA, ABofa triangle 
in 2>, E, Fj then 

AF .BD . CE ^ -FB . DC. EA. 

The transversal must cut all the sides externally, or two 
sides internally and one externally ; for as a point proceeds 
along the transversal from infinity, at a point where the 
transversal cuts a side internally, the point enters the 




triangle and at the point where the point leaves the triangle, 
the transversal must cut another side internally. Hence of 
the ratios AFiFB, BDiDG, CEiEAj one is negative and 
the other two are either both positive or both negative. 
Hence the sign of the formula is correct. 

To prove that the formula is numerically correct, drop the 
perpendiculars jp, g, r from -4, J5, G on the transversal. Then 
AF/FB = jp/g, and BD/DG == q/r, and GE/EA = r/p. 

Hence, multiplying, we see that the formula is true 
numerically. 

Conversely, if three points 2), E, F, taken on the sides BO, 
GA, AB of a triangle, satisfy the relation 

AF.BD.GE^-FB.DG.EA, 
then JDf E, F are collinear. 
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For, if not, let BE is\xi AB in P. Then since 2>, E, F 
are collinear, we have 

Ar.BD.CE^'-FB.DC.EA. 
But by hypothesis we have 

AF.BD.CE^-FB.BCEA. 
Dividing, we get AF' : F'B : : AFi FB ; hence 
AF'-¥F'B:AF+FBiiAF'iAF, 
i e. AF^AF, le. F" coincides with F. Hence D, E, F are 
collinear* 

Ex. 1. Show that the above relation is equivalent to 
Bin AGF. mi B AD. ^CBE 

« - sin FOB . sin BAG. sin EBA. 
For AF: FB = AAGF: AFGB 

= i^(7. CJ'sin^GFiiFC. CBsinFGB. 

Ex. 2. J/awy transversal cut the sides AB, BG, GB, BE, ... 
of any polygon in thejpoints a, b, c, d, ... , show that the continued 
prodtict of the ratios 

Aa/Ba, Bb/Gb, Gc/Bc,Bd/Ed, ... is unity. 
Let AG cut the transversal in y, AB in d, and so on, 
then Aa/Ba x Bb/Gb x Gy/Ay = 1 
and Ay/Gy x Cfc/i)c x Bb/Ab = 1, and so on. 
Multiplying up and cancelling, we get the theorem. 

Ex. S. If on the four lines AB, BG, GB, BA there be taken 
four points a, 6, c, d such that 

Aa.Bb.Gc.Bd-^aB.bG.cB.dA, 
show that ab and cd me^t on AG and ad and be meet on BB. 

Apply Menelaus's Theorem to ABB and ad and to BGB 
and be ; multiply, and divide by the given relation ; and we 
see that ad and be meet BB in the same point ; similarly 
for AG. 

Ex. 4. If the sides of the triangle ABG which is inscribed in 
a circle be cut by any transversal in B, Ey F, show that the 
product of the tangents from 2>, E, F to the circle is numerically 
equal to AF. BB . GE. 

Ex. 6. Gonstn^t geometrically the ratio a/b -r- c/d. 
Divide AB in the ratio a/b and AG in the ratio c/d. 

Ex. e. The bisectors of two angles of a triangle and the 
bisector of the supplement of the third angle meet the opposite 
sides in cdllinear points. 
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Ceya's Theorem. 

7. I/the lines joining em^ point to the vertices A, B, Gofa 
triangle meet the opposite sides in Z), E^ F, then 
AF. BD,CE^ FB.DC. JEA. 

To verify the sign of the formvila. the point in which 
AB, BE, CF meet must be ei^Aer inside the triangle, in which 
case each of the ratios AF: FB and BB : DC and CE: EA 
is positive, or as at Oj or 0^, in which cases two of the ratios 



are negative and one positive. Hence the sign of the formula 
is correct. 

To prove the formula numerically, we have 

AF:FB::AAGF;AFCB::AAOF:AFOB 
::AAGF-/!^AOF:AFCB--AFOB 
::AAOC:ABOG. 
Similarly BBiDGiiLBOAiLAOC 
and GE:EA::AGOB:AAOB. 

Hence, multiplying, we see that the formula is true 
numerically. 

Conversely, if three points D, E, F, taken on the sides BC, 
GA, AB of a triangle, satisfy the relation 

AF.BB.GE--FB.BC.EA, 
then AB, BE, GF are concurrent. 
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For, if not, let AD, BE cut in ; and let CO cut AB in 
F\ Then since AD, BE, OF' are concurrent, we have 
AF. BB.CE^FB. DC. EA. 
But by hypothesis we have 

AF.Bn.CE^^FB.BC.EA. 
Dividing, we get AF : FB : : AF: FB. Hence F and V 
coincide, i.e. AD, BE, CF are concurrent. 

Ex. 1. In the figure, show that 

OD OE OF 
AD BE CF^ ^' 

Ex. 3. Show that the necessary and sufficient condition that 
Aa, Bh, Co should meet in a point is 
sin aAB.^n hBG. sin cCA » sin CAa . sin ABh . sin BCe. 

Ex. 3. If the lines Aa, Bh, Cc, Dd, ... drawn through the 
vertices of a plane polygon ABCD ... in the same plane meet 
in a point, then the continued product of such ratios as 
sin aAB : sin ABh is unity. 

Ex. 4. If the lines joining a fixed point to the opposite 
vertices of a polygon of an odd number of sides meet the sides 
AB, BC, CD, DE,... in the points a, h, c, d,.., show that the 
continued product of such ratios as Aa/aB is unity. 

For Aa/aB = AO.aO sin AOa/aO.BO sin aOB. 

Ex. 6. A circle meets BC in D, If, CA in E, E\ and AB 
in F, F\ Show that if AD, BE, CF meet in a point, so do 
Aiy, BE', CF\ 



The straight line at infinity. 

8. Tate any fixed point and a fixed line I. Then any 
line X through cuts I in a point P. Now rotate x about 



so that X may become more and more nearly parallel to I. 
Then P recedes indefinitely along I ; and in the limit when 
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X is parallel to ?, P is said to be the point at infinity upon I, 
Hence two parallel lines intersect in a point at infinity. Notice 
that the two points at infinity on a line are coincident ; for 
instance in the figure each point is the limit of P when x is 
parallel to I 

Now draw a plane j3 parallel to any plane a. This will 
be parallel to every line in the plane a. Hence the point at 
infinity on each line in a lies on the plane jB. Now every 
two planes intersect in a line. Hence all the points at 
infinity in the plane a lie on a single straight line (called 
the straight line at infinity in this plane), viz. the line of 
intersection of the planes a and j3« 

9. The point at infinity cm the line of any segment divides 
this segment externally in the ratio - 1. 

A B P 

For let P divide the segment AB externally. Then 
AP AP AB + BP AB 

PB'''' BP^" BP ^ BP" 
Also when P is at infinity, the limit of AB/BP is zero ; for 
AB is finite and BP is infinite. 

We may say that a segment is bisected externally by the 
point at infinity on its line. 



1. If Ay B, C are the angles of a triangle and A^, B^, (/ 
the angles which the sides BC, CA, AB make with any line, 
then sin-4..sinui'-fsin J5.sin5' + sinC.sinC« 0. 

2. OL, OM, ON are any three lines through and Pi, 
PM, PN make equal angles with OL, OMj ON in the same 
way ; show that 

PL.BmMON+PM.BmNOL-^PN.BuiLOM^O. 

8. If A, B, C are the angles of a triangle and J.', ^, C 
the angles which the sides BC, CA, AB miie with any line, 

,, sin J?', sin C . sin C. sin A^ sin A\ sin B' ^ 

then -; — 5 — r-77 + . ^ . — T + —' — 3 — : — ^ « - 1. 
sm^.smC smCsinJ. ^mA.amB 
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4. If OAf OB, OC are any three lines through 0, and 
PAf FB, PG are the three perpendiculars from any point 
P to OA, OB, OC, then 
S{P5.pasin50C} = -P02 sin J?OC. sin (70 J., sin ^05. 

6. Through the vertices A, B, G of a, triangle are drawn 
the parallels AX, BY, CZ to meet the sides BC, OA, AB at 
X, T, Z; show that 

BX.CX CY.AY AZ.BZ 
AX^ "*" BY^ "*■ CZ2 *" 

e. If VA, VB, VG, VD, 70, 7ff are any six concurrent 
lines, and if a = sin 0F4 -t- sin ffVA, and so on, show that 
sin^FC , sin^FC ^ y-g , y~ff 
sin J. FZ) ' BmBYD^ h-a ' 6-/3* 

7. Three lines OAA', OBB\ OCG' are cut by two lines 
ABG,A'B'G'; show that 

OA^AB OA' , A'B" 
OG ' BG ^ OG' ' Bfa 
, AA'.BG BB'.GA GG\AB ^ 
"^^ -OA^'--OJ^''-OG' ^- 

8. If the polygon A'BfG'I/ ,,, is inscribed in the polygon 
ABGB ... , so thiat A' is on AB, B! on BG, and so on, and 
is any point in the plane, show that the continued product 
of such ratios as sin AOA' l^\3x A' OB -e- AA'/A'B is unity. 

9. If w points A, B, G, ... and w' points A% B', G', ... are 
coUinear, and if Q and G' are points on the line AB ... such 
that G^ + GJ5+eC+...=0 and (?'^'+G'^+©'C'+...=0, 
show that n . n\ GG' « S {AA' -^ AB" -\- Aff -\- ...). 

10. If A, B, X, Y are collinear points such that 
AX. AY ^BX. BY, then AB and XY have the same 
bisector unless A and B ov X and Y coincide. 

11. A line meets BG, GA, AB at D, ' E, F. P, Q, R 
bisect JEF, FD, BE. AP, BQ, GR meet BG, GA, AB at 
X, Y, Z. Show that X, Y, Z are collinear. 

12. A transversal meets the sides of a polygon ABGB ... 
at A% B^, G\ ... and meets any lines through the vertices 
A, B, G, ... at A'\ Bf', C, ... ; show that the continued 
product of such ratios as sin A'BB!'I^vcl BT'BBf -^ A'B^'IBT'Bf 
is unity. 
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13. If the lines AB^ BC, CD, DA, which are not in the 
same plane, be met by any plane at A^, B^, (/, 2/, then 

AA\ BB". CG\ Djy « A'B. B'G. C'D.J/A. 

14. AO meets BG at D, BO meets GA at E, GO meets 
AB at F, GH is equal and parallel to BG and passes 
through A. BG meets 00 at L and HO at K. Similarly 
segments such as KL are constructed on GA and AB. 
Show that the product of these segments is AF. BD . GK 

16. AO meets BG at P, BO meets C4 at Q, GO meets 
-4J5 at 12. PU meets Q2J at Z, QU meets J?P at T, BU 
meets PQ at Z. Show that AX, BY, GZ are concurrent. 

16. Through the vertices of a triangle are drawn parallels 
to the reflexions of the opposite sides in any line. Show 
that these parallels are concurrent. 

17. On the sides AB, AG oi sl triangle are taken the 
points X, r, and in BG a point P is taken such that 
AB. AY. FG = AG. AX.BP. Show that AP will bisect 
XY. 



CHAPTER II 

HABMONIO BANGES AND PENCILS 

1. A range or row is a set of points on the same line, 
called the axis or hose of the range. 

A pencil is a set of lines, called rays, passing through the 
same point, called the vertex or centre of the pencil. 

If A, By A', B" are coUinear points such that 
AB.BA'iiAB'iA'B' 
or (which is the same thing) such that 

AB/BA'^ -ABTIBTA', 
then {ABA^BT) is called a Tmrmomc ra/nge. A, A' and Bj 
B^ are called harmonic pairs of points ; and -4, A' are said to 
be conjugate, as also Bj B\ Also A is said to be the fourth 
harmonic of A' (and A^ of A) for B and B' ] so J? is said to 
be the fourth harmonic of JB' (and B^ of B) for A and A'. 
Also AA' and BB' are called harmonic segments and are said 
to divide one another harmonically. The briefest and 
clearest way of stating the harmonic relation is to say 
that (AA\ BB^ is harmonic. The relation may be stated 
in words thus — each pair "of harmonic points divides the 
segment joining the other pair in the same ratio internally 
and externally. 

A B A' B^ 

For BAiAB"^ -- BA' : A'B^. 

Ex. 1. The centres of similitude of two circles divide the 
segment joining the centres of the circles harmonically. 

Ex. 2. (BG, XX'\ {CA, TY'l [AB, ZZ") are harmonic 
ranges; show that if AX, BY, CZ are concurrent, then ZTZ' 
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are coUinear, and that if X'TZ are coUinear, then AX, BY, 
CZ are concurrent. 
Use the theorems of Ceva and Menelaua 

2. If(AA% BB") he harmoniCj then 

2 1^ 1 2 1.1 



AA'^ AB^ AB'" Bff BA BA' 

A'A " A'B A'B'' B'B ^ B'A ^ B^A'' 

Taking any one of these formulae, say 

2 _ 1 , 1 

A'A^ A'B A'B'' 

choose A^ as origin in the defining relation 

ABxBA'iiAB'iA'B' 

and use abridged notation. Then AB . A'B^ ^ BA\ AB^ 

gives us 

(5-a)6'=(-6)(&'-r-a) or 6&'-a&' + 6&'-a6 = 0, 

2 11 
or 2W ^ah^-aV or - = r + t7' 
a 

Converseli^, if any one of these relations is true, then 
{AA\ BB^) is harmonic. 

For, retracing our steps, we see that 
ABiBA'iiAB'iA'B'. 

Notice that the formulae of this article are algebraical. 
To obtain numerical formulae we must pay attention to the 
signs. For instance (with the figure of § 1) the algebraical 

2 11 

formula -jt-t- — -77^ + -jr^ gives the numerical formula 

-J7J ■= 'J^^A^ ^^^ "^'"^ ^^ *^^ opposite direction to 
A'A and A'B. 

The proposition of this article may be enunciated thus. 
2%e geometric mean hetween two lengths is equal to the geometric 
mean between the arithmetic mean and the harmonic mean. 

X, 2 1 1 . 

AB.AB'^^{AB + AB')AA' 
Now i{AB + AB^ is the arithmetic mean, and AA^ is 
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defined to be the harmonic mean, between AB and A^ ; 
also AB . A^ IS the square of the geometric mean. 

The formula AB.AB^^ A^.AA' is sometimes useful. 

Ex. If(AA% BBT) he harmonic, and P he any point on the 
line AB', show that 

PA' PB PB' 
'^'AA'^ABAB'* 
Put P^'=P^ + 4^', &c. 

3. If{AA', BB^) he harmonic, then aA^= aB.aB'; and 
conversely, if aA^ = aB. aB', then (AA', BB') is harmonic, 
a heing the middle point of AA\ 

For taking a as the origin in the defining relation 

ab.ba'.xAb^iA'b:, 

we have (5-a)(5'-aO = (a' - 6) (&' - a). 

But a'= -a, hence (&-a)(6' + a) = (-a-5)(6'-a), 
ie. hV ^y^-db' -a^^aV -a^^hV •''pa-^% 
ie. 55'= a^ i.e. aA^=aB.aB\ 
The converse follows by retracing our steps. 

Ex. 1. Shxm that the middle point of either of two harmonic 
segments is outside the other segment, 

Ex. 2. One and only one segment XT can he found to divide 
two given coUinear segments AB and CD harmonically. 

Take any point P not on the given line. Through ABP 
and CDP construct circles cutting again in Q. Let PQ cut 
ABCB in 0. From draw tangents to the circles. With 
as centre and any one of these tangents as radius, describe 
It circle. This circle wiU cut the given line in the required 
points X and Y. For 

0X2= 0Y2« OP. oq^OA.OB-=* OG. OB. 

Also no other such segment can be found. For let (/ 
bisect such a segment Z'r'. Then 

O'A.O'B^^ aT' = O'G . O'D. 
Hence 0' is on the radical axis of the above two circles and 
therefore coincides with ; and then X' and T coincide with 
Z and r. 

The points X, T may be real, coincident or imaginary 
(see IIL 1). 

4. To find the relation hetween four harmonic points and a 
fifth point on the same line. 
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Let {AA\ BB^ be harmonic, and take the fifth point P 
as origin. Then by definition ABjBA' -^ -AB'IB^A'. 

But AB = BB-BA = 5-a, &c. Hence 

(&-a)(a'-60 + («'-^)(2>'-«) = O 
or 2aa' + 266'«(a + aO(& + 60> 
ie. 2.P4.P4' + 2.PB.PJ9'=(P4 + P40(^J? + ^^')- 

Conversely, ifilm relation hold, (-4-4', BB') is harmonic. 

For reasoning backwards we deduce the relation 
AB/BA'^ -AB'/B'A'. 

If (AA\ BB^ he harmonic^ and a Usect AA' and fi bisect 
BB\ then BA PA' + PB. PB'^ 2.Pa.Pi3. 

For PA + PA'^2.Pa and PB + PB' = 2 . P/3. 

The best way of verifying any relation connecting four 
harmonic points is to take one of the points as origin. The^ 
relation must then reduce to one of those in § 2. 

Ex. 1. 2 . AB". BA' = AA\ BB". 

Ex. 2. 4'^2 + ^/52„4.a/32. 

Ex. 8. PA.A'B' + PA\AB + PB.B'A'^PB\BA'=0. 

Ex. 4. BA : BA': : ^B : A'^. 

Ex.5. PJ[.PJ['-PB» + 2.a5.P^»0. 

5. If By B' divide A A' in the same ratio internally and 
externally, then by definition [AA^, BB^ is a harmonic 
range. Now suppose this ratio is one of equality, then B 
becomes the internal bisector of the segment AA% i.e. J? is 
the middle point of AA^; also B^ becomes the external 
bisector of the segment AA^, i.e. a point such that 
AB"^ A'B", B" being outside AA\ Hence (see L 9) JB' is 
the point at infinity on AA\ Hence the theorem — 

Every segment is divided harmonically by its middle point and 
the point at infinity on the line, or, in other words, by its internal 
and external bisectors. 

6. If any two points of a harmonic range coincide, then a 
third point coincides with them and the fourth may be anywhere 
on the line. 



II] Harmonic Ranges and Pencils 17 

Suppose AA' coincide. Then B lying between A and A' 
must coincide with them. So for BJff. 

Suppose AB coincide. Then AB = ; hence, from the 
defining relation AB . A^B* = BA\ AB\ we conclude that 
BA^^^O or Aff= 0, i.e. ABA' coincide or ABB'. So for 
AB', A% A'B'. 

Again, if ABA' coincide, then AB = and BA' = ; 
hence the relation AB . A'B'^ BA', AB' is satisfied wherever 
Bf is. So for BA'B', &c. 

7. A pencil of four concurrent rays is called a harmonic 
pencil if every transversal cuts it in a harmonic range. 

Harmonic pencils exist for — 

IfapencU he obtained by joining anp point to the points of a 
harmonic range, then every transversal cuts this pencil in a har- 
monic range. 

Let {AA'j BB') be a harmonic range and V any point. 
Join V to AA'BB', and let any transversal cut the joining 
lines in aa'bb'. 

Then ab : 6a'= AaVb lAbVa^ 

= Va.Vb^naVbiVb.Va'smbVa'. 

_. ab ab^ ^ sinaF& __ sin aVb' 

Hence j-/ - p^- sin 67a' * S^Ta'* 

Now aVb'=^ AVB' ; but for the transversal a^' we should 
have a7/i'» ISOP- AVB'. 

So in all cases aVb' is either equal to or supplemental to 
AVB'; hence in all cases sin a 76' = sin-4.7B'. So for the 
other angles. 

„ ab _ ah' _ sin ^7^ _ sin^TB^ 

^^""^ ba' ' b'a'" sin BVA' ' sinB'VA' 

AB AB' . . ., 
— ^j> -J- ^72> ^y similar reasomng 

=s - 1 by definition. 

Hence ab/ba' -i- ab'/b'af == -1; hence {aa', bb') is a har- 
monic range. 

We denote the pencil subtended by ABA'B' at 7 by 
V{ABA'B'); and we may briefly state the above theorem 
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thus -if {AA^, BB^ is a harmonic range, then V{AA^, BB^) 
is a harmonic pencil (or more briefly still — ^is harmonic). 

We may enunciate the above theorem also in the follow- 
ing way. The projection of a harmonic range is a harmonic 
range ; for {aWh^ is the projection of {ABA^B^ from the 
vertex F. (See Chapter IV.) 

There are two important particular cases. 

(i) The vertex V may be at infinity. But the proof holds 




however distant Fis, and therefore holds in the limit when 
F is at infinity. Hence the parallel projection (and in parti- 
cular—the orthogonal projection) of a harmonic range is a 
harmonic ra/nge* 

(2) The section may be parallel to one of the rays of the 
pencil ; for instance V may be at infinity. As before the 
proof still holds, but now l bisects aa^ since [aa', W) is 
harmonic and 1/ is at infinity. Hence we have the theorem. 
If a section of the harmonic pencil V{AA% BB^) he draum 
paraM to YBT cutting VA, FB, F4' at o, h, a% then ah « ha'; 
and conversely ifab^ hcf, the pencil Y(aa^j hh') is harmonic if 
W is parallel to aih. 

Hence a pencil formed hy any two lines and the hisectors of 
the angles hetween them is harmonic. For let FB, VB' bisect 
the angles between VA, VA\ Draw the section (M" 
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parallel to VB^. Then obviously a6 = to' ; also V is at 
infinity. Hence Y(aa'j W) i.e. 7(4-4.', BB^ is harmonic. 

Also if two conjugate rays of a harmonic pencil are 
perpendicular^ they bisect the angles between the other pain 
For with the same construction, we have ab = ba^ and the 
angles at b right angles ; hence aVb^ bTol. 

Ex. \.IfY (-4-4', BB^) be harmonic, prove that 
2 cot AVA^ = cot AYB + cot J.FjB', 
Take a transversal perpendicular to VA. 

Ex. 2, Also if Va bisect the angle AVA\ then 
tan2 aVA ^tsnaVB. tan aFJB'. 
Take a transversal perpendicular to Va, 

Ex.3, 2 ^ AVB'. sin BVA'^ 2 sin AVB. Bin A'VB" 

-= sin AVA'. Bin BVB", 
Tot p. AB^^ VA . VB^ sin ulFJB' and so on. 

. sinJPF^' sin BVB sin BVB^ 
^AnAVA'^ s\nAVB s\nAVW 
where VP is <m arbitrary line through F. 

Ex. 5. Given two pairs of lines VA, VB and VC, VD through 
the same point, one pair of lines, and only one, can be found 
harmonic with these. 

This follows at once from Ex. 2 of § 3. The lines may 
be real, coincident or imaginary (see III. 1), 

8. The polar of a point for two lines BA and BG is 
defined to be the fourth harmonic of BO for BA and BO* 

The pole x>f a line. LM for two points A, B ia defined to be 
the fourth harmonic of the meet of LM and AB for A and B. 

If through there be drawn the transversal OPQ cutting BA 
in P and BC in Q, then the locus of E, the fourth harmonic of 
Ofor P and Q, is the polar of for BA and BC. 

For the pencil B (OPBQ) is harmonic. 

If the two lines BA, BC be parallel, i.e. if 5 be at infinity, 
the above still holds, if we consider B to be the limit of a 
finite point. 

To construct the polar of for 12-4, 12(7 where 12 is at 
infinity, draw any transversal OPQ meeting 12J. in P and 
12(7 in Q, and take B so that {OPQB) is harmonic, and 

c 2 
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through B draw a parallel U>B to Q.A and X2(7; then X2JR 
is the polar of for the parallels I2J., 12(7. 

Ex. 1. Thepolars of any point for the three pairs of sides of 
a triangle meet the opposite sides in three colUnear points. 

Let AO, BO, CO meet the opposite sides in P, Q, B, and 
let the polars of meet these sides in P^, Qf, Bf. 
Then BP/PC = -BP'/P'G, and so on. 

Now use the theorems of Menelaus and Ceva. 

Ex. 2. The poles of any line for the pairs of vertices of a 
triangle connect concurrently mth the opposite vertices. 

*0. Through a given point is drawn a line meeting two fixed 
lines in P and Q, and on OPQ is taken the point X such that 
1/OX = 1/0P+ 1/OQ ; find the locus ofX. 
Take the polar w of for the two given lines, and let OPQ 

meet this line in B. Then we 
know tljat 

2/0B--1/0P+1/0Q. 

Now draw parallel to n and 

half-way between and n the 

line w' cutting OPQ in 2^. 

Then 0B'= OB/2, i.e. 2/ OB = 1/012'. 

Hence l/Oi^= 1/0P+ 1/OQ; hence w'is the required locus. 

Ex. 1. A transversal through the fixed point meets fixed 
lines in A, B, C, ... and on OA is taken a point P such that 
1/OP = 1/OA + 1/OB + 1/0G+ ... ; find the locus of P. 

Replace 1/OA + 1/OB by 1/OL, and so on. 

Ex. 2. A transversal through the fixed point meets fixed 
lines in A, B, C, .,. ; find the direction of the transversal when 
^1/0 A is (i) a m^aximttm, (ii) a minimum. 

Perpendicular and parallel to the locus of P. 

Ex. 3. A transversal through the fixed point meets fixed 
lines in A, B, C, ... and on OA is taken a point P such that 
1/0P= a/OA + l/OB + c/OC-^ ..., where a, 6, c,.„are any 
multipliers ; find tJie locus of P. Also find the direction of the 
transversal when ^a/OA is (i) a max., (ii) a min. 

Whatever a, 6, c, ...are, we can, by taking the integer k 
large enough, make ka, kh, kc,... all integers. Hence 
k/OP = a'/OA + V/OB^d/OCt ... 
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where Jc, a\ h\ (/,... are all integers. Now by Ex. 1 find 
the locus of Q such that 

1/OQ = (1/OA + ... a' times) + {1/OB + ... 6' iimes) + ... 
and draw a parallel through P to the locus of Q such that 
OP = 7c . OQ. This parallel is the required locus. 

10. A complete quadrilateral is formed by four lines called 
the sides which meet in six points called the vertices of the 
quadrilateral. These six points can be joined by three other 
lines called the dia* 
gonals. The diagonals <5^ 
are also called the \^"^^^^^^^-Cr "" ~ — ^^ c' 

harmonic lines of the \ "^^:^f<Cj^^^^''^^ 

quadrilateral and the \ ^^<:r^r^^-^^/^ 

harmonic lines form B\ f / 

the sides of the har- \ // 

manic triangle. These \ // 

names are derived ^ 

from the following 

property — called the harmonic property of a complete quadri- 
lateral 

Each diagonal of a complete quadrilateral is divided har- 
monically hy the other two diagonals. 

Let the four sides of the complete quadrilateral meet in 
the three pairs of opposite vertices AA\ B'ff^ CC\ . Then 
AA\ BJffy CCy, or /3y, ya, a^ are the harmonic lines. We 
have to show that the ranges (AA', ^y), {BB', ya), (CO', a^) 
are harmonic. 

To prove that (AA% ^y) is harmonic, take / the fourth 
harmonic of /3 for AA\ Let B/ cut CC^ at a\ Then the 
pencil B(A'A, /j3) is harmonic ; hence its section (CC\ a'fi) 
is harmonic; i.e. a' is the fourth harmonic of /3 for GC\ 
In exactly the same way we prove that Bf^Y cuts CC in the 
fourth harmonic of /3 for GC\ Hence By^ and By are the 
same line; i.e. BB^ cuts AA' in the fourth harmonic of 
)3 for A A' ; i.e. (AA\ fiy) is harmonic. 

Similarly {BB^j ya) and (CC\ a/3) are harmonic. 

For a proof by projection see Chapter IV. 
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11. Using a ruler only, construct the fourth harmonic of a 
given point for two given points. 

To construct the fourth harmonic of y for B and B^, On 
any line through y take two points A and A\ Let A^B, 
AB" cut in C and AB, A'B" in C Then CC cuts BB" in 
the required point a. For BB^ is a diagonal of the complete 
quadrilateral formed by AB, AB^, A^B, A^B^; hence 
{BB^, ya) is harmonic. 

Ex. 1. AO, BOy CO meet BC, CA, AB in P, Q, R; QB, 
BPy PQ meet BC, GA, AB in X, Y, Z. Show that {BC, PX), 
[CA, QY), {AB, BZ) are harmonic ranges, and that XYZ are 
collinear. 

Consider the quadrilateral AQOBA. 

Ex. 2. If a transversal meet BC, CA, AB in X, Y, Z, and 
the join of A to the meet of BY and CZ cut BC in P; show 
that {BC, PX) is harmonic, and that the three lines formed like 
AP are concurrent. 

12. A complete quadrangle is formed by four points called 
the vertices which are joined by six lines called the sides of 
the quadrangle. These six lines meet in three other points 

called the harmonic 

Y^SE^;:^:;-- __ L y points of the quad- 

\ ^^^^^^r^r"--^Z<^^]^l^^^^=^ rangle ; and the har- 

\ ^.,^^::::::^^^7^^^" monic points are the 

B^r**'^^^'^ / / vertices of the har- 

\ // monic triangle. Some 

\ // writersgivethename 

\g diagonal - points to 

the harmonic points. 
The following is the harmonic property of a complete 
quadrangle. 

The angle at each harmonic point is divided harmonically by 
the joins to the other harmonic points. 

Let ABCD be the four points forming the quadrangle. 
Then U, V, W are the harmonic points of the quadrangle ; 
and we have to show that the pencils 

U{AD, VW), Y{BA, WU), W{CD, UV) 
are harmonic. 
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To show that the pencil W{CDf UV) is harmonic, it is 
sufficient to show that the range {LM, UV) is harmonic, 
L being the meet oi AC and UV, and M of BD and UV. 
And this is true ; for VU is a diagonal of the quadrilateral 
ABCDA. 

Similarly U{AI), VW) and V{BAy WU) are harmonic. 

For a proof by projection, see Chapter IV. 

13. Using a ruler only, construct the fowrth harmonic of a 
given line for two given lines. 

To construct the fourth harmonic of VU for VA and VB, 
Through any point U on VU draw any two lines UAB and 
UBG, cutting VA in A and 2>, and VB'mB and G. Then if 
J! (7 and BD meet in W, VW is the required line. For U, 
V, W are the harmonic points of the quadrangle A, B, C, D. 
Hence V(BA, WU) is harmonic. 

Ex. 1. Tlirough one of the harmonic points of a complete 
quadrangle is drawn the line parallel to the join of the other two 
harmonic points ; show that two of the segments cut off hettveen 
opposite aides of the quadrangle are bisected at the harmonic 
point. 

One point of each harmonic range being at infinity. 

Ex. 2. Through V, one of the harmonic points of a quadrangle, 
is drawn a line paraUel to one side and meeting the opposite side 
in P and the join of the other harmonic points in Q ; show that 
VP^PQ. 

Ex. 3. In the figure of the quadrilateral in § 10, show that 
Aa, A' a, B^, B^fi, Cy, C^y form the six sides of a quadrangle. 

We have to show that the six lines pass three by three 
through four points. Consider oA, fiB^, yCf. From the 
quadnlateral ^yB'Cf^ it follows that the join of a to the 
meet of /3JB' and y(y passes through A. Hence a A, ^B', yG' 
are concurrent. Similarly oA, fiB, yOare concurrent, also 
aA^, PB, yO', and also aA\ /3jB', yG. 

II 

1. If AB, BE, CF are the perpendiculars on BG, GA, AB 
and if (BG, DP), [GA, EQ) and [AB, FB) are harmonic, 
show that PQE is the radical axis of the circum-circle and 
the nine-points circle. 
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2. In a complete quadrangle, the sides of the harmonic 
triangle meet the sides of the quadrangle in six new points 
which are the vertices of a quadrilateral. 

3. If {AB, CD) is harmonic and bisects AB and (/ 
bisects CD, show that ACiBDwOO.GffiBO. Bff. 

4. If (AB, CD) is harmonic, prove that 

20R.0R'=^ OP.OF+OQ.OQ' 
where is any point on AB and P, P', Q, Q\ B, I^ bisect 
BO, AD, CA, BD, AB, CD. 

5. ABC is a triangle. AO, BO, CO meet BC, CA, AB at 
P, Q, R. PQ meets AB at W and QR meets BC at U. 
Show that AU, CW meet on BQ. 



CHAPTER III 

HABMONIC PROPEBTIES OF A CIRCLE 

1. Every line meets a circle in two points, real, coincident or 
imaginary. 

For take any line I cutting a circle in the points A and B. 
Now move I parallel to itself away from the centre of the 
circle. Then A and B approach, and ultimately coincide 
when I touches the circle. But when I moves still further 
from the centre, the points A and B disappear ; yet, for 
the sake of continuity, we say that they still exist, but are 
imaginary. (See also XXVII.) 

2. From every point can he drawn to a circle two tangents, 
real, coincident or imaginary. 

For take any point T outside the circle, and let TP and 
TQ be the tangents from T to the circle. Now let T 
approach the centre of the circle along OT. Then TP and 
TQ approach, and ultimately coincide when T reaches the 
circumference. But when T moves still further towards 0, 
the tangents TF and TQ disappear; yet, for the sake of 
continuity, we say that they still exist, but are imaginary, 
(See also XXVIL) 

3. Two points which divide any diameter of a circle har- 
monically are said to be inverse points for this circle. 

If be the centre and r the radius of the circle, then 
inverse points B, B' must lie on the same radius of the cii'cle 
and be such that OB . 0^ = r^ ; . for if B, B' divide the 
diameter A A' harmonically, since bisects AA\ we have 
OB.OB'^^OAK 

Ex. 1. ITie inverse of any point at infinity for a circle is the 
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centre of the circle; and conversely, the inverse of the centre is 
any point at infinity* 

Ex. 2. If four points (AA\ BB^ he harmonic, so are the four 
inverse points {aa\ W)for any circle whose centre is on the line, 
f^ r^ r^ A.B 

For 0« = ^. 06 = ^; Re»«aJ = -^f^. 

Ex. 3. IfBJff heapair of inverse points on the diameter AA^ 
of a circle, and ifPhe any point on the circle; then PA, PA' 
bisect the angle BPBf, and the ratio PB : PB^ is independent of 
the position of P» 

4. Two circles are said to be oiihogonal when the tangents 
to the circles at a point of intersection are at right angles. 

Let the circles with centres A and B cut orthogonally at 
P. Draw the tangents PQ and PB at P. Then PA is 
perpendicular to PQ and so is PB. Hence PB coincides 
with PA, i.e. passes through A ; so PQ passes through B. 
Hence PA^ + PB^^ A& or briefly a^ + ft^ = 52, The two 
circles are also orthogonal at the other intersection ; for both 
ciix^les are symmetrical about the line AB. Notice that we 
have proved that the tangent drawn from the centre of either 
circle to the other is equal to the radius of tJie first circle. 

5. Every circle which passes through a pair of points inverse 
for a circle is orthogonal to this circle; and conversely, every 

circle orthogonal to a circle 
cuts every diameter of this 
circle in a pair of inverse 
points* 

First, let the circle y 
pass through the inverse 
points BB' of the circle co. 
Let Pbe one of the meets 
ofcoandy. Then 
OB.OB'-^^OP^. 
Hence OP touches y. Hence OPO is a right angle. Hence 
CP touches 0). Hence the tangents OP and CP are at right 
angles, i. e. the two circles are orthogonal. 
Second, let the two circles <o and y be orthogonaL 
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Through ihe centre of o draw the diameter A A' cutting y 
in BB\ Then since the circles are orthogonal, O^G is a 
right angle ; hence OP touches y. Hence OB . OB^ = 01^^ 
Hence B and B^ are inverse points for ca. 

Ex. 1. If a circle a divide one diameter of the circle /3 har* 
montcallyy it divides every diameter of 13 harm,onically. 

Ex. 2. On the diagonals of a complete quadrilateral as 
diameters are drawn three circles; show that each of these cuts 
orthogonally the circle about the harmonic triangle. 

6. A line cuts two circles in the points BV and QQ^, so that 
{PP^9 QQ^) is harmonic ; shmo that the product of the perpen- 
diculars from the centres of the circles on the line is constant. 

Let A be the centre 
and a the radius of 
one circle, and B and 
h those of the other 
circle. Let AX = p 
and BY=qhe the per- 
pendiculars from J. and 
B on the line. Then 
X bisects PF", Y bi- 
sects QQ\ and since {PP^, Q^ is harmonic, we have 
XP^^XQ.XQ'. 

Draw BN perpendicular to AX. Denote AB by b. 

Now 2i)g=i)2 + g2_(p_g)2^^2_px2+62-Qr2-^iV2 

For 
XT^'PX^-QY^ = (XY+QY)(XY'-QY)'XP^ 

= XQ'.ZQ-XP2 = 0. 
Hence pq is constant. 

Ex. 1. If a line cut two orthogonal circles harmonically, it 
must pass through one of the centres. 

For p== or q^ 0. 

Ex. 2. If a line I cut one circle in the points PP^ and another 
circle in the points QQ", which are such that (PP^, QQ') is 
harmonic; show that the envelope of lis a conic whose fod are 
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the centres of the circles. Show also that if the circles meet in 
C and D, the envelope touches the four tangents of the circles at 
C and D. 

Since pq^ is constant, the first follows by Geom'etrical 
Conies. Also if I become the tangent at (7, then PJ?' and Q 
coincide at C ; hence (PP', Q(^) is harmonic whatever point 
(3'is. 

This envelope is called the harmonic envelope of the two 
circles. 

Ex. 3. The hern of the middle points ofPI^ and QQf is the 
coaxal circle whose centre bisects AB, 

For the locus of X and T is the auxiliary circle of the 
conic. Also each meet of the circles is on the locus ; for 
when P and P' are at (7, so is X. 

7. Through a point U is drawn a variable chord PJ^ of a 
circle and on PP' is taken the point JR such that [UBy PP^) is 
harmonic ; to show that the loctis ofB is a line. 

Take the centre of 
the given circle o). Let 
OU cut o) in AA\ From 
any position of B drop 
a perpendicular BIT to 
UO. On BU as diameter 
describe the circle /3 
passing through CT. Now 
since (BU, PP^ is har- 
monic, PP^ are inverse points for /3. Hence o) and /3 are 
orthogonal Hence UU^ are inverse for o). Hence IT is 
a fixed point. Hence the locus of i? is a fixed line, viz. the 
perpendicular to OU through the inverse of U for the given 
circle. 

The locus of B is called the polar of U for the circle. We 
may briefly define the polar of a point for a circle as the 
locus of the fourth harmonics of the point for the circle. 
Also if BU' is given, U is callecl its pole for the circle, and 
ZJand i^CT are said to he pole and polar for the circle. 

8. IfUhe outside the circle, the polar of U for the circle is 
the chord of contact of tangents from U to the circle. 
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For take the chord DTP' very near the tangent UT. Then 
when PJP' coincide, i2, being between them, coincides with 
them; i.e. one posi- 
tion of R is at jT. So 
another position of i? is 
at T. Hence TT' is the 
polar. 

The polar of the centre 
of the circle is the line at 
infinity. 

For if U coincide with 
0, then PP' is bisected at U, Hence B is at infinity. 

The pole of the line at infinity for a circle is the centre of the 
circle. , , 

For if i? be always at infinity, PP^ is always bisected at CT, 
i e. Z7 is the centre of the circle. 

ITie polar of a point on ike circle is the tangent at the 
point. 

For suppose U to approach A, then since OU. OU' = 0A% 
we see that CT also approaches A. Hence when U is at Ay 
D' is at -4 ; and the polar of ?7, being the perpendicular to 
OV through Z7', is the tangent at U. 

Similarly, the pole of a tangent to a circle is the point of 
contact. 

8. Salmon's theo- 
rem.—//' P and Q he 
any two points and if 
PM he the perpendicular 
from P on the polar ofQ 
for any circle^ and if 
QN he the perpendicular 
from Q on the polar ofP 
for the same circle, then 
OP/PM^OQ/QN, 
heing the centre of the 
circle. 

From P drop PX perpendicular to OQ. and from Q drop 
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Qr perpendicular to OP. Then P' being the inverse point 
of P, and ^ the inverse point of Q, we have 

OP.OP'=-OQ.OQ\ 
Also since the angles at X and Fare right, we have 

OY.OP^OX.OQy 
... OP/OQ = OQ'/OP' = OX/OY^ (0(3'-0X)-^(0P'^0^) 

- XQ'/YP' - PM/QN. 
Hence OP/PM = OQ/QN. 

We may enunciate this theorem more briefly thus — Ifp, q 
he thepolars ofP^ Qfor a circle whose centre is 0, then 
OP/(P,q)^OQ/{Q,p). 

10. If the polar of P pass through Q, then the polar of 
Q passes through P. 

If the polar of P pass 
through Q, then, P' being 
the inverse of P, P'Q is per- 
pendicular to OP. Take (^ 
the inverse of Q. Then 
OP.OP'^OQ.OQ^. 
Hence PP'QQ^ are concyclic. 
Hence OQ'P ^ OP'Q is a 
right angle. Hence PQ^ is 
the polar of Qy i.e. the polar 
of Q passes through P. 
The points Pand Qare called conjugate points for the circle. 
We may define two conjugate points for a circle to be such 
that the polar of each for the circle passes through the 
other. 

Note that if PQ cut the circle in real points RB^, then, 
since the polar of P passes through Q, we see that (PQ, RR^) 
is harmonic ; and hence the polar of Q passes through P. 

The pole of the join ofP and Q is the meet of the polars of P 
and Q. 

For if the polars of P and Q meet in J?, then, since the 
polars of P and Q pass through R, therefore the polar of R 
passes through P and Q. 
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11. On every line there is an infinite number of pairs of 
conjugate points for a given circle; and each- of these pairs is 
harmonic with the pair of points in which the line meets the 
circle. 

On the line take any point P, and let the polar of P meet 
the line in P', Then P and P' are conjugate points ; for the 
polar of P passes through P'. Also if PP^ meet the circle in 
RH^j then (PP^, RJR') is harmonic ; for P' is on the polar 
ofP. 

Conversely, every two points which are harmonic with a pair 
of points on a circle are conjugate for the circle. 

12. If the linep contain the pole of the line q, then q contains 
the pole of p. 

Let P be the pole of p and Q of q. We are given that p 
contains Q, i.e. that the polar of P passes through Q. Hence 
the polar of Q passes through P,i.e. q passes through P, i.e. 
q contains the pole oip. 

The lines p and q are called conjugate lines tot the circle. 
We may define two conjugate lines for a circle to be such 
that each contains the pole of the other. 

Through every point can he drawn an infinite number of pairs 
of lines which are conjugate 
for the drclCy and each of 
these is harmonic wiih the 
pair of tangents from the 
point. 

For take any line p 
through the given point 
U and join U to the pole 
Pof jp. Thenp and UP. 
are conjugate lines, for 
UP contains the pole of p. 

Draw the tangents KTand UP from U, and let the polar 
TT'ot CTmeet JP inP'. T!r meets UP in Psince Uib on the 
polar of P. Now the range {PP^, TT) is harmonic, for P' is 
on the polar of P ; hence the pencil U (PP^, TT) is harmonic, 
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i. e. the conjugate lines p and UP are harmonic with the 
tangents from U, 

Conversely, every pair of lines which are harmonic with the 
pair of tangents from a point to a circle are conjugate for the 
circle. 

For let UQ and UQ^ be harmonic with the tangents UT, 
Ur from U. Let UQ and UQ' cut the polar TT otUinP 
and K Since U{QQ% TT) is harmonic, hence (FF', TT') 
is harmonic. Hence CT' is the polar of P ; for the polar ,of 
P passes through P' since (FP^, TT) is harmonic, and passes 
through U since P is on the polar of U Hence since the 
pole of Z7P' lies on UP, we see that tTPand E7P' are conjugate 
lines. 

Ex. 1. A point can he fownd conjugate to each of two given 
points ; and a line can le found conjugate to each of two given 
lines. 

Ex. 2. If the circle a he orthogonal, to the circle ^, then the 
ends of any diameter of a are conjugate for /3. 

Ex. 3. J/^C he the polar of A, C'A' ofB and A'Pf ofC; 
then BC is the polar of A', CA ofPf and AB ofCf. 

Ex. 4. Mand N are the projections of a point Pon a circle on 
two perpendicular diameters, Q is the pole of MN for the drcle, 
and U and V are the projections of Q on the diameters. Show 
that UV touches the circle. 

UV is the polar of P. 

Ex. 6.IfP and Q are conjugate points for a circle, then the 
circle on PQ as diameter is orthogonai to the given circle. 

For (see the figure of § 10) the circle on PQ as diameter 
passes through Q' which is the point inverse to Q; i. e. it 
passes through a pair of points which are inverse for the 
given circle. 

Ex. e. If P, Q are conjugate points for a circle, and C 
hisects PQ, then the tangent from C to the given circle is equal 
to halfPQ. 

13. Pairs of conjugate lines at the centre of a circle are 
called pairs of conjugate diameters of the circle. 

Every pair of conjugate diameters of a circle is orthogonal. 

Take any diameter AA^ of a circle whose centre is 0. The 
diameter conjugate to AA^ is the line through conjugate 
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to AA\ i. e. is the join of to the pole of AA\ But the 
tangents at A and A' meet at infinity in 12, say. Hence 012 
is the conjugate diameter ; hence the diameter conjugate to 
AA^ is parallel to the tangent at A, i.e. is perpendicular to 
AA\ 

Ex. 1. The pole of a diameter is the point at infinity on any 
line perpendicular to the diameter ; and the polar of any point 12 
at infinity is the diameter perpendicular to any line through 12. 

Ex. 2. Any two points at infinity which subtend a right angle 
at the centre are conjugate. 

14. A triangle is said to be self conjugate for a circle when 
every two vertices and every two sides are conjugate for the 
circle. 

'^uch a triangle is clearly such that each side is the polar 
of the opposite vertex. Hence the other names— self - 
reciprocal or self-polar. 

Self-conjugate triangles exist 

For on the polar of any point A take any point Bi Then 
the polar of B passes through A and meets the polar of ^ in 
Cj say. Then ABC is a self-conjugate triangle. For BC is 
the polar of A, CA is the polar of B ; hence C, the meet of 
BC and CA, is the pole of AB. Hence AB are conjugate 
points, and BC, AC are conjugate lines. So for other pairs. 

Ex. The triangle formed by the line at infinity a/nd any two 
perpendicular diameters of a circle is self-conjugate for the 
circle. 

15. There is only one circle for which a given triangle is self- 
conjugate ; and this is real only when the triangle is, obtuse- 
angled. 

Suppose the triangle ABC is self-conjugate for the circle 
whose centre is 0. Then since A is the pole of BCj it follows 
that OA is perpendicular to BC ; so OB is perpendicular to 
CA, and OC to AB. Hence is the orthocentre of ABC. 
Let OA meet BC in A', OB meet CA in B" and OC meet AB 
in C\ Then the square of the radius of the circle must be 
equal to OA . OA' and to OB. OB" and to OC. OC; and this 

RUSSELL D 
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is possible if is the orthocentre, for then these products are 
equal. 

Now describe a circle (called the polar circle of the triangle) 
with the orthocentre as centre and with radius p, such that 
p^-= OA. OA' ^ OB.OB" -- OC. 0C\ Then the triangle 
ABC is self-conjugate for this circle. For BC, being drawn 
through the inverse point A' of A perpendicular to OA, is 
the polar of J. ; so for CA and AB, 

Also this circle is imaginary if the triangle is acute-angled ; 
for then is inside the triangle and hence p^ (= OA . OA^ 
is negative. 

Ex. 1. Describe a circle to cut the three sides of a given 
triangle harmonically. Wlien is this circle real 9 

Ex. 2. The circle on each of the diagonals of a quadrilateral 
as diameter is orthogonal to the polar circle of each of the four 
triangles formed hy the sides of the quadrilateral. 

For in the figure of II. 10 since B^G is the polar of J.' for 
the polar circle of A^B^C, A and A^ are conjugate for this 
circle. Hence the circle on AA^ as diameter is orthogonal 
to this circle ; and similarly to the other polar circles. 

Ex. 3. Hence the two sets of circles are coaxal. Hence 
the middle points of the three diagonals of a quadnlaierdl lie on 
a line ; and the four orthocentres of the four triangles formed hy 
the sides of a quadrilateral lie on a line ; and these lines are 
perpendicular. 

Ex. 4. The centre of the circle circumscribing the harmonic 
triangle of the quadrilateral is coUinear with the four ortho- 
centres. 

Ex. 5. In any triangle the circles on the sides as diameters are 
orthogonal to the polar circle. 

Ex. e. If any point X he taken on the side BC of a 
triangle, tlie circle on AX as diameter is orthogonal to the polar 
circle of ABC 

16, The harmonic triangle of a quadrangle inscribed in a 
circle is self-conjugate for the circle. 

Let UYW be the harmonic triangle of the quadrangle 
ABCD inscribed in a circle. Then UVW is self-conjugate 
for the circle. 
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Let UV meet AC in L and BD in M. Then since 
V(WUy BA) is harmonic, hence (WL, AC) and (TTJf, BD) 



are hannonic Hence X and M lie on the polar of W, i.e. 
CTF is the polar of W. Similarly VW is the polar of U, 
and WV of V. 

17. TTi^A ^Ae rufer only, to construct the polar of a given 
point for a given circle. 

To construct the polar of V for the given circle, draw 
through V any two chords AD and BC of the circle. Let 
BAy CD meet in U, and AC, BD meet in W. Then by the 
above theorem WU is the polar of F. 

Ex. Through U one of the harmonic points of a quadrangle 
inscribed in a circle is draum a chord cutting the circle in aa\ 
and the pairs of opposite sides in hV, ccf; show that if one of 
the segments aa\ W, od is bisected at If, the others are also 
bisected at U. 

Let the transversal cut the opposite side of the harmonic 
triangle in X, then UX divides each segment harmonically. 

18. The three diagonals of a quadrilateral circumscribing a 
circle form a triangle self-conjugate for the circle. 

Let the three diagonals AA\ BB^, CC of the quadrilateral 
BAy Aff, B'A% A'B circumscribing the circle form the 
triangle a/3y. Then a^y (the harmonic triangle of the 
quadrilateral) is self-conjugate for the circle. 

D 2 
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Let Alff, B'A\ A% BA touch the circle at a, d, c, h ; 
and let UYW be the harmonic triangle of the quadrangle 
abed. Then F is the pole of WUj since UYW is seK con- 
jugate by § 16. But V 
^L- ^^ is the intersection of 

V^\^**-*^.^^ ^/ he and adj i. e. of the 

\ ^^^^^/^^-'^'^ ' * * • - • polars of B and J?'. 
\^ y Hence V is the pole of 

\^ll/^^^^' ^^' HenceB^coin- 

\l/^^Jl^^^^^^ ' * cides with TFZ7, i. e. 

^ Y^[^ xyn BB^ passes through W 

\ T / and Z7. So J.-4' passes 

\ '. / through TFand Fand 

Vy CC through Fand U. 

J/ Hence CFTF coincides 

with a^y^ which is 

therefore self-conjugate. Hence the harmonic triangle of 

a circumscribed quadrilateral is self-conjugate. 

Notice that we have incidentally proved that the harmonic 
triangle of a quadrilateral circumscribed to a circle coincides 
with the harmonic triangle of the inscribed quadrangle formed by 
the points of contact, 

Ex. 1, The two lines joining those opposite intersections of 
common tangents of two circles which are not centres of similitude 
cut the line of centres in the limiting points of the two circles. 

Let these intersections be 5, P' and C, C. Then SS% 
BB^, CCf are the diagonals of the quadrilateral of common 
tangents. Hence if BB^, CC cut SSf at X, V and one 
another at i2 (at infinity), LL'Q. is self-conjugate for both 
circles. Hence i, V are points on the line of centres 
which are conjugate for both circles; i.e. are the limiting 
points. 

Ex. 2. Show that the limiting points are harmonic with the 
centres of similitude. 

Ex. 8. The lines joining the points of contact with one circle 
of the common tangents of two circles are either perpendicular to 
the line of centres or pass through a limiting point. 
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19. With the ruler only, to construct the pole of a given line 
for a given circle. 

This may be done by the above theorem ; but better by 
finding by § 17 the meet of the polars of two points on the 
given line. 

Ill 

1. Given a pair of inverse points for a circle, the circle 
must be one of a certain system of coaxal circles. 

2. If J9, Iff are inverse points on the diameter AA' of 
a circle whose centre is 0, and if perpendiculars io AA' at 
A, A\ By B^ meet any tangent to the circle at a, a', &, V, 
show that Oa and Oa' bisect the angle hOh^ and that the 
ratio Ob : OV is independent of the position of the tangent. 

3. Through two given points draw a circle to cut a given 
segment harmonically. 

4. JR is any point on a given circle with centre 0. 
A and B are fixed points collinear with and equidistant 
from it. With A and B as centres and radii AR and BB 
are described circles. Show that the harmonic envelope of 
these circles is the same for all positions of B on the given 
circle. 

6. If a, 5, jt> are the polars of the points -4, J9, P for 
a circle whose centre is 0, show that 

{P,b)'(B,p) (0,h) {A,b)' 

6. Pand Q are conjugate points for a circle. Show that 
the sum of the squares of the tangents from P and Q is 
equal to PQ^. Also if CT is the foot of the perpendicular 
from the centre of the circle on PQ, then the square of the 
tangent from U is equal to PU. UQ. 

7. In the figure of § 18 if AA^ meets a& at P and cd at P', 
and so on, show that the six points P, P', §, Q^, jB, J^ lie 
three by three on four lines. 



CHAPTER IV 

PROJECTION 

1. Given a figure <^ in one plane it consisting of points 
A, B, G ... and lines I, t», w, ..., we can construct another 
figure <^' consisting of corresponding points A\ B^y C, .•• 
and lines V, m\ n\.,. in the following way. Take any 
point (called the vertex of projection) and any plane it^ 
(called the plane of projection). Then A% P', C", .•• ^nd 
V, m\ n%,., ai*e the points and lines in which the plane 
of projection meets the lines and planes joining the vertex 
of projection to A, B, C> ... and 2, m, 7», .... Each of the 
figures <^ and 4/ is called the projection of the other ; and 
they are said to be in projection. 

Also each of the points A and A' is said to be the projec- 
tion of the other ; so for the points B and JB', G and (y, &c., 
and for the lines I and V, m and m% n and n\ &c. The line 
in which the planes of the figures <t> and <^' meet may be 
called the axis of projection. 

When the vertex of projection is at infinity we get what 
is called parallel projection ; in this case all the lines AA^, 
BB^, CG%... are parallel. A particular case of parallel 
projection is orthogonal projection. 

The lines AA', BBT, CC, ... are called the rays of the 
projection ; and projection is sometimes called roMoU pro- 
jection to distinguish it from orthogonal projection. 

Figures in projection are also said to be in perspective 
in different planes; and then the vertex of projection is 
called the centre of perspectivCy and the axis of projection 
is called the axis of perspective, and each figure is called 
the perspective or picture of the other. Note that figures 
may also be in perspective in the same plane. (See XXXI.) 

Some writers use the term conical projection or central 
projection or centred perspective for radial projection. 
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All this is illustrated in the model at end of the book. 
If the reader places the plane p parallel to the plane n^, he 
will find that the line OA cuts the plane i/ at A^, the projec- 
tion of Ay and so on ; also that the plane joining to the 
line I cuts i/ in the line T, the projection of I, and so on. 
The figure in the model is the triangle ABC which is pro- 
jected into the triangle A^B^C\ 

Note that the arrow-head placed near X^y Y'y Z' denotes 
that they are at infinity. 

2. The, projection of the join of two points Ay B is the join of 
the projections A\ B^ of the points A, B, 

The projection of the meet of the two lines Z, m is the meet 
of the projections V, m' of the lines ly m. 

The projection of any point on the axis of projection is the 
point itself. 

Every line and its projection meet on the axis of projection. 

The proofs of these four theorems are obvious. They 
should be verified on the modeL 

The projection of a tangent to a curve y at a point A is 
the tangent at A' {the projection of A) to the curve / {the 
projection of y). 

For when the. chord AB of y becomes the tangent at A to 
y by 5 moving up to Ay the chord A^B^ of / becomes the 
tangent at A^ to y' by ^ moving up to A\ 

The projection of a meet {i.e. a common point) of two curves is 
a meet of the projections of the curves. 

The projection of a common tangent to two curves is a common 
tangent to the projections of the curves. 

The proofs of these theorems are obvious. 

3. The plane through the vertex of projection parallel to 
the plane of one of two figures in projection meets the plane 
of the other figure in a line called the vanishing line of this 
plane. For instance, in the model, the line ZX is the 
vanishing line of the plane tt if the plane p be placed 
parallel to the plane of projection i/. 
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Each vanishing line is parallel to the axis o/pfvjectioh. 

For the axis of projection and the vanishing line in the 
plane tt are the meets of it with 1/ and with the plane 
through parallel to ts^. 

The vanishing line in one plane is Oie projection qf the line at 
infinity in the other plane. 

For the plane joining to the vanishing line is parallel 
to the other plane, 

To project a given line to infinity. 

With any vertex of projection, project on to any plane 
parallel to the plane containing the given line and the 
vertex of projection. Then the projection of the given line 
will be the intersection of these two parallel planes and will 
therefore be entirely at infinity. 

To project a given point to infinity, project any line through 
it to infinity. 

To project any two lines into parallel lines, project their 
intersection to infinity. 

4. The vanishing point of a line is the point in which the 

line meets the vanishing line of its own plane. 

The angle between the projections of any ttoo lines m and n is 

equal to the angle which the vanishing points ofm and n subtend 

at the vertex of projection. 

Let m and n meet in A, and let m meet the vanishing 

line i in Y and let n meet i in Z. We have to show that 

the projection of the angle YAZ 
is equal to YOZ, being the 
vertex of projection. Now the 
pl^e of projection is' is parallel 
to the plane YOZ. Also A'Z' 
is the meet of the plane AOZ 
and tt'. Hence A'Z'' and OZ 
(being the meets of the plane AOZ 
with the two parallel planes 7/ 
and YOZ) are parallel. Similarly 

A'Y' and OY are parallel Hence Z TA'Z' = Z YOZ. 
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The reader should follow this proof both in the figure and 
in the model. 

Notice that aU angles whose hounding lines have the same 
vanishing points are projected into equal cmgles. 

5. To project any two given angles into angles of given mag- 
nitudes and at the same time any given line to infinity. 

Let the given angles ABC, BEF meet the line which is to 
be projected to infinity in -40, DF. Then, since A, C are 
the vanishing points of the lines BA, BC, the angle A'BfC 
is equal to AOC\ so LI/E'F'^ IDOF. Hence to construct 
draw on -^IC a segment of a circle containing an angle 
equal to the given angle A'B^Q% and on BF and on the 
same side of it as before describe a segment of a circle 
containing an angle equal to the given atigle D^I/F', 
Let these segments meet in 0. Botate about ACDF 
out of the plane of the paper. Then if we project 
with vertex on to a plane parallel to the plane OACBF, 
the problem is solved. For the line ADCF will go to 
infinity. Also ABC will be projected into an angle 
equal to -40(7, i. e. into an angle of the required size. So 
for DBF. 

The segments may meet in two real points or in one or 
in none. Hence there may be two real solutions of the 
problem or one or nona 

Ex. In the exertional case when the vanishing line is parallel 
to one of the lines of one of the angles, give a construction for 
the vertex of projection. 

Let A be at infinity. Through draw a line making 
with CF the supplement of A'B'G^. This will meet the 
segment on BF in 0. 

6. GUven a line i and a triangle ABC, to project i to 
infinity and each of the angles A, B, into an angle of given 
size. 

Suppose we have to project A, B, C into angles equal to 
^f ^9 7) where of course a + ^ + y = 180°. Let i cut BC, CA, 
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AB in Z, r, Z. Of the points X, T, Z let Y be the point 
which lies between the other two. On YZ describe a seg- 
ment of a circle containing an angle equal to a. On XT' and 
on the same side of i describe a segment of a circle contain- 
ing an angle equal to y. These two segments meet in Y ; 
hence they meet again in another point, 0, say. For if 
the supplements of the segments meet in 0, then ZOY+ 
YOX = 180^- a + 180° - y = 180°+ /3 > 180°, which is 
impossible. Now rotate about i out of the plane of the 
paper. With as vertex of projection, project on to any 
plane parallel to OXY; and let A'B'G' be the projection 
of ABC. 

We have to prove that J.' = a, ^ = /3, C" = y. Through Z 
draw a parallel to OX meeting OY in P. Then ZOl^ = a, 
Ol^Z = y, and TZO = /3. Also A'Bf is parallel to OZ, BTff 
is parallel to OX and therefore to Z^^ and CfA' is parallel to 
OY. Hence the sides of the triangles A'BfC and OZ^ are 
parallel. Hence the angles are equal; Le. J.'= a, 5^= ^, 

The reader should perform this construction on a copy of 
the model. 

7. To jprqject any triangle into a triangle mth given angles 
and sides and any line to infinity. 

Project as above the given triangle ABC into A'B^C in 
which ZJ.'= U\ LBT^ Lh\ La^ Ld, a'6V being the 
triangle into which ABC is to be projected. On OA^ take 
a point P such that 0^ : 0A'\ : bV: B'C\ Through P draw 
a plane parallel to A'B^Cj cutting OB^ in Q and 00' in B. 
Then by similar triangles OP:OA'::QB:B'C'; hence 
QB = bY. So i2P = cV, PQ = aV. Hence PQB is super- 
posable to a'6V and in projection with ABG. 

Hence we c&tl project any triangle into an equilateral triangle 
of any size and any line to infinity » 

Ex. 1. Project any four given points into the angular points 
of a square of given size. 

Let ABCJD (II. 12) be the given points. Project UV to 
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infinity and the angles VAU^ LWM into right angles. 
Then in the projected figure AB and CD are parallel, and 
also AD and BC, Also BAD is a right angle and also 
A WD, Hence the figure is a square. We can change its 
size as before. The construction is always real since the 
semicircles on LM and JJY must meet since LM and UV 
overlap. 

Ex. 2. Project any two homdlogical triangles (see § 11) 
simultaneoitsly into equilateral triangles. Is the construction 
always real? 

Ex. 3. Prqject any three angles into right angles. 

Let the legs of the angles A and JB meet in L and M, and 
let LM cut the legs of Gin DE} then on LM and DE 
describe semicircles. 

Ex. 4. Project any five points Ay B, C, Q, H into points 
A', B'y C, G\ H' such that & shall he the centroid and H' the 
orthocentre of the triangle A'B^G'. 

Let AG and BG meet BG and GA at D and E and take 
I and J such that (5(7, DI) and (CLl, EJ) are harmonic. 
Take'JJ' as vanishing line. Let AK and BH cut IJ at 
P and Q. The vertex of projection is the intersection of 
circles on PI and (^J as diameters. 

Ex. 5. Prqject cmy four points Ay By G, G into points 
A\ B^j G\ G' such that A'B^G' shall he an equilateral triangle 
of given size of which & is the centroid. 



*8, In projecting from one plane to anothery there are in each 
plane two points such that every angle at either of them is pro- 
jected into an equal angle. 

Let the given planes be tt and it\ Draw the planes a and 
/3 bisecting the angles between the planes tt and i/. Through 
the vertex of projection draw a line perpendicular to a 
cutting the planes ir and tt' in E, E^, and a line through 
perpendicular to fi cutting the planes it and t/ in F, F. 
Then every angle at E will be projected into an equal angle 
at E\ and every angle at F will be projected into an equal 
angle at F'. 
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The figure is a section of the solid figure by a plane through 
perpendicular to the planes it and w'. Let this plane meet 

the axis of projec- 
tion in K, and let 
the legs of any 
angle at^in -tt meet 
the axis of projec- 
tion in X,il/. Then 
the angle LEM 
projects into the 
angle LE^M. 
\ But EK^E'K 

by construction 
and lEKL = AE'KL = 90°. Hence the figure EKLM is 
superposable to the figure EfKLM, Hence the angle LEM 
is equal to the angle L'EfM^ i. e. any angle at E is projected 
into an equal angle at E\ So any angle at JP is projected 
into an equal angle at F. 

These points are called equiangular points. 
There is (hesicles the axis of projection) in each plane a line 
segments on which are projected into equal segments. 

For draw 01 parallel to E'F and make IB = KL Join 
HO cutting E'F^ at H\ Draw HP parallel to the axis of 
projection. Let FO cut the parallel through H' to the axis 
of projection at P'. Then, by parallels, HO = OH' and 
OHP and OH'P" are right angles. Hence HP = H'P". So 
if we take Q on HP, we get HQ = H'Qf. Hence PQ = PQf ; 
i.e. every segment on PH projects into an equal segment 
on P'H'. 
These lines are called equisegmental lines. 
Notice that the equisegmental lines are the reflexions of the 
axis of projection in the vanishing lines; for KI^IH and 
similarly for H\ 

9. The projection of a harmonic range is a harmonic 
range. 

For if A'B'Q'iy be the projection of the harmonic range 



iv] Projection 45 

ABCBy then and the lines ABy A'B' lie in one plane. 
Hence by II. 7. 

The projection of a harmonic pencU is a harmonic pencil. 

Draw any line cutting the rays of the harmonic pencil 
U{ABGD) in a, 6, c, d. Let U'iA'BfC'I/) be the projection 
of the pencil U{ABGD), and a', &', c', e2^ the projections of 
a, &, c, d. Then a being on UA, a' is on TJ'A\ and so on ; 
hence TJ\A'Bf(yiy) is harmonic, if (o'ftVei') is harmonic. 
And (aVi/d') is harmonic, since (aftccQ is harmonic. 

10. To prove hy projection the harmonic property of a com* 
plete guadrUaterah 

In the figure of II. 10, project one side of the harmonic 
triangle, say, /3a to infinity. Then in the new figure AB^ 
and A^M meet at infinity, i.e. are parallel. So AB and A^B^ 
are parallel. Hence ABA'B^ is a parallelogram. Hence y 
bisects BB^. Also a is at infinity. Hence (J5J5', ya) is 
harmonic in the new figure and therefore in the original 
figure. So (AA'y y/3) is harmonic. Hence A'{BJff, ya) is 
harmonic. Hence its section (CC% /3a) is harmonic. 

To prove "by projection the harmonic property of a complete 
quadrangle. 

In the figure of II. 12, project one side of the harmonic 
triangle, say, YU to infinity. Then ABGB becomes a 
parallelogram. Hence TFZ7 bisects AB and WV is parallel 
to AD. Hence W(AD, YZf) is harmonic. So by projecting 
the other sides of the harmonic triangle to infinity, we prove 
that the pencils at U and V are harmonic. 

Ex. We Jcnow (III. 15, Ex. 3) that the middle points of the 
three diagonals of a quadrilateral lie on a line. What does this 
proposition become if we project this line to infinity ? 

In the figure of II. 10, let Z, Y, Z bisect A A', BB", GO'; 
and let the points at infinity on AA', BB", Gff be X\ F, Z\ 
Then X% Y\ Z' lie on the line at infinity i. Hence, on 
projecting, X', Y, Z' lie on a line not at infinity. Also in 
the original figure [AA% XXO is harmonic. Hence in the 
new figure [AA\ ZX') is harmonic. Also X is now at 
infinity. Hence X' bisects AA\ Hence we get the same 
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proposition, viz. that the three middle points X', J', Z' are 
collinear. 

Homological Triangles. 
11. Two triangles ABC, A'B^C are said to be homologicdl 
(or in perspective) when -4J.', BB^, GG^ meet in a point 
(called the centre of homology or centre of perapective) and 
also {BG; B'C), {GA ; G'A^ {AB; A'B^ lie on a line (called 
the aocis of homology or the axis of perspective). 




If two triangles in the same plane he copolar^ they are coaxal ; 
and if coaxal, thty are cqpolar. 

(i) Let the two triangles ABG, A'B^G' be copolar, L e. let 
AA\ BB^j GCy meet in the point ; then they are coaxal, 
i. e. (^C; BfO), {GA ; aA% [AB\ A'BT) lie on a line. 

Call these three points X, F, Z, Then we have to show 
that YZ passes through X. Project YZ to infinity. Then 
in the new figure AA', BB^, GCf meet in a point 0; also AB 
is parallel to A'B^ and AG io A'Cf^ Hence 
OBiOB'i : OA : OA'i : OGi DC. 

And since OBi OB^i : OG: 0G\ BG is parallel to B'C', i.e. 
X is at infinity, i.e. X lies on FZ, i.e. XYZ are collinear. 
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Hence in the original figure XTZ are coUinear, i.e. the 
triangles are coaxal. 

. (ii) Let the triangles be coaxal, i. e. let {BC; B^C% 
{CA; G^A% (AB] A^B^ be coUinear ; then they are copolar, 
i. e. AA\ BB^y GC meet in a point. 

Project XYZ to infinity. Then in the new figure BC is 
parallel to B'C, CA to C'A\ and AB to A'B\ Let AA' and 
BB" meet in 0. Then OB: OB':: ABiA'B'iiBCiB'C; 
and lOBC = AOB'C'. Hence the triangles OBC and OB'C 




are similar. Hence IBOC = LB'OC Hence CC passes 
through 0. Hence AA\ Bl^, CC meet in a point. Hence 
AA\ BB% CC meet in a point in the original figure. 

*12. If the triangles are not in one plane, the proofs are 
simpler. 

If two triangles he copolar, they are coaxal. 

(Use the same figure as before, but remember that now 
the triangles are in different planes; or use the model.) 
Since AB, A'B" lie in the plane OAA'BB", hence AB, A'B" 
meet in a point on the meet of the planes ABC, A'B^C 
Similarly ((M; aA% {BC; B'C') lie on this line, i.e. the 
triangles are coaxal. 

Ifttoo triangles he coaxal, they are copolar. 

The three planes BCXB'C, CAYCA', ABZA'B" meet in 
a point ; hence their meets AA', BB^, CC pass through this 
point, i. e. the triangles are copolar. 
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This gives us another proof of the theorem of § 11. For 
since the theorem is true however near the planes are to 
one another, it is true when they coincide. 

Ex. 1. If three triangles ABGy A'l^C, A'':ff'G'\ which are 
homologom inpairs, he such that BG, B^G^y B^^ff' are concurrent 
and GA, G'A', C'A'' and AB, A'B", A''B^'; then the three 
centres of homology of the triangles taken in pairs are coUinear. 

For the triangles AA^A^\ BffBf' are copolar and therefore 
coaxal. 

Ex. 2. If three triangles ABG, A'B'G', A^'B^'G' be such 
that AA^A'\ BBfB^\ GCC are concurrent lines ; then the axes 
of homology of the triangles taken in pairs are concurrent 

For the triangles whose sides are AB, A'B^^ A"B^' and 
AG^ A^G\ A^'G^' are coaxal and therefore copolar. 

Ex.3. ThetrianglesABGyA'B'G' are coaxal; ifiBG^-B'G') 
he X, (GA; G'A") he T, {AB; A'B^ he Z, (BG'; B'G) he X% 
{GA'; a A) he F, {AB", A'B) he Z'; then XTZ\ TYZ\ 
X'TZ are lines. 

IV 

1. If the points A\ BT, G' lie on the lines BG, GA, AB, 
and if AA', BB^, GG' meet in a point, show that the inter- 
sections of BG, BTC, of GA, G'A' and of AB, A'BT lie on 
a line which bisects the lines drawn from A, B, G to BG, 
GA, AB parallel to Bfff, CA', A'B". 

2. Project the four-sided figure ABGD into an equilateral 
figure with given angles. 

3. Through the intersection of the diagonals of a quadri- 
lateral lines are drawn parallel to each of the four sides to 
meet the opposite sides. Show that the four intersections 
are collinear. 



CHAPTER V 

HARMONIC PROPERTIES OF A CONIC 

1* We define a conic section or briefly a conic as the 
projection of a circle, or in other words, as the plane section 
of a cone on a circular base. The plane of projection may 
be called the plane of section. 

From the definition of a conic it immediately follows 
that— 

Every line meets a conic in two points, real, coincident, or 
imaginary. 

From every point can he drawn to a conic two tangents, real, 
coincident, or imaginary, 

For these properties are true for a circle, and therefore for 
a conic by projection. 

2. There are three kinds of conies according as the vanish- 
ing line meets the circle, touches the circle, or does not meet 
the circle, or more properly according as the vanishing line 
meets the circle in real, coincident, or imaginary points. 

If the vanishing line meet the circle in two points P and 
Q, then, Y being the vertex of projection, the plane of 
section is parallel to the plane VPQ, and therefore cuts the 
cone on both sides of F. Hence we get a conic consisting 
of two detached portions, extending to infinity in opposite 
directions, called a hyperbola. 

If the vanishing line touch the circle, and IT' be the 
tangent, then the plane of section, being parallel to the plane 
VTT^ which touches the cone, cuts the cone on one side only 
of V. Hence we get a conic consisting of one portion 
extending to infinity, called a parabola. 

If the vanishing line does not meet the circle, the plane 
of section is parallel to a plane through V which does not 
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meet the cone except at the yertex, and therefore cuts the 
cone in a Edngle closed oval curve, called an ellipse. 

Since the line at infinity is the projection of the yanishing 
line, it follows that the line at infinity meets a hyperbola in 
two points, touches a parabola, and does not meet an ellipse ; 
in other words, the line at i/nfinity meets a hyperbola in two real 
pointSj a parabola in two coincident points, and an ellipse in two 
imaginary points, or, again, a hyperbola has two real points at 
infinity, a parabola two coincident points, and an ellipse two 
imaginary points, 

3. A pair of straight lines is a conic. 

For let the cutting plane be taken through the vertex, so 
as to cut the cone in two lines. Then these lines are a 
section of the cone, i.e. a conic. 

But properties of a pair of lines cannot be directly obtained 
by projection from a circle. For let the cutting plane meet 
the circle in the points P and Q. Then the projection of 
every point on the circle except P and Q is at the vertex, 
whilst the projection of P is any point on the line YP and 
the projection of Q is any point on the line VQ. Now if 
we take any point B^ on one of the lines VP and VQ, its 
projection is P or Q unless ^ is at the vertex and then its 
projection is some point on the rest of the circle. 

To get over this difficulty we take a section of the cone 
parallel to the section through the vertex. Then however 
near the vertex this plane is, the theorem is true for the 
hyperbolic section ; hence the theorem is true in the limit 
when the section passes through the vertex and the hyper- 
bola becomes a pair of lines. 

4. A pair of points is a conic. 

This follows by Beciprocation. (See VIII.) For the 
reciprocal of two lines is two points and the reciprocal of 
a conic is a conic. Hence two points is a conic. 

Clearly, however, we cannot obtain two points by the 
section of a circular cone. 

The reader should notice that a pair of lines and a pair of 
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points are only conies in a restricted sense ; for we cannot 
draw a pair of tangents from a point to a pair of lines and 
a line cannot cut a pair of points in two points. In fact 
a pair of lines is only a conic when considered as a locus 
and a pair of points is only a conic when considered as an 
enyelope. 

5. As in the case of the circle we define the polar of a 
point for a conic as the locus of the fourth harmonics of the 
point for the conic. 

The polar of a point for a conic is a line. 

Through the given point U draw a chord PJ^ of the conic 
and on this chord take the point B^ such that {FP^^ UB) is 
hannonic. We have to show that the locus of £ is a line. 
Now by hypothesis the conic is the projection of a circle. 
Suppose the range (PP', JJB) is the projection of {pp% ur) in 
the figure of the circle. Then, since (PF^j UB) is harmonic, 
so is {pp^, ur). Hence r is on the locus of the fourth 
harmonics of u for the circle; hence the locus of r is 
a line. Hence by projection the locus of JB is a line. 

As in the case of the circle, if the line u is the polar of U 
for a conic, then U is defined to be the pole of u for the 
conic ; and U and u are said to be pole and polar for the 
conic. 

We have proved above implicitly that The projection of a 
pole and polar for a circle is a pole and polar for the conic which 
is the projection of the circle. 

The following theorems now follow at once by projection. 

If Pie outside the conic, the polar ofPistlie chord of contact 
of tangents from P« 

IfP leonthe conic, the polar of P is the tangent at P, and 
the pole of a tangent is the point of contact. 

Kote that a point is said to be inside or outside a conic 
according as the tangents from the point are imaginary or 
real, i.e. according as the polar of the point meets the curve 
in imaginary or real points. When the point is on the 
conic, its polar, viz. the tangent, meets the curve in coincident 

E2 
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points and the tangents from the point coincide with the 
tangent at the point. 

Ex. 1. A chord PQ of a conk is drawn through the fixed 
point U, and u is the polar of U; show that (P, u)'^ + (ft u)"^ 
is constant. 

viz. =s 2. (17, u)~^ by similar triangles. 

Ex. 2. From any point on the line w, tangents p and q are 
drawn to a coniCy and Uis the pole of u, and A is any point; 

show that (^yP) , (^>g) _. o (^> ^) 

{u,p)^{u,q) •(cr,t*)' 

Take U on the range UA as origin. 

6. Since a pole and polar project into a pole and polar, 
the whole theory of conjugate points and conjugate lines for 
a conic follows at once by projection from the theory of 
conjugate points and conjugate lines for a circle. Hence all 
the theorems enunciated in III. 10-12 for a circle follow for 
a conic by projection. 

Ex. l.Ifa series of conies he drawn tou>ching two given lines 
at given povntSy the polar of every point on the chord of contact is 
the same for all. 

Let the conies touch TL and TM at L and M. The polar 
of P on LM passes through T the pole of LM and passes 
through the fourth harmonic of P for LM. 

Ex. 2. The pole of any line through Tis the same for aid. 

Ex. 3. TPy TQ touch a conic at P and Q, and on PQ is taJcen 
the point U such that TV bisects the angle PTQ, and through U 
is drawn any chord BTIK of the conic ; show that TU also 
bisects the angle RTBf. 

Draw TU^ perpendicular to TU; then TU^ is the polar of 
U. Hence (ZU, RB^ is harmonic, Z being on TU\ 

Ex. 4. Through the point Uis draum the chord PQ of a conic 
and UT is draum perpendicular to the polar of U; show that 
UY bisects the angle PYQ or its supplement. 

Ex. 5. The polar of any point taken on either of two lines 
which are conjugate for a conic meets the lines and the conic in 
pairs of harmonic points. 

For if P be the point, its polar meets the other line in the 
pole of the line on which P is. 

Ex. 6. Af Bf G are three points on a conic and CT is the 
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tangent at C; ifC (TD, AB) he harmonic^ show that CD passes 
thr(mgh the pole of AB, 

Let AB, CT meet at B. Then the polar of B passes 
through C and through the fourth harmonic of B for AB ; 
and hence is CD. Hence CD passes through the pole oiAB 
since i2 is on AB, 

Ex. 7. TP, TQ touch a conic at P, Q; the tangent at B meets 
JPQ in N, FT m L, QT in M; show that {LM, BN) is 
harmonic. 

Ex. 8. Through U, the midpoint of a chord AB of a conic is 
draton any chord FQ. The tangents at F and Q cut AB in L 
and M. Frove that AL =» BM. 

If 2? be the pole of FQ, then 2^12 is the polar of CT, 12 being 
the point at infinity upon AB. Hence UL = UM. 

Ex. 0. The tangents TF, TF^ to a conic are cut ly the tangent 
at Q {which isparcMd to the chord of contact FF^ in X, L^; show 
that LQ = QL\ 

7. The theory of sdfconjugate triangles for a conic follows 
at once by projection from a circle, since the theory involves 
only the theory of poles and polars. 

Of the three vertices of a self-conjugate tricmgle two are outside 
and one inside the conic. 

Let UVW be the vertices of the given triangle. Then if 
U is outside, VW, being the polar of Z7, cuts the conic. 
Also F, W form a harmonic pair with the meets of VW and 
the conic ; hence F or TF is outside the conic. 

If CT is inside, FTF does not cut the conic, and hence F 
and W are both outside the conic. 

Of the three sides of a self-conjugate triangle^ two cut the conic 
and one does not. 

For let U be inside and F, W outside the conic. Then YU 
and WU cut the conic. But FTF does not ; for its polar U 
is inside the conic. 

8. The harmonic points of a quadrangle inscribed in a conic 
form a triangle which is self-conjugate for the conic 

The harmonic lines of a quadrilateral circumscribed to a conic 
form a triungle which is self conjugate for the conic. 

If a quadrilateral be circumscribed to a conic, the harmonic 
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triangle of this quadrUaterdl coincides wUh the harmonic triangle 
of the inscribed quadrangle formed by the points of contact. 

For these propositions are true for the circle, and they 
follow for the conic by projection. So also — the quadrangle 
construction fijt the polar of a point applies to a conic. 

Through a given point JP draw a pair of tangents to a conic. 

By the quadrangle construction obtain the polar of P for 
the conic, and join P to the points where this polar cuts the 
conic. The joining lines are the tangents ^m P to the 
conic. 

Ex. 1, Af By Cy D are four poimts on a conic ; ABy CD meet 
in Ef and AC, BD meet in H, and the tangents at A and D 
meet in G; show that E, G, H are coUinear. 

On the polar of the intersection of AD, BC. 

Ex. 2. A system of conies touch AB and AC at B and C. 
jD is a fixed point and BD, CD meet one of the conies in P, Q. 
Show that PQ meets BC in a fioced point. 

Ex. 3. The lines AB, BC, CD, DA touch a conic at a, 6, c, d, 
and AB and CD are parallel. Ifac, bd meet at JS, and AD, 
PC meet at F, show that FE bisects AB and CD. 

For AC, BD also meet at E. Hence if AB and CD meet 
at X2, then FE and Fil are harmonic with FA and FB. 

9. If one point on a conic be given and also a triangle self 
conjugate for the conic, then three other points are hnown. 

Let A be the given point 
and UVW the given self- 
conjugate triangle. Let UA 
cut Wr in L. Then the other 
point D in which UA cuts the 
conic is known since (UALD) 
is harmonic. Similarly the 
points (7 and B where YA and 
WA cut the conic are known. 
The four points A, B, G, D form an, inscribed quadrangle of 
which UVW is the harmonic triangle. 

By construction (UALD) is harmonic ; hence W{UAVD) 
is harmonic. Similarly, since (MAVC) is harmonic, 
W{UAVC) is harmonic. Hence TF2> and WC coincide, 
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i. e. CB passes through W. Similarly CB passes through U 
and BD through F. Hence UVW is the harmonic triangle 
of the inscribed quadrangle ABCB. 

In a similar manner, or better by reciprocating the above 
proposition (see Chapter VIII), we prove that if one tangent of 
a conic is given and also a self-conjugate triangle^ then three 
other tangents are hnotvn; and the four tangents form a circum- 
scribed quadrilateral of which the given triangle is the harmonic 
triangle. 

Notice that we have incidentally proved that if two sides 
of a triangle inscribed in a conic pass through two vertices of 
a triangle self-conjugate for a conic, then the third side passes 
through the third vertex and the reciprocal theorem. 

10. Properties peculiar to the parabola follow from the 
fact that the line at infinity touches the parabola. 




The lines TQ, T(^ touch a parabola at Q, Q', and TV bisects 
q(^ inVa/nd meets the curve in P; show that TP « PV. 

Take the point at infinity o) on QQf. Then since o) lies 
on the polar of 7, hence the polar of <o passes through T. 
Since (coF, QQ^ is harmonic, hence the polar of o) passes 
through F. Hence TV is the polar of w. Now suppose the 
line at infinity to touch the parabola in Q.. Then <o is on the 
polar of 12, viz. the line at infinity ; hence TV passes through 
12. Also P and 12 being points on the curve, therefore 
{TV, P12) is harmonic ; hence TP = PV. 
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For clearness the figure is drawn of which the above 
figure is the projection. In this case, as in other cases, the 
theorem might have been proved directly by projection. 

Ex. 1. Uie line half-way between a point cmd its polar for 
a parabola touches the parabola. 

For the tangent at P passes through o>. 

Ex. 2. The lines joining the middle points of the sides of 
a triangle which is self<onjugate for a parabola touch the 
parabola. 

Ex. 3. The ninepoint circle of a triangle which is self- 
conjugate for a parabola passes through the focus. 

Ex. 4. Through the vertices of a triangle circumscribing a 
parabola are drawn lines parallel to the opposite sides ; show 
that these lines form a triangle -self-conjugate for the parabola. 

Being the harmonic triangle of the circumscribing quadri- 
lateral formed by the sides of the triangle* and the line at 
infinity. 

Ex. 5, No two tangents of a parabola can be parallel. 

For if possible let them meet at co on the line at infinity ; 
then three tangents are drawn from o) to the conic, viz. the 
two tangents and the line at infinity. 

11. We define the pole of the line at infinity for a conic 
as the centre of the conic. Hence the centre ofaparabola is at 
infinity. For since the line at infinity touches the parabola, 
the centre is the point of contact and therefore is on the line 
at infinity, i. e. is at infinity. The centre of a hyperbola is 
outside the curve since the polar of the centre cuts the 
hyperbola in real points ; and the centre of an ellipse is 
inside the curve since the polar of the centre cuts the ellipse 
in imaginary points. The hyperbola and ellipse are caUed 
central conies. 

The centre of a central conic bisects every chord through it. 

Let the chord PJP' pass through the centre C of a conic ; 
then PC = CF. For let FP" meet the line at infinity in o). 
Then since o is on the polar of C, hence ((7a), PP^ is 
harmonic. Hence PC « OP'. 

A conic is its own reflexion in its centre. 

For if we join any point P on the conic to the centre C 
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and produce PC backwards to P', so that CP"^ PC; then P' 
is another point on the conic. 

Ex. 1. AU conies circumscribing a parallelogram have their 
centres at the centre of the parallelogram. 

For by the quadrangle construction for a polar, the polar 
of the intersection of diagonals is the line at infinity. 

Ex. 2. QQ^ is the chord of contact of tangents from T to a 
coniCf and GT cuts QQ^ in V and the conic in F; show that 
CV. CT = CP2. 

For {PP^, TV) is harmonic. 

Ex. 3. Given the centre of a conic and a self-conjugate 
triangle ABQ c(ynstruct six points on the conic. 

12, Thelocus of the middle points of parallel chords of a conic 
is a line (called a diameter). 

Let QQf be one of the parallel chords bisected in F. The 
system of chords parallel to QQf passes through a point co at 
infinity. Also since (o) F, QQf) is harmonic, F is on the polar 
of 0). Hence the locus required is the polar of co. 

All diameters of a central conic pass through the centre. 

AU diameters of a parabola areparaUeL 

For since a diameter is the polar of a point on the line at 
infinity, it passes through the pole of the line at infinity. 
Hence in a central conic it passes through the centre, and in 
a parabola it passes through a fixed point at infinity, viz. the 
point of contact of the line at infinity. 

Ex. 1, The ta/ngents at the ends of a diameter are parallel to 
the chords which the diameter bisects. 

Being the tangents from co. 

Ex. 2. A diameter contains the poles of aU the chords it 
bisects. 

Viz. the poles of lines through o). 

Ex. 3. If the tangents at the ends of a chord are parallel, the 
chord is a diameter. 

Ex, 4. Two chords of a conic which bisect one another are 
diameters, 

13. Conjugate lines at the centre of a conic are called 
conjugate diameters. 
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Eouih of two conjugate diameters bisects chords parallel to the 
other. 

Let POP" and DCI/ be conjugate diameters. Then by 
definition the pole of CP is on CD. But OP passes through 
the centre ; hence the pole of CP is at infinity. Hence the 
pole of CP is the point to at infinity on CD. Through to, i. e. 
parallel to DI/j draw the chord Q^ meeting CP in V. Then 
since PP" is the polar of to, hence (QQ^y Vod) is harmonic, i. e. 

QY= VQ\ Hence PP' bi- 
sects every chord parallel 
to DI/. So DI/ bisects 
every chord parallel to 
PP'. 

A pair of conjugate 
diameters form tvifh the 
line at infinity a sdfcon- 
jugate triangle. 

For if CP and CD are 
the conjugate diameters, the pole of CP lies on CD by hypo- 
thesis ; it is also on the line at infinity since CP passes through 
C, the pole of the line at infinity. Hence the pole of CP is 
the intersection of CD with the line at infinity ; so for CD. 

In the case of an ellipse each of a pair of conjugate diameters 
meets the curve in real points; hut in the case of a hyperbola, 
one meets the curve in real points and the other does not. 

For we know that of the three sides of a self-conjugate 
triangle, two meet the curve and one does not. Also in the 
hyperbola the straight line at infinity cuts the curve and in 
the ellipse does not. 

Ex. 1. The line joining any point to the middle point of its 
chord of contact passes through the centre. 

Ex. 2. The diagonals of a parallelogram circumscribing a 
conic are conjugate diameters : and the points of contact are the 
vertices of a parallelogram whose sides are parallel to the above 
diagonals. 

14. If each diameter of a conic be perpendicular to its con- 
jugate diameter, the conic is a circle. 



v] Harmonic Properties of a Conic 59 

Take any two points P, Q on the conic. Bisect PQ in V 
and join CV. Then CV is the diameter bisecting chords 
parallel to PQ, i.e. CV and JPQ are parallel to conjugate 
diameters. Hence CV and PQ are perpendicular. Also 
P7« 7(2. Hence CP^ CQ. Hence all radii of the conic 
are equal, i. e. the conic is a circle. 

15. The asymptotes of a conic are the tangents from the 
centre. They are clearly the joins of the centre to the 
points at infinity on the conic. In the hyperbola they are 
real and distinct, in the parabola they coincide with the line 
at infinity, and in the ellipse they are imaginary. The 
asymptotes are harmonic with every pair ofconjtigate diameters. 
For the tangents from any 
point are harmonic with 
any pair of conjugate 
lines through the point. 

Any line cuts off equal 
lengths between a hyperbola 
and its asymptotes. 

Let a line cut the 
hyperbola in Q, Q^ and its 
asymptotes in JS, E^; then 
BQ = Q^I^. 

On BI^ take the point at infinity o) and bisect QQ^ in V. 
Then since {QQ^, Vo>) is harmonic, the polar of o) passes 
through F. Since a) is at infinity, its polar passes through 
C, Hence CV is the polar of co. Hence CV and Oo) are 
conjugate lines. And CB^ CBf are the tangents from C. 
Hence C{BB^, V<a) is harmonic. Hence {BB^, Voo) is har- 
monic. Hence BV= VB!. But QF« Vq[. Hence 
B(i « (^K. The proof applies whether we take ()ff to cut 
the same branch in two points or (as in the case of q(i) to 
cut different branches of the hyperbola. 

The intercept made by any tangent between the asymptotes is 
bisected at the point of contact. 

For let ^ and Q" coincide ; then -B^ « QBf. 
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The proofe of this article will be made clearer by drawing 
(as in § 10) the figure of the circle of which the given figure 
is the projection. 

Ex. 1. Two of the diagonals of a quadrilateral formed hy two 
tangents of a hyperbola a^d the asymptotes are parallel to the 
chord joining the points of contact of the tangents. 

Consider the figure of the circle of which the given figure 
is the projection. The solution then depends on III. 18 
(end). 

. Ex. 2. Jfa hyperbola be drawn through two opposite vertices 
of a parallelogram with its asymptotes pardUd to the sides, show 
that the centre lies on tJiejoin of the other vertices. 

16. A rectangular hyperbola is defined to be a hyperbola 
whose asymptotes are perpendicular. 

Conjugate diameters of a rectangular hyperbola are equally 
inclined to the asymptotes. 

For they form a harmonic pencil with the asymptotes, 
which are perpendicular. 

Ex. The lines joining the ends of any diameter of a red' 
angular hyperbola to any point on the curve are equally inclined 
to the asymptotes. 

17. A principal axis of a conic is a diameter which bisects 
chords perpendicular to itself. 

All conies have a pair of principal axes; but one of the 
principal axes of a panibda is at infinity. 

Consider first the hyperbola. Then the asymptotes are 
real and distinct. Now the bisectors of the angles between 
the asymptotes are harmonic with the asymptotes and are 
therefore conjugate diameters. But the bisectors are also 
perpendicular. Hence they are a pair of conjugate diameters 
at right angles. Each of the bisectors is therefore a prin- 
cipal axis ; for each bisects chords parallel to the other, i. e. 
perpendicular to itself. 

Also since the axes are conjugate diameters, one meets 
the curve and the other does not. The former is called the 
transverse axis and the other the conjugate axis. 

Consider next the parabola. We might say that here the 
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asymptotes are coincident with the line at infinity; and the 
bisectors of the angles between a pair of coincident lines are 
the line with which they coincide and a perpendicular to it. 
Hence the principal axes of a parabola are the line at infinity 
and another line called the axis of the parabola. 

Or thus— All the diameters of a parabola are parallel. 
Draw chords perpendicular to a diameter, then the diameter 
bisecting these chords is perpendicular to them and is called 
the axis of the parabola. The other principal axis (like the 
diameter conjugate to any of the other parallel diameters) is 
the line at infinity. 

Consider last the ellipse. Here the asymptotes are ima- 
ginary and this method fails. But it will be proved under 
Involution that there is always a pair of conjugate diameters 
of any conic at right angles. Hence the ellipse also has a 
pair of principal axes. (See XIX. 4.) 

Since the axes are conjugate diameters, each of the axes 
meets the curve in real points. 

An axis cuts the conic at fight angles. 

For the tangent at the end of an axis is the limit of a 
bisected chord. 

A central conic is symmetrical for each axis. 

For the principal axis AL bisects 
chords perpendicular to itsel£ 

Let PafP' be such a chord. Then 
P' is clearly the reflexion of P in ALy 
Le. the conic is symmetrical for AL. 

The same proof shows that 

A parabola is symmetrical for its axis. 

Ex. 1. The tangent at P meets the axis CA in Tand FN is 
the perpendicular on CA; show that CN. GT = GA\ 

For FN is the polar of T. 

Ex. 2. FQ, FB touch a conic at Q, B. FM is drawn per- 
pendicular to either axis. Show that FM bisects the angle QMB. 

V 

1. A is a fixed point, P is a point on the polar of A for a 
given conic. The tangents from P meet a fixed line at Q, B. 




62 Harmonic Properties of a Conic 

AB, PQ meet at X ; and AQ, PB at Y. Show that XY is 
a fixed line. 

2. A and B are two fixed points. A line through A cuts 
a fixed conic at C and 2), BD cuts the polar of A at F^ and 
JSC cuts the polar at E. Show that BE and C[F meet at 
a fixed point. 

3. Through the fixed point A is drawn the variable chord 
PQ of a conic and the chords PU, QFpass through the fixed 
point B, Show that VY passes through a fixed point. 

4. Through the point C are drawn the chords PP^^ QQ^ 
and the tangents CA, CB of a conic. Show that a conic 
which touches the four lines PQ, P'Q^, P'Q, PQf and passes 
through J5, touches BC at B, 

6. ABC is a triangle circumscribed to a conic, and the 
point P of contact of BC bisects BC Show that the centre 
of the conic is on AP. 

6. Through the point are drawn the chords PP', QQf of 
a conic and any line through cuts the conic at L, U and 
cuts PQ, P'Q' at M, M\ Show that 
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7. F and G are conjugate points on the chords PQ and 
PB of a conic. Show that FG and QB are conjugate lines. 

8. Two conies, c^ and c,, touch at A and B. A line 
through A cuts Cj at P and c^ at Q, and a line through B 
cuts Cj at P' and c, at i^. Show that PP' and QQ' meet on 
AB. 



CHAPTER VI 



CAENOTS THEOEEM 

1, Thb sides BO, CA, AB of a triangle cut a conic in the 
points A-^A^j B1B2, C1C2, ^low that 
A(\.AC2.BAi.BA2.CBi.CB2 

^ABi.AB^.BCi.BG^.CAi.CA^. 

By definition a conic 
is the projection of a 
circle. Let the points 
ABGA1A2 ... be the pro- 
jections of A'B^(yA{A2»** 
in the figure of the circle. 

Now in the circle we 
have 
A'0{. A'Gi. B^A{. BTA^. C'J5/. CB^ 

« A'B{. A'Bc[. BfC^\ BTC^. CA{. OA^ 
for A'C{. A'C^ = A'B{. A'B^, and so on. 

Let F be the vertex of pro* 
jection. 




Then 



AG2 
BO2 



LAYGn 



L.BYG2 
^7. CaF.sin^FOg 



JBF.CgF. sin JPFOa 
AY sin^FCa 
""jBF'sin J5FCa 
and so for each ratio. 

AGi.AG2*^n BinuiFCi.sinuiFC2»»> 




Hence 



AB^.AB2... sin^FBi.sin^FBg... 
where each segment is replaced by the sine of the corre- 
sponding angle. Also the last expression 
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by exactly the same reasoning as before, and this has been 
proved equal to unity. Hence 
ACi. AG2> BA^. BA2. CBi. GB2 

^ABi.AB2.B0i.BC2.CAi.CA2. 

The reader should notice that this relation is homogeneous 

both in the points and in the lines of the figure. For if yre 

replace AGihy Ax Ci and so on, the points cross out ; and 

if we replace AGihj the line c on which it lies and so on, 

' the lines cross out. 

Any relation connecting segments on lines is unaltered 'by 
projection if it is homogeneous both in the points and in the lines 
of the figure. 

For take any segment AB and draw the perpendicular p 
from V on AB. Then p.AB^VA.VB sin AYB, each 
being twice the area of the triangle AVB. Hence 
AB « VA . VB sin AVB -r p. Now replace each segment 
such as AB by VA.VB sin AVB-hp. Then since the 
given relation is homogeneous in the points, VAy VB etc. 
will cross out; and since it is homogeneous in the lines, 
the perpendiculars p etc. will cross out, leaving us with 
a relation containing only the sines sin AVB etc. Now, 
since AVB « A'VB^^ this relation holds in the new figure ; 
and leads to the same relation between A'B^ etc. as was 
given between AB etc. 

Bi. 1. The sides AB, BG, GD, .,.ofa pdygon meet a conic 
in A1A2, B1B29 Gi C2, ... ; show that 
AA^.AA2.BB^.BB2. GG^ . GG2 ... 

= BAi.BA2.GBi.GB2.2)Gi.I)G2..*. 

Ex. % If a conic touch the sides of the triangle ABG in 
-^i> Bij Gi ; then AAi, BB^ GGi are concurrent. 

For ABi^. GA^. BG^ « AG^. BA^. GB^ ; and we cannot 
have AB^ . GA^ .BG^^ -^AG^. BA^ . GB^, for then A^B^ d 
would cut the conic in three points. 

Ex. 3. If the vertex A in Gamofs theorem be on the 
conic, show that the ratio AG2'.ABi must be replaced by 
sin TAGisin TAB, AT being the tangent at A. 

For Bi G2 is ultimately the tangent at A. 

Ex. 4. What does Gamofs theorem reduce to when A, B, 
and G are on the curve? 
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Ex. 6, J/ through fixed points JL, B we draw the chords 
AB1B2, BA2A1 of a conk meeting in the variable point (7, 
then the ratio BA^.BA^.GB^.CB^ ^ AB^.AB^.CA^.CA^ 
is constant 

Ex. 6. Deduce the corresponding theorem when B is at 
infinity, 

Ex. 7. A conic cuts the sides BCj CAy AB of a triangle in 
P1P2, Q1Q2, B1B2 ; BQ2 and CB2 meet in Z, APi and ORi in 
r, and AP2 and BQi in Z; show that AX, BY, CZ are 
concurrent 

2. Newton's theorem — If two chords of anionic UPQy ULM 
he drawn in given directions through a variable point U, show 
that the ratio of UP. UQ to 
UL . UM is independent of the 
position of U. 

Let U'P'Q^y U'L'M' be an- 
other position of the chords 
XTPQ, ULM, Then PQ is par- 
aUel to P'(2' and LM to L'M\ 
Let PQy P^Qf meet at infinity in 
to', and LMy L'M! at infinity 
in CO. Apply Camot's theorem to the triangle o/U^V, Then 

u/(^. w'p'. iTi'. u'M'. vq . VP 

- a>'Q . a>'P. Vr. VM\ U'qr. U'P'. 
Prom Q drop the perpendicular QX on (^(ti\ 
Then co'iJ'/co'Q = (a)'Z + X(^/i^'X = 1 + Xqf/i»/X - 1. 
Soa)'P'=a)'P. Hence 

U'L\ U'M'. VQ.YP-' VL\ VM\ U'Q'. ITP" 
i.e. CTP'. U'Qf 4- U'L'. U'M' ^ VP. VQ -r VL'. FJT 
In exactly the same way the triangle (nUV gives us 
VP.VQ-r-VL'.VM''='UP.UQ-i-UL.UM. 
Hence UP. UQ ^UL. UM -^ U'P'. U'Qf ^ VL'. U'M", 
ie. UP.UQ-T UL.UM is independent of the position 
of CT. 

If TN and TB are the tangents and XCX' and YCY' the 
diameters parallel to UPQ and ULM, then 

UP. UQ^UL.UM^^TIP^ TB^ = CX^ ^ GYK 
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For, taking U" successively at Tand (7, we have 
UP.UQ-i- UL.UM^TN.TN-^TR.TB 

« CX.CT-i-CY.Or^ --CXJ^^ -CT^. 

Ex. In any coniCy any of the pairs of chords joining the 
intersections of the conic and any circle are equally inclined to 
each axis of the conic. 

For UP. UQ = UL. ZTM; hence CX = CT. 

3. In a parabola QT^ = 4 . iSP . PF. 

Besides QVQ^ draw a second double ordinate qvq^ of the 

diameter PF. Now PV meets 
the parabola again at 12, a point 
at infinity. Also by Newton's 
theorem we have 

VQ.VQ^ n*^<l 




YP.YQ, vP.vil 
But FI2 ■= vQ.. Hence 
VQ.VQ^-T^VP ^vq.vg^-i- vP, 
Le. QV^^PV is constant. 
To obtain the value of this 
constant, take qq^ through the focus S. Then by Geometrical 
Conicsg/«4.iSPandPt;=.i8'P. Hence QF^~PF- 4. iSP. 
Note that the theorem also follows directly from Camot's 
theorem by using the triangle contained by QV, Vv, vq. 

If we take PV to be the axis of the parabola, the relation 
becomes QV^ =^ 4 . 8A . AV, A being the vertex of the 
parabola, and QV being perpendicular to the axis; or, as 
it is more commonly written, PIP =» 4 . AS, AN, 
This is called the equation of the parabola. 

4. In an eUipse QV^ : PV, FP' : : CZ)^ : CP^. 
In the figure of V. 13^ we have by Newton's theorem, 
VQ.VQ':VP.VP':iCD.CI/:OP.CP'y 
i.e. QV^iPV.VP'iiCn^iCP^. 
If we take CV to be an axis of the ellipse the relation 
becomes QV^iAV, VA'iiCB^iCA^, QV being now per- 
pendicular to the axis ACA^; or as it is moi'e conmxonly 
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written PN^ : AN . NA' : : CB^ : CA^ which is equivalent to 
C2P PN^ _ 
CA^ CB^ - ^' 
This is called the equation of the ellipse. 

5. In a Jiypcrbdla Q Y^ : PY. VP": : CI>^ : CP^. 

Besides QVQ^ draw a 
second double ordinate 
qvq^ of the diameter PGP'. 
Then by Newton's theo- 
rem VQ.VQ^iVP.VP' 
: : vq . vq' : vP . vP^ 
i.e. Q 72 rPF.FP' is con- 
stant. 

To obtain the value of this constant, take V at C, and let 
D be the position of Q, 

Then QF^ « CB^ and PV. FP' = PC. CP" = CP^. 

Hence QV^ : PV . VP" : : CB'-. CP^, 

the formula required. 

But this is not the formula given in books on Geometrical 
Conies ; for in the above formula either P or 2) is imaginary, 
since, of two conjugate diameters of a hyperbola, one only 
meets the curve in real points. Take P real and B imaginary. 
Then CB^ is negative, otherwise B would be real. On CB 
take the pwnt d, Such that CcP = - CB^, Then d is real, 
for Cd^ is positive. 

Then QV^iPV. VP^ii-Cd^i CP^, 

i.e. QV^iPV.P'V:: Cd^:CP^ 

which is the foimula given in books on Geometrical Conies, 
the d here replacing the B of the books. 

We may call CB the true and Cd the conventional semi- 
diameter conjugate to CP. 

It is sometimes convenient to employ the symbol B for 
the conventional point d when the meaning is clear from the 
context. 

Note that the locus of d is the so-called conjugate hyper- 
bola. 

F 2 
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The theorems of § 5 and § 6 may also be obtained directly 
from Carnot's theorem by using the triangle contained by 
DC, VC, VQ. 

If we take the transverse axis of the hyperbola as P'CP, 

the relation becomes QV^iAV.A'Vi: CB^ : CA% QV being 

now perpendicular to the axis A^CA ; or, as it is more 

commonly written, PN^:AN.A'N::GB^:CA^ which is 

CIP PN^ 
equivalent to j^ "*" 7»bI " 1 where CB is the true con- 

jugate semi-axis, or j^ - j^ = 1 if CB is the con- 
ventional semi-axis. 

This is called the equation of the hyperbola, 

6. Any parabola may he considered as the limit of an ellipse 
of which the aoces are increased indefinitely. 

Take the direction of the axis AA' of the ellipse, and also 

the vertex A fixed, but let the vertex A' recede indefinitely. 

The equation of the ellipse, viz. 

PN^ : AN . NA' ::CB^i CA^ 

j,^,.^ CBKNA' 
gives PJP/AN = — caF~ ' 

-, , NA' AA'-AN . AN . . , ,, , 

-7-77 *= — T77 «= 1 - -j-T-, = 1 When AA becomes 

infinite if we keep N fixed. Hence PN^/AN is ultimately 

• -^ CB^.AA' CB^.2CA 2CB^ .. ^ . .^ 
equal to — j^j^ — = — YTT2 — ~ ~ rfA which is the same 

for all points on the curve. Hence the ellipse becomes 
a parabola. Also by keeping the value of 2CB^/CA always 
equal to the required constant value PN^/AN we can make 
the ellipse become any given parabola. 

Notice that the axis of the parabola is the major axis of 
the ellipse. For since 2CByCA is to be finite when CB 
and CA are infinite, CA/CB is proportional to CB, i.e. is 
infinite. Hence CA > CB, 

Similarly a hyperbola becomes a parabola when one 
vertex goes to infinity. 
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7. The projection of a conk is a conic. 

For since Camot's theorem is a projective theorem, it 
holds in the projection of the conic since it holds in the 
conic* Hence, exactly as in the previous articles, the 
equation of the projection of the conic can be reduced to 
the same form as that of a parabola, ellipse or hyperbola. 
Hence the projection of a conic is a conic. (See also 
XL 11.) 

8. One and only one conic can be drawn throtigh five given 
points. 

Let the points be -4, J5, C> D, E. Referring to the figure 
of III. 16, project two vertices CT, V of the harmonic 
triangle of the quadrangle ABCD to infinity and UWY into 
a right angle. Then A'B^G^I/ is a rectangle since TJA V is 
also projected into a right angle. Also W^lf and WF' are 
parallel to the sides of the rectangle and half-way between 
them. Now take WU' and Wy as the axes of a conic. 
Any point on the conic has its CN and PN connected by the 

relation -j-^ + ^^^ = 1. But the CN and PN of two 

points, say, of A^ and E% are known, since the positions of 
A^ and E' are known. Hence in the above equation AC 
and BC are known ; i. e. the conic is known. Also J5', C, 1/ 
will lie on this conic ; for 1/ is the reflexion of A^ in WU\ 
C of 1/ in WV and J5' of C in WU\ Hence in the new 
figure A\ B", G\ 2/, E' lie on a conic. But the projection 
of a conic is a conic. Hence in the original figure A^ B, C, 
Dy E lie on a conic. Also the above solution is unique ; 
hence only one conic can be drawn through the five points. 
(See also XL 6.) 

Notice that we have above solved the problem — Project 
any conic into a conic and any pair of conjugate lines into the 
axes. 

We can project the conic into an ellipse by taking W 
inside and into a hyperbola by taking W outside. 

Ex. 1. M, N area fixed pair of conjugate points for a conic 
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on which moves the variable point 0. OM, ON meet the curve 
again at P, Q. Show that PQ passes through a fixed point. 

Take i, tiie pole of MN\ and project LM and LN into 
the axes. 

Ex. 2. Through B, a vertex of the triangle ABC which is 
self-conjugate for a conic, is drawn BFNP^ meeting the conic in 
P, P' owd ACinN, Any straight line through P msets CA in 
G and CB' meets PG in and AB in M. Prove that 
CG.AN P'M.OC 

GN.GA^ MG.P'O] 
Notice that the given relation is projective. 

9. If, on tJie sides BG, GA, AB of a triangle, the pairs of 
points A1A2, B1B2, G1G2 he taken, such that 
AG1.AG2.BA1 . BA2.GB1 . GB2 

= ABi . AB2.BC1 . BG2 . GAi . GA2, 
then the six points Ai, A2, B^^ B2, Gi, C2 lie on a conic 

Through the five points Ai^ A2, Bi, B2, Gi draw a conic. 
If this conic does not pass through C2, let AB cut the conic 
again in G2. Then weJUave by Gamot's theorem 
AGi.AG2'.BA^.BA2. GB^ . GB2 

= AB^ . AB2 . BGi . BG2'. GA1.GA2. 
Dividing the given relation by this relation we have 
AG2/AG2'«BG2/BG2\ 
Hence C^ and Q' coincide. Hence the six points Ai, A2, 
Bi, B29 Gi, G2 lie on a conic. 

Ex. 1. The parallels through any point to the sides of a 
triangle meet the sides in six points on a conic. 

Ex. 2. A conic can he drawn to touch the three sides of 
a triangle at their middle points. 

10. If a chord QQf of a hyperhola drawn in a fixed direction 
cuts one of the asymptotes at B, then BQ . BQ^ is constant and 
the same whichever asymptote is taken. 

In the figure of § 5 let X2 be the point at infinity on the 
asymptote GB. Draw rqq^ parallel to BQ(^. Then by 
Newton's theorem BQ . BQ^ irq.r^ :: Bil^ : rQ.K But 
JBi2 = ra Hence BQ.BQ' ^ rq.rg[ ] i e. BQ.B(^ is 
constant. 
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Let BQQ^ cut the other asymptote at i^, then, since 
BQ = Q'B'y it foUows that EQ.BQ^^ B'Q.B'Q'. 

It further foUows that EQ . BQf -='BQ.QB^^ B'Q\ (^B. 

The conventional diameter in the direction of an imaginary 
diameter of a hypert>ola is equal to the length intercepted between 
tJie asymptote hy a parallel tangent 

For let the tangent TFT be parallel to the diameter 
dCd\ Draw BQQf parallel to each. Then 

BQ.BQf-- TP. TP^TP^ (takingi^at T) 

= CD. Ciy^ -CD^ = Cd? (taking B at C). 
Hence Cd = TP. 

In exactly the same way we prove that if BQQf is parallel 
to the real diameter P'GPj then BQ . BQf « - CP^. 

Notice that CPTd is a parallelogram, since Cd is equal and 
parallel to PT; and so are CPT'dT, CP'ifd, CP'tff &nd TTttf. 

Ex. 1. Given a pair of conjugate diameters of a hyperholaj in 
magnitude and position^ to construct the asymptotes and the 
positions and magnitudes of the axes. 

Drawing parallels through d and d' to CP and a parallel 
through P to Cdy we get the asymptotes CT and C2^. Now 
draw BPBf parallel to either axis, then BP . B'P gives the 
square of this axis. 

Ex. 2. T%6 tangent at Q to a hyperbola meets a diameter CD 
or Cd {which meets the curve in imaginary points) in 2\ and the 
paralld through Q to the conjugate diameter CP meets CD in V; 
show that CV. CT -- CD^ -- - Cd^. 

For (2)2)', TV) is harmonic, and G bisects DD^. Since 
CV. CT is negative, V and T are on opposite sides of C. Of 
the above harmonic range notice that 2)2/ are imaginary 
points and TV real points. 

Ex. 3. Given a pair of conjugate diameters of a hyperbola in 
position and a tangent and its point of contact, construct the 
axes in magnitude and position. 

CV. CT « CD^ gives the lengths of the diameters. 

11. In a rectangular hyperbola, conjugate diameters are 
equally inclined to the asymptotes ; and, conversely, if in a 
hyperbola a pair of conjugate diameters is equally inclined to 
either asymptote the hyperbola is a rectangular hyperbola. 
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For each pair of conjugate diameters is harmonic with the 
asymptotes; and these are perpendicular, hence the con- 
jugate diameters are equally inclined to them. Conversely, 
if a pair of conjugate diameters is equally inclined to one 
asymptote, it must be equally inclined to the other, since 

the four lines are harmonic. 
Hence the asymptotes are per- 
pendicular. 

In a rectangular ht^perbola, con- 
jugate diameters are {conventionally) 
equal; and, conversely, if two 
conjugate diameters of a conic are 
(conventionally) equal, the conic is 
a rectangular hyperbola. 

Let CPand CD be the conjugate 
diameters. Draw the tangent TPT' 
at P. This is parallel to CD. Hence 
CD=TP. Now !rP= Pr and rCT' is a right angle. Hence 
P is the centre of the circle TOT'. Hence CP ^ PT ^ CD. 
Conversely if CP = CD, since CD = PT, we have 
CP^PT^PT. 
Hence TCT is a right angle. Hence the conic is a r. h. 

In a rectangular hyperbola perpendicular diameters are (con- 
ventionally) equal; and, conversely, if in a conic two per- 
pendicular diameters are (conventionally) equal, the conic is 
a rectangular hyperbola. 

Let CP and CQ be the perpendicular diameters. Draw 
BPBT perpendicular to CP. Then EP.PB'^CQK But 
since the angles at C and P are right angles, we have 
EP. PBf = CP\ Hence CP- = CQ\ 

Conversely, if CP = CQ, then BP. PB'^ CQ^ = CP'^ ; and 
BPC is a right angle, hence by Elementary Geometry BCB^ 
is a right angle. Hence the conic is a r. h. 

Notice the real relation is in the first case GP^ = - CD^ 
and in the second case CP^ = - CQ^. 

If the perpendicular chords LM, L'M' of a r. h. meet at U, 
then UL.UM^^ UL\ UW. 
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For TIL . TJM\ UL\ UM' is the ratio of the squares of the 
actual parallel diameters. These are perpendicular. Hence 
the squares are in the ratio - 1. 

12. Every rectangular hyperbola which circumscribes a triangle 
passes through the orthocenlre. 

Let ABC be the triangle and H its orthocentre. Suppose 
a r. h. through ABC cuts the perpendicular AB in Q. Then 
from the r. h. we have DQ.DA^ -BB.BC. And from 
Elementary Geometry we have BH. DA = - BB. DC. Hence 
BQ = BH, i.e. Q coincides with J?, i.e. the r, h. passes through 
the orthocentre. 

Conversely every conic which circumscribes a triangle and 
also passes through the orthocentre of the triangle is a rectangular 
hyperbola. 

For since BH . BA = -BB.BC, the squares of the 
diameters parallel to BA and BC are equal but have 
opposite signs. And these diameters are perpendicular* 
Hence the conic is a r. h. 

Hence through four given points can be drawn one and only 
one rectangular hyperbda, viz. the conic through the four 
points and the orthocentre of any three. 

^x. 1. If a triangle PQR which is right-angled at Q be 
inscribed in a r. ^., the tangent at Q is the perpendicular from 
Q on PR. 

For H is also at Q. 

Ex. 2. Ifar. h. circumscribe a triangle, the triangle formed 
by the feet of the perpendiculars from the vertices on the opposite 
sides is self-conjugate for the r. h. 

Being the harmonic triangle of ABCP. 



VI 

1. Through a point P on a conic chords PA, PB are 
drawn and chords CO', BB^ are drawn parallel to these 
through the point M, not on the conic. On PA, PB lengths 
PQ, PR are taken which are inversely proportional to 
MC.MCyPA and MB.MIf/PB. Prove that the normal 
at P to the conic is a diameter of the circle PQR. 
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2. Through a variable point U a chord PQ of a parabola 
is drawn in a fixed direction and also UB parallel to the 
axis to meet the parabola at E. Show that UJP. UQ/UB is 
constant. 

3. Show that the above theorem does not hold for a 
hyperbola when UB is parallel to an asymptote unless U 
lies on a fixed line parallel to an asymptote. 

4. Af By G are three points on a conic. The tangents at 
Ay B, G meet at G, Jff, K. Points 2), Ey F are taken on 
BGy GAy AB such that ADy BEy GF are concurrent. Show 
that GBy EEy KF are concurrent. 

6. A-i A2 is any chord of a conic parallel to the tangent 
at A. A line through A cuts the conic at Ci, the chord 
Ai A2 at By and the circle of curvature of A at C. Show 
that AG'--AGi. BAj^ . BA^/BG^ . BA. 

e. Show that in the figure of § 5 the polar of d is d'T'. 

7. Every rectangular hyperbola which passes through the 
middle points of the sides of a tiiangle passes through the 
circumcentre. 

8. A, By (7 are any three points on a circle* and PQ is any 
diameter of the circle. Show that the centres of the 
rectangular hyperbolas BGPQy GAPQ^ ABPQ lie on the 
nine-point circle of ABG. 



CHAPTER VII 

FOCI OF A OONIO 

!• A. focus of a conic is a point at which every two conju- 
gate lines are perpendicular. 

A directrix of a conic is the polar of one of the foci. The 
polar of a focus is called the corresponding directrix. 

From the definition of a focus it at once foUows that every 
two perpendicular lines through a focus are conjugate. 

Ex. 1. Tangents at the ends of a focal chord meet on the 
directrix. 

Ex. 2. If the line joining any point T to the centre meet the 
directrix in Z, then SZ is perpendicular to the polar of T. 
Being perpendicular to the polar of Z. 

*2, In the case of a central conic every real focus must lie on 
the same principal axis. 

For let jS be a focus and C the centre. Through 8 and G 
draw perpendiculars to 80 meeting at infinity at 12. 
Then 80 and 8Q' are conjugate, being peipendicular lines 
through a focus ; hence the pole of 80 is on 8iL Also, since 
SO passes through (7, its pole is at infinity. Hence the pole 
oi SO ia Q^ Hence 08 and (7X2 are conjugate diameters ; 
and they are perpendicular, hence they are the axes. Hence 
each focus lies on one of the axes. 

Also we cannot have real foci on each axis. For let 8 and 
H be two foci. Draw 125 and US' perpendicular to &Er. Then, 
as. above, the pole of 8H lies both on 512 and on BQ* and is 
therefore 12. Hence 8H is the polar of a point at infinity 
and therefore passes through the centre. Hence 8 and H lie 
on the same axis. 

Notice that, generally, one and only one pair of conjugate 
lines at a point is orthogonal. For conjugate lines at a point 
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are harmonic with the tangents from the point. Hence, if 
they are also perpendicular, they must be the bisectors of 
the angles between the tangents. 

If two pairs of conjugate lines at a point are orthogonal , every 
pair is orthogonal, i.e. the point is a focus. 

Let be the point. With as centre describe a circle. 
Then the two pairs of orthogonal conjugate lines are con- 
jugate diameters of this circle and hence are harmonic with 
the tangents of the circle from 0. But the tangents of the 
conic from are also harmonic with these orthogonal pairs. 
Hence the two pairs of tangents coincide ; for to find a pair 
of lines harmonic with two pairs of lines is a problem having 
one and only one solution. Hence the other pairs of con- 
jugate lines are harmonic with the tangents to the circle 
from ; and hence are orthogonal. 

Notice that a focus of a conic is an internal point ; for we 
have proved that the tangents to a conic from a focus 8 are 
the tangents from S to s. circle with centre at 8 and are 
therefore imaginary. 

If 8 is a focus of a conic, the tangents from any point subtend 
equal angles at 8; and, conversely, if the tangents TP and TP^ 
of a conic subtend equal angles at the point 8, then the line 
through 8 conjugate to 8T is perpendicular to 8T. 
. In the figure of § 3, draw 8K perpendicular to 8T to meet 
' PP' at k ; and let 8T cut PP" at R. Then, if 5 is a focus, 
8T and 8K, being perpendicular, are conjugate lines ; hence 
the pole of 8T lies on 8K. But 8T passes through T, the 
pole of PP'; hence its pole lies on PP^ and is therefore K, 
Hence (JO^, PP^ is harmonic. Hence 8 (KB, PP") is bar- 
monic. And K8T is a right angle. Hence 8T bisects the 
angle P8P'. 

Again suppose 8 la a, point such that /ST bisects the angle 
P/SP'. Draw 8K perpendicular to 8T to meet PP" at K. 
Then 8(KB,PP^ is harmonic. Hence (KB, PP") is har- 
monic. Hence the polar of K passes through B ; and also 
through T since JJ: is on PP". Hence ST is the polar of K. 
Hence 8K and 8T are conjugate lines. 
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An ellipse has two and only two foci. 

We know that the foci lie on an axis. Let She & focus 
on the axis ACA^ ; and let BGB^ be the other axis. Draw 
the tangents at A and B meeting at T. Then we know that 
the tangents TAy TB subtend equal angles at S, Hence 
BST = AST « BTS by parallels. Hence BS^BT^ GA. 
Hence, if foci lie on AGA\ they are the intersections of 
AA^ with a circle, centre B and radius GA, Also these 
intersections are foci. For AST = BTS = BST since 
BT ^ AG ^ BS. Hence the line through S conjugate to 
ST is perpendicular to ST. Also the line conjugate to 
SA is perpendicular to SA^ being the line joining S to the 
pole of AA\ Hence two pairs of conjugate lines at S are 
orthogonal. Hence /S is a focus. 

Notice that the foci are on the major axis ; for we must 
have BS> BGi£ the circle is to cut A A' ; i.e. GA > GB. 

If, however, GA «■ GB, i.e. if the ellipse is a circle, hothfod 
coincide at G, for now BS » BG, 

A hyperbola has two and only two foci. 

In the case of the hyperbola, the foci must lie on the 
transverse axis; for all points on the conjugate axis are 
outside the conic. Let S be such a focus. Let the tangent 
at A and an asymptote meet at T. Then ST bisects the 
angle ASQ>, 12 being the point at infinity on the asymptote ; 
for the asymptote is the tangent at 12. Hence 

C»T= TSQ^ GTS 
by parallels. Hence CIS =» GT; which determines two and 
only two foci, for the converse can be proved as in the case 
of the ellipse. 

We discuss the foci of a parabola by considering it as the 
limit of an ellipse when the vertex A^ of the major axis^ 
AA' goes to infinity, A remaining fixed and GB^/GA re- 
maining finite. We know that the major axis AA^ of the 
ellipse becomes the axis of the parabola. Hence the foci of 
the parabola lie on the axis. Again AS [ *= GA-^GS ^ a — ae 
« a(l -e2) / (1 + e) « h^/a(l + c)] remains finite ; for h^/a 
remains finite by hypothesis and e is less than unity. 
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Hence one focus is at a finite distance. But A8^ > AC in 
the ellipse ; hence S' is at infinity in the parabola. 

For a complete theory of the foci, real and imaginary, see 
Chapter XXVIII. 

3. If from any point P on a conic, a perpendicular PM he 
dratm to the directrix which corresponds to a focus 8, then 
SP-r-PM is constant. 

Take any two points P and P' on the conic. Let the 
tangents at P and P' meet in T. Let PP^ meet the corre- 
sponding directrix in JT, 
and ST in R From P 
and P' drop the perpendi- 
culars PM and P'iH' on 
the directrix. 

Now SE and ST are 
conjugate lines at the 
focus ; for the polar of K, 
which lies on PP^ and 
on the directrix, is TS. 
Hence SK is perpendi- 
cular to ST. Also(-KPJBP') 
is harmonic, since K is the pole of ST Hence S (KPBP^) is 
harmonic. Hence SK and ST, being perpendicular, are the 
bisectors of the angle PSP'. Now since SK bisects the angle 
PSP^ (externally in the figure), we have 

SP:SP'::PK:P'Kr:PM:P'M'. Hence 
8P : PM iiSP": P^W ; in other words, SP : PM is constant. 
In the parabola, SP « PM. 

For let SA be the axis. Then SA meets the parabola 
again at infinity, at 12, say. Hence {XASQ) is harmonic, 
since XZ is the polar of S. Hence SA '^ AX. 
But SP : PM ::SA: AX, for A is on the parabola. 
Hence SP « PM. 
In the ellipse, SP < PM. 

Since a focus is an internal point, S must lie between A 
and^'. X A S A' 
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Let A he the vertex between S and X. Then since A^ is 
a point on the ellipse, we have SP : PM : : 8A^ : A^X. 

But SA'kA'X, hence SP < PM. 

In the hyperbola, SP > PM. 

Since the focus is an internal point, S must lie outside the 
segment AA\ SAX A' 

As before SPiPM:: SA' :A'X > 1. 

The corresponding property in the circle is that the radius is 
constant. 

For the focus is the centre. Hence the directrix is the 
line at infinity. Hence PM « P'M'. Hence SP = /SP', i.e. 
CP^CP". 

4. We have now shown that every conic has a focus 
and that this focus possesses the SP: PM property by which 
a focus is defined in books on Geometrical Conies. This 
opens up to us all the proofs given in such books. It will 
be assumed that these proofs are known to the reader ; and 
the results will be quoted when convenient. Properties of 
Conies which can be best treated by the methods of Geome- 
trical Conies will be usually omitted from this treatise. 

5. In any conic, the semi-lattis rectum is equal to the harmonic 
mean between the segments of any focal chord. 

Let the focal chord P'SIP cut the 
directrix in K. 

Then {KPSP^ is harmonic since S 
is the pole of XK. Hence 

2 {KS)-' = {KP)-' + (KP")"'. 

But 

KP:KS:KP'::PM:SX:P'M' 
iiSPiSLiSP", 
for SP:PMt:SL:LU::SL:8X. 

Hence 

Ex. 1. XfTbe the pole of the focal chord PQ of a parabola, 
show that PQccST^ 
For PQcxSP.SQ. 
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Ex. 2. A focal chord of a central conk is proportioned to the 
square of the parallel diameter. 

*6. If the tangent at P meet the tangents at the vertices AA^ 
of the focal axis in UU\ then UlT subtends a right angk at S 
and S\ Also if US, U'S' cut in E, and US', U'S cut in F, 
then EF is the normal at P. 

For since A U and PU subtend equal angles at S and since 
A'U^ and PCT subtend equal angles at S, it follows that 
USU' is a right angle. Similarly ZJCT subtends a right angle 
atiS'. 

Again, F is the orthocentre of the triangle UEU^. Hence 
EF is at right angles to CrfT. Let PU cut the axis in T 
and draw the ordinate PK Then (TUPU") « (TANA') is 
harmonic. Also if EF cut UU' in P^, then since UU' is a 
harmonic side of the quadrilateral SF, FS^, S'E, ES, we have 
(TUP'U") harmonic. Hence P' and P coincide, i. e. EF 
passes through P. Hence EF is the normal at P. 

Ex. 1. If a circle through the foci cut the tangent at the vertex 
A in UyV and the tangent at the vertex A' in XT, V, show that 
the diagonals of the rectangle UU'VV touch the conic. 

Ex. 2. Given the focal axis A A' in magnitude and position 
and one tangent, construct the foci 

7. If the tangent at a point Pofa central conic cut the focal 
axis in T, and if the normal at P cut the same axis in G, then 
CG.GT^GS^. 

For since the tangent and. normal bisect the angle SPS^, it 
follows that P(SS^, TG) is harmonic ; hence 
GG.CT^ CSK 

Ex. 1. Given the axes in position and one tangent and its 
point of contact, construct the foci, 

Ex. 2. In the parabola, S bisects GT. 
For S' is at infinity, 

Ex. 3. Given the axis of a parabola in position and one tangent, 
and its point of contact, construct the focus. 
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Confooal Conios. 

8. Confocal conies (or briefly confocals) are conies which 
have the same foci. If one of the given foci is at infinity, 
we have confocal parabolas, which may also be defined as 
parabolas having the same focus and the same axis. 

Two confocals can he drawn through any point, one an ellipse 
and one a hyperbola, and these cut at right angles. 

Join the given point P to the foci 8, S^, and draw the 
bisectors PL and PL' of the angle SPS'. Since both foci are 
finite, the conic must be an ellipse or a hyperbola. If it be 
an ellipse, then Q being any point on the ellipse, 

SQ + S'Q^SP+S'P; 
so that one and only one ellipse can be drawn through P 
with 8 and iS^as foci. Similarly one and only one hyperbola 
can be drawn. And the two conies cut at right angles, for 
PL and PL' are their tangents at P. 

If one focus is at infinity, the ellipses and hyperbolas 
become parabolas, and we get the theorem — 

Of the system of parabolas which have the same focus and the 
same axis, two pass through any point and these are orthogonal. 

This can be easily proved directly. 

One confocal and one only ca/n be drawn to touch a given line. 

Take B, the reflexion of 5 in the tangent t. Then if SfB 
cuts tb,iP,t bisects the angle 8PS^. Two cases arise. 

(i) If t bisects the angle 8PSf externally, t will touch 
the ellipse described with foci 8 and ff and major axis equal 
to SP+ ffP. 

(ii) If t bisects 8PS^ internally, t will touch the hyper- 
bola with 8, 8^ 9iB foci and 8P^ 8^P as transverse axis. 

If one focus is at infinity we get the theorem — 

Of a system of confocal parabolas, one and one only touches a 
given line. 

This can be easily proved directly. 

9. The locus of the poles of a given line for a system of con- 
foccHs is a line. 

Let the given line be LM, and let V be the point of 
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contact of the confocal which touches LM. Draw Fi' 
perpendicular to VL. Then 7X' contains the pole of LM 
for any confocal. 

Since V is the pole of iJf for the confocal which touches 
LMy the pole of LM for ihifi confocal is on VL\ From V 
draw the tangents VT and FT' to any other confocal. Now 
VL and VL* bisect SVS', for they are the tangent and 
normal to the confocal touching LM. Also ITVS^ LTVS^ 
by Vin. 18. Hence VL and VL' are the bisectors of TVT, 
i. e. VL and VL' are harmonic with VT and FT'. Hence 
VLy VL' are conjugate for this confocal, i.e. for any confocal 
of the system. Hence the pole of VL for any confocal lies 
on VL'. 

The theorem follows for the confocals to which real 
tangents cannot be drawn from F by the principle of 
continuity. 

We have incidentally proved the proposition — 

IfVhe a/ny point in the plane of a conic whose foci are 8 and 
S^, then the bisectors of the angle SVS^ are conjugate for the conic. 

If one focus is at infinity, we get the theorem — 

The locus of the poles of a given line for a system of confocal 
parabolas is a line, 

IfVbe any point in the plane of a parabola whose focus is 8^ 
tmd if VM be parallel to the axis, the bisectors of the angle SVM 
are conjugate for the parabola. 

Ex. 1. If a tria/ngle be inscribed in one conic and circum- 
scribed to a confocal, the points of contact are the points of contact 
of the escribed circles. 

Let AJBG be the triangle. Let the tangents at A and B 
meet in JR. Then the locus of the poles of AB is the 
normal at the point of contact N of AB, i. e. BN is perpen- 
dicular to AB. And B is the centre of the escribed circle 
because the external angles at A and B are bisected. 

Ex. 2. FVom T are drawn the tangents TF, TP' to a conic 
and the tangents TQ, TQfto a confocal; show that the angle QPQ' 
is bisected by the normal at P. 

For the normal at P meets QQf in the pole of TP for the 
other conic. 
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Fooal Projeotion. 

*10. To project a given conic into a circle so that a focus of 
the conic may beprcjected into the centre of the drde ; and to 
show that angles at the focus are projected into equal angles at 
the centre. 

Let S be the focus to be projected into the centre of the 
circle ; and let XZ be the corresponding directrix. Since 8 
is to be projected into the centre, its 
polar XZ must be projected to infi- 
nity. Botate 8 about XZ into any 
position out of the plane of the conic, 
and take this position as the position 
of the vertex of projection F. With 
Fas vertex project the conic on to 
a plane parallel to FXZ. Now the 
projection of a conic is a conic. 
Also C% the projection of 5, is the 
centre of the new conic ; for the 
polar of /S is projected to infinity, 
hence (T is the pole of the line at 
infinity. Again, the angle LSM at 
8 is superposable to the angle L VM ; 
and the projection of 8L is parallel 
to FL, and the projection of SM to VM. Hence LSM is 
projected into an equal angle at C/ ; so every angle at jS is 
projected into an equal angle at C\ Also conjugate lines 
at iSf are projected into conjugate lines at G\ Hence the 
perpendicular conjugate lines at 8 are projected into per- 
pendicular conjugate lines at C^, i. e. every two cbnjugate 
lines through the centre (f are perpendicular. Hence the 
new conic is a circle by V. 14. 

Ex. 1. Project a conic into a conicso that one focus of the one 
shad project into one focus of the other, and any line shaU he 
projected to infinity. 

Ex. 2. Project a drde into a conic so that the centre of the 
circle slidU project into a focus of the conic. 

G 2 
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VII 

1. FSQ is a focal chord of a conic. UOV is any chord of 
the conic through the middle point of PQ. Parallels 
through U, F to PQ meet the directrix corresponding to 5 at 
Mj N. Show that FQ bisects the angle MSN. 

2. Two parabolas have a common focus S and are such 
that the vertex of one is an extremiity of the latus rectum of 
the other. The line joining their other real point of inter- 
section K to the focus meets the parabolas again at P, Q. 
Show that QFSK is a harmonic range. 

3. The length of the tangent at a point P of a hyperbola 
between P and A A' is a harmonic mean between the perpen- 
diculars from 8 and 8' on the normal at P. 



CHAPTER Vin 

BECIPBOCATION 

!• Ip we have any figure determined by points A, B, C,..* 
and lines Z, m, n, ..., we can form another figure called a 
reciprocal figwre in the following way. Choose any conic T 
called the txise conic. Take the polar a of A for this conic^ 
the polar h of J9, the polar c of C7, ... ; also take the pole L 
of I for this conic, Hhe pole M of w, the pole N of n, ... ; 
then the figure determined by the lines a, h, c, ,., and the 
points Ly M, Ny ^.. is said to be reciprocal to the figure 
determined by the points Ay J9, 0, ... and the lines L m, «> ... ; 
also the point A and the line a are said to be reciprocdly so 
also B and iy C and Cy ... , I and X, m and My n and Ny ... . 

The name reciprocal arises from the following property — 

If the reciprocal of the figure a he the figure a', then the 
reciprocal of of is a. 

For let ^ be a point of the figure a. The reciprocal of A 
is the polar a of A for the base conic F, Hence a is one of 
the lines of a' the reciprocal of a. Again, in obtaining a'', the 
reciprocal of a', we should obtain the pole of a (a line of a') 
for r ; but the pole of a is A. Hence J. is a point in a'\ 
Hence every point belonging to a belongs also to a^\ So 
every line belonging to a belongs also to af\ Hence <i and 
a'' coindde. 

The^ reciprocal of the join of two points Ay Bis Hhe meet of the 
reciprocal lines a, h ; and the reciprocal of the meet of two lines 
ly m is the join of the reciprocal points Ly M. 

By definition the reciprocal of AB is the pole of AB for 
the base conic F. But the pole of AB is the meet of the 
polars of A and B for F, i.e. is the meet of the reciprocal 
lines a and &. Similarly the second part follows. 

2. A curve may be considered either as the locus of points 
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on it or as the envelope of tangents to it. Hence the redjpro- 
cdl of a curve may be defined either as the envelope of the 
polars for the base conic F of points on the given curve or as 
the locus of the poles for T of the tangents to the given 
curve. These definitions determine the same curve. 

For take two points P and Q on the given curve a and the 
polars jp and qotP and Q for the base conic F. Then by the 
first definition p and q touch the reciprocal curve a' of a. 
Now the reciprocal of ?, the join of P and Q in a, is the meet 
L ofp and q in a'. Also when P and Q coincide, PQ becomes 
a tangent to a. At the same time p and q coincide and L 




becomes a point on a\ Hence the reciprocal of a tangent to 
a is a point on a'. Which agrees with the second definition. 

From the above we see that— the reciprocals of a point P 
on a curve and the tangent I to the curve at P are a tangent p 
to the reciprocal curve and the point of contact L of p. 

The reciprocal of a point of intersection of two curves is a 
common tangent to the reciprocal curves. 

For let I and m be the tangents to the curves a and /3 at 
their meet P. In the reciprocal figure we shall have two 
curves a' and /3' which have one tangent p with different 
points of contact L and M. 

The reciprocal of two curves touching is two curves touching. 

For the reciprocal of I touching both a and y3 at P is i, the 
point of contact of jp with both a' and fi\ 

Ex. 1. Uie reciprocal of a conic, taking the conic itself as base 
conic, is the conic itself. 

Ex. 2. The reciprocal of a circle, taking a concentric circle as 
base conic, is a circle concentric with both. 
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3. Whatever lose conk is taken, the reciprocal of a conic is 
a conic. 

From any point can be drawn two tangents real or 
imaginary to the given conic. Hence every line meets the 
reciprocal curve in two points real or imagmary ; hence the 
reciprocal curve is a conic. (For another proof see XIII. 2.) 

More generally. If the degree of a curve is m and its class n, 
then the class of the reciprocal curve is m and its degree is n. 

For a line cuts the given curve in m points ; hence from 
any point can be drawn m tangents to the reciprocal curve. 
Also from any point can be drawn n tangents to the given 
curve ; hence any line cuts the reciprocal curve in n points. 

Ex. 1. The reciprocal of two conies having double contact is 
ttoo conies having double contact. 

Ex. 2. The reciprocal of a common chord of two conies is 
a meet of common tangents of the rec^mcai conies. 

4. If the point P be the pole of the line I for the conic a and 
ifPf Ly a' be the reciprocals ofP, I, a for any base conic, then 
the linep is the polar of the point L for the conic a'; or briefly — 
the reciprocal of a pole and polar for cmy conic is a polar and 
pole for the reciprocal conic. 





From P draw the real or imaginary tangents m, n to a 
touching in Q, B. Then QB is ?, the polar of P for a. The 
reciprocals of Q and m in a are a tangent q to a' and its point 
of contact M; so for r and N. The reciprocal of the meet P 
of the tangents m and nsiQ and B is the join p of the points 
of contact M and N of the tangents q and r. Again, the 
reciprocal of Z, the join of Q and B, is the meet of q and r, 
i.e. is L. Hence the reciprocals of P and I which are pole 
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and polar for a are p and L which are polar and pole for a^ 
(For another proof see XIII. 3.) 

The reciprocals of conjugate points are conjugate lines. 

For if the point P is conjugate to the point Q, then the 
polar I of Q passes through P. Hence in the reciprocal 
figure the pole L of q lies on py i. e. the reciprocals p and q 
of P and Q are conjugate lines. Similarly — 

The reciprocals of conjugate lines are conjugate points. 

Ex. The reciprocal of a triangle self-conjugate for a conic is- 
a triangle self-conjugate for the reciprocal conic. 

5. It will be found that all geometrical theorems occur in 
pairs called reciprocal theorems. Thus the theorems (i) * The 
harmonic points of a quadrangle inscribed in a circle are the 
veHices of a triangle self conjugate for the circUy' and (ii) * The 
harmonic lines of a quadrilateral circumscribed to a circle are 
the sides of a triangle self-conjugate for the circle,' are reciprocal 
theorems. The reason of the name is that each can be 
derived from the other by reciprocation. Hence we need 
only have proved half the theorems in the former part of 
the book; the other half might have been deduced by 
reciprocation. This method will be often used in future 
to duplicate a theorem. 

For example, to deduce the second of the above theorems 
from the first, reciprocate, taking the given circle as base 
conic. The reciprocals of four points on the circle are the 
polars of these points for the circle, i.e. are the tangents 
at these points, and so on step by step ; and the triangle 
obtained is self-conjugate because the reciprocal of a self- 
conjugate triangle is a self-conjugate triangle. 

6. If one conic only is involved it is best to reciprocate 
for this conic itself, as then a theorem about a circle gives 
a theorem about a circle, a theorem about a parabola gives 
a theorem about a parabola, and so on. In this way we 
get a theorem as general as the given one. 

7. From any proposition we can derive another proposition 
by reciprocation. Thus from Pascal's theorem, viz. * If Ay 
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By 0, Dy Ef Fsie any six points on a conic, and if the' lines 
joining AB, BCj CD, JDE, EF, FA be called Z, m, «, r, 5, t and 
if the point of intersection of Z, r be called X, of m, 5 be called 
Y, and of n, ^ be caUed Z, then X, Y, Z are coUinear/ we 
derive Brianchon's theorem, viz. *If a, 6, c, (2, e, /are any. 
six tangents of a conic and if the points of intersection of 
dbyUy cd, de, ef, fa be called X, M, Nj B, S, T, and if the 
line joining X, B be called x, the line joining Jtf, S be called 
y, and the line joining ^, T be called «, then a?, y^ z are 
concurrent/ 



For the reciprocal 

of is 

point 

conic 

point on conic 

connector of two points 

intersection of two lines 

points on a line 

i.e. collinear points. 



line 

conic 

tangent to conic 

intersection of two lines 

connector of two points 

lines through a point 

i. e. concurreixt lines. 



The reader should write down the reciprocals of the 
following propositions in the same way. 

1. K two vertices of a triangle move along fixed lines 
while the sides pass each through a fixed point, the locus of 
the third vertex is a conic section. 

2. If a triangle be inscribed in a conic, two of whose sides 
pass through fixed points, the envelope of the third side is 
a conic, having double contact with the given conic. 

3. Given two points on a conic and two tangents, the line 
joining the points of contact of these tangents passes through 
one or other of two fixed points. 

4. Given four tangents to a conic, the locus of the poles 
of a fixed line is a line. 

5. Given four points on a conic, the locus of the poles of 
a given line is a conic. 

6. Inscribe in a conic a triangle whose sides shall pass 
through three given points. 

7. If three conies have two points common or if they have 
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each double contaet with a fourth, the six meets of common 
tangents lie three by three on the same lines. 

8. The meets of each side of a triangle with the cor- 
respondmg side of the triangle formed by the polars of the 
vertices for any conic lie on a line. 

9. If through the point of contact of two conies which 
touch, any chord be drawn, the tangents at its ends will 
meet on the common chord of the two conies. 

10. If a and fi be two conies having each double contact 
with the conic y, the chords of contact of a and fi with y 
and their common chords with each other meet in a point. 

11. If a, ^y y be three conies, having each double contact 
with the conic a-, and if a and fi both touch y, the line 
joining the points of contact will pass through a meet of 
the common tangents of a and /9. 

Point Beoiprooatlon. 

8. If the base conic is a circle (the most common case), 
the reciprocation is generally called point reciprocation^ the 
centre of the base circle is caUed the origin ofrec^m)cation, 




and the radius k of the base circle is called the radius of 
redprocaiion. The reason of the name point redprocation 
is that the value of A; is usually of no importance. By 
reciprocation is meant point reciprocation unless the 
contrary is stated or implied in the context 
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In point reciprocation, the angle between ttvo lines is equal to 
the angle subtended by the reciprocal points at the origin of 
reciprocation ; or briefly, ^^OQ « Lp, g. 

Let p and g be the lines, and P and Q the reciprocals of p 
and q. Let be the origin of reciprocation. Then P being 
the pole of p for a circle whose centre is 0, OJP is perpen- 
dicular to p. So OQ is perpendicular to q. Hence FOQ is 
equal to the angle between p and q. 

In point reciprocation, the angle between a line p and the line 
joining the origin of reciprocation to a point Q, is equal td the 
angle between the line q and OP, P and q being tlie reciprocals 
ofp and Q; or briefly, LOV,q^ Z.OQ, p. 

This follows at once, as before, from the above figure. 

In point reciprocation, if P be the reciprocal ofp and ifObe 
the origin of reciprocation, then OP is inversely prcportional to 
the perpendicular from Oonp. 

For OP.OPi--OP.{0,p)^Je'. 

9. The reciprocal of a figure for a given point and a 
given radius h may be obtained without considering a circle 
at all. To obtain the reciprocal of P— on OP take a point Pj , 
such that 0P» OPi « X^, and through P^ draw a perpendicular 
p to OP. To obtain the reciprocal of p — drop the perpen- 
dicular OPi from top, and on OPi take the point P, such that 
OP. OPi - A;*. 

Instead of taking OP. OPi « 1s^, we may take 
OP.OPi- -;fc2, 
i.e. we may take P and P^ on opposite sides of 0. This is 
called negative reciprocation, and is equivalent to reciprocating 
for an imaginary circle whose radius iskV -1. 

Notice that the reciprocal of the origin of reciprocation is the 
line at infinity; and conversely, the reciprocal of the line at 
infinity is the origin. 

For the polar of the centre of the base circle is the line at 
infinity ; and conversely. 

Also the reciprocal of a line through the origin is a point at 
infinity; and conversely. 
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Ex. 1. Reciprocate a quadrangle into a paralldogram. 

Take at one of the harmonic points. 

Ex. 2. The reciprocal of the meet of OP and m is the line 
through M parallel top. 

Ex. 3. IfP and Q le points on a curve such that PQ passes 
through 0, then in the reciprocal for 0, p and q are parallel 
talents. 

Ex. 4. The reciprocal for of the foot of the perpendicular 
from on pis the line through P petpendictdar to OP. 

Ex. 5. The reciprocal of a triangle for its orthocentre is 
a triangle having the same orthocentre. 

Let ABC be the triangle and the orthocentre. Let the 
sides BCj CA, AB be called x, y, z. Then the new triangle 
is XYZ with sides a, &, c. Also OA is perpendicular to x ; 
hence OX is perpendicular to a since 2 OA^ re ■» Z OX, a. 
So OY is perpendicular to h and OZ to c. 

Ex. e. On the sideSy BC, CA, AB of a triangle are taken 
points P, Qj B such that the angles POA, QOB, BOG are right, 
being a fixed point; show that P, Q, B are coUimar. 

Eeciprocating for 0, we have to prove that the three 
perpendiculars from the vertices on the opposite sides meet 
in a point. 

Ex. 7. ITie reciprocal of the curve p =f{r) for the origin is 
^lT^f{f^lp\ 

Let 6 be the tangent at A to the given curve. Then B is 
on the reciprocal curve and a touches it. Hence 
p = (0, V) = I^IOB = JfcV^, and r - 0^ = ifc^/(0, a) « Ar^//. 

Reciprocation of a conic into a circle. 

10. The reciprocal of a drde, taking a circle with centre 
as base conic, is a conic having a focus at 0. 

Let U be the centre of the given circle a. Take u the 
reciprocal of Z7, i.e. the polar of Z7for the base circle T whose 
centre is 0. Let p be any tangent to a touching at T. Take P 
the reciprocal of p. Draw the perpendicular PM from P to u. 

Then since p is the polar of P and u the polar of U for F, 
we have by Salmon's theorem (III. 9) 

OP/(P,u)^OU/(U,p\ i.e. OP/PM^OU/UT. 

Hence OP/PM is constant, i.e. the locus of P is a conic 
with as focus. But the reciprocal of a for F is the locus 
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of the poles for F of the tangents to a, i.e. is the locus of P. 
Hence the reciprocal of a circle a for the circle T whose 
centre is is a conic of a^ having a focus at 0. 

Briefly, the reciprocal of a circle for a point is a conic 
having a focus at 0. 

Since e « OP/FM - OU/UT, we see that the reciprocal 
of a circle for a circle whose centre is 0, is an ellipse, 
parabola or hjrperbola according as OU < ^ > UTy i.e. 




according as is inside, on or outside the given circle. 
This is a particular case of a general theorem. (See § 21.) 

Let OCT- ^ TJT^B, and let A; be the radius of the base 
circle. Then c « V^^. AXbo OX . OU -^ T^. 

Hence Ic^/h « OX =* a/e - oe. Hence a =- 1^B/(B? - h^) in 
the case of the ellipse. 

Similarly in the hyperbola a = y^B/(h'^-IP). 

11. Conversely, the reciprocal of a conic, taking any circle 
uhose centre is at afocm as hose conic, is a circle. 

Let be the given focus, and XZ or u the corresponding 
directrix. Take any point P on the conic a', and let p be 
its reciprocal, i.e. the polar of P for the base circle T whose 
centre is at 0. Draw the perpendicular PM from P to u. 
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Take the reciprocal U of u. Draw the perpendicular UT 
£rom TJ to p. 

Then since p is the polar of P and u the polar of U for 
the conic F, we have by Salmon's theorem 
OU/UT^OP/FM^e. 
Hence OU/UT is constant. Also 27 is a fixed point; hence 
UT is of constant length. Hence the perpendicular from Z7 
on p is constant, i. e. p envelopes a fixed circle a. But the 
reciprocal of a' for F is the envelope of the polars for F of the 
points on a\ Hence the reciprocal of the conic a' for a circle F 
whose centre is at one of the foci of the conic is a circle a. 

Briefly, the reciprocal of a conic for one of its foci is a circle. 

Ex. 1. The envelope of the polar fw a of the centre of a circle 
which touches two given circles a and fi is a circle. 

For AF-BF is constant. 

Ex. 2. Griven four points A, B, jC> 2), show that, with D as 
focuSf one conic can be draton touching BC, CA, AB, and four 
conies through ABC, Show also that, if ABB he a right angle, 
a conic, with focus at 2>, ccm hefotmd to touch the five conies. 

Beciprocate for D; and notice that in a right-angled 
triangle the nine-point circle touches the circumcircle also. 

Ex. 3. Three conies a, ^, y which have a focus in common 
are such that a touches fi in R, fi touches y in P, and y touches 
a in Q. Show that the tangents at P, Q, R meet the correspond' 
ing directrices of a, p, y in three coUvnear points. 

Ex. 4. Reciprocate the centres of similitude of two circles. 

The two circles reciprocate into conies having a common 
focus S, Let w, m' be the directrices corresponding to S. 
Then two common chords pass through the meet of u and 
uf ; and these chords are the reciprocals of the centres of 
similitude. 

Ex. 5. The reciprocal of two circles for either centre of 
similitude is two similar and similarly situated conies with 
a common focus as centre of similitude. 

Beciprocate a pair of paraUel tangents. 

12. The figures of the reciprocals of an ellipse, a parabola 
and a hyperbola are given below. In the first figure in each 
case the curves are in their proper relative positions ; the 
second figure represents the circle separately and the third 
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figure represents the conic separately^ so that if one figure 
be slid on to the other, so that in one comes on in the 
other, we get the proper figure as in the first figure. To 
avoid complication the figures will generally be separated as 
in the second and third figures. 

13. We already know that the reciprocal of is the line 
at infinity and the reciprocal of the line at infinity is 0. 
Also that the reciprocal of the directrix u corresponding 
to is the centre U of the circle. 

The centre C of the conic is the pole of the line at infinity 
for the conic. Hence the reciprocal of the centre is the 
polar c of for the circle. 

The asymptotes y, yf are the tangents from C to the conic. 
Hence the reciprocals of the asymptotes are the points in 
^hich c meets the circle ; i.e. the points in which the polar 
of for the circle meets the circle. 

The reciprocals of the vertices Ay A' are clearly the tangents 
at the points where OTJ meets the circle. In the parabola A' 
is at infinity ; hence its reciprocal is the tangent at 0. 

The reciprocals of the vertices JB, ^ are clearly the tangents 
to the circle at ^, ^', the points where the perpendicular 
through io OTJ meets the circle. Also the reciprocals of 
JSi H are clearly the tangents at J5, ^; it follows that 
h^CB-^ Jff^/OE. 

The reciprocals of X, i', the ends of the latus rectum LOL% 
are clearly the tangents I, V of the circle parallel to 0Z7. 
Hence I =« OL = W'I'R. Hence eqml circles reciprocate into 
conies having equal latera recta. Notice that I is independent 
of 6 ; i. e. of the relative positions of the given circles. 

The reciprocal of the second focus S is the line half-way 
between and its polar for the circle. 

For 0S=2.0C; hence OGi « 2.0Si, where Ci and Si 
are the points where the reciprocals of G and 8 meet 0Z7. 

Ex. The reciprocals of coaxal circles for any point on the 
radical axis are conies having equal minor axes. 
For OE is constant. 
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14. IfthepolarvfapointTforaconiemeettheconicinP, Q 
and a directrix in K, then, being the correspondbig focus, the 
bisectors of the angle POQ are OT and OK. 

Let the two tangents I and m of the conic touch in P and 
Q and meet in T, and let n be the chord of contact. Let O 
be a focus of the conic and u the corresponding directrix, 
and let FQ meet u in K. Then we have to prove that OT 
and OK are the internal and external bisectors of POQ. 




Beciprocate the conic for a circle with centre at 0. Then 
in the reciprocal figure p and q touch the circle at L and M 
and meet in N, and t is the chord of contact. Also the 
reciprocal of K, the meet of n and u, is NU. 

Now jLPOT^ Ltp\ so LTOQ, = JLtq. But Ltp = Ltq. 
Hence LPOT ^ ITOQ. Again 

LPOK = Z.ph = 180°- Z^A; = 180'- ZQO-S: = LKOQf, 
if we produce QO to Q'. Hence 02* bisects ^POQ, and OJT 
bisects the supplement LPO(^> 

Note that if TPand TQ had been drawn to touch different 
branches of a hyperbola, OT would have been the external 
bisector and OK the internal, instead of as above. 

Ex. 1. KYZ is a triangle circumscribing a conic and P is the 
point of contact ofXY. Show that PX and TZ suhtend equal 
angles at a focus. 

Ex. 2. If the chord PQ of a conic subtend at the focus 
a constant angle, the envelope of PQ is a conic having as 
a focus; and the directrices corresponding to Ovn the two conies 
coincide. 
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For if Z,POQ is constant, then /.pq is constant ; hence the 
locus of JV is a circle having U as centre. Hence th^ 
envelope of n is a conic having as focus and u as 
corresponding directrix. 

Ex. 3, Find the locus ofT when LPOQ is constant 

Ex. 4. From two conjugate points on the directrix of a conic 
are draton four tangents to the conic. Show that the locus of 
each of the other meets of the tangents is a single conic ; and 
that the given directrix is a directrix of this conic, and that the 
corresponding foci of the two conies coincide. 

Notice that conjugate points on u reciprocate into per* 
pendicular lines through U. 

Ex. 5. The semirlatus rectum of a/ny conic is a harmonic 
mean between the segments ofanyfoccd chord of the conic. 

For P and Q reciprocate into parallel tangents of the circle. 
Hence OP-^+OQ-^ = k''^{OPi+ OQi) = JrK2E = 2l-\ 

Ex. e. A pair of paraUd tangents to a conic meet a per* 
pendicular to them through a focus in Y and Z and the 
corresponding directrix in M and N. Show that MZ and NT 
touch the conic. 

If the tangent MT be called t, then Y reciprocates into 
the line y through T perpendicular to OT. 

Ex. 7. On the tangent at P to a conic is taken a point Q, such 
that PQ subtends at a focus S a given angle ; show that the loctis 
of Q is a conic having a focus at S. Show also that its 
eccentricity is to the eccentricity of the given conic as its latus 
rectum is to the latus rectum of the given conic. 

Ex. 8. From two points on a directrix are drawn two pairs 
of conjugate lines. Show that these lines touch a conic with 
a focus at the corresponding focus. 

Ex. 9. Beciprocate for a/ny point the theorem^* The locus of 
the points of contact of tangents from a fixed point to a system 
of concentric circles is a circle through the fixed point and through 
the common centre.' 

The reciprocal theorem is: — 'If a fixed line a meet at 
P, Q A variable conic having a given focus, S, and cor- 
responding directrix, u, ike envelope of the tangents at 
P, Q is a conic having a focus at S and touching a and u.' 

Ex. 10. Beciprocate for the centre of the given cirde — * The 
joins of two fixed points on a given circle with the ends of a 
variable diameter meet at P on a fixed circle through the fixed 
points and orthogonal to the given circle. Also the tangent at 
P to the locus is parallel to the diameter,' 

H 2 
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Notice that 'two curves cut orthogonally' reciprocates 
into 'the angle subtended at by a common tangent is 
a right angle.' 

Ex. 11, Reciprocate for any point — ' The bisectors of the angles 
of a triangle meet, three by three, in the centres of the four circles 
touching the sides.* 

We get *XYZ is a triangle and is any point. The 
bisectors of the angles XOY, YOZ, ZOX meet XY, YZ, ZX 
at N, Jf, i, i', M, M". Then the points L, L', M, M\ 
N, N' lie three by three on four lines which are the 
directrices of the four conies which can be drawn with 
a focus at to pass through X, Y, ZJ 

Ex. 12. Also — ' The chord of a cirde which subtends a right 
angle at a fixed point on the circle passes through the centre.' 

Ex. 13. If a circle be reciproccUed into a hyperbola, taking 
a circle with centre as base conic, then BG = 1(^/0T, OT being 
the tangent from to the circle. 

For the perpendicular from a focus of a hyperbola on an 
asymptote is of length BC. 

15. JTie triangles subtended at thz focus of a parabola by any 
two tangents are similar. 




The reciprocal of the parabola for its focus is a circle 
through 0. 

We have to prove that 

IPTO = ITQO and IP0T= ITOQ. 

Now LPTO, the angle between the line I and the radius 
OT, is equal to the angle between the radius OL and the line 
t, i. e. equals Z OLM. So LTQO is equal to the angle between 
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OM and g, Le. equals I OMIT. But LOLK^ LOMN. 
Hence LVTO = ZTQO. As before, Ll^OT = ZTOQ foUows 
from INLM=^ INML. 

Ex. 1. Obtain a property of a circle from the theorem—^ The 
orthocentre of a Uiangle cifvumscribing a parabola is on the 
directrix/ 

Ex. 2. Reciprocate for the theorem — ^ If from any point 
on a circle perpendictdars be drawn to the sides of an inscribed 
triangle, the feet lie on a line,' 

We get — * If be the focus of a parabola and PQB the 
vei*tices of a circumscribed triangle, then the perpendiculars 
through P, Q, R to OP, OQ, OB meet in a point/ * 

Ex. 8. The circle which circumscribes a triangle whose sides 
touch a parabola passes through the focus. 

For the points A, J9, C, lie on a circle if the angles 
B and are supplementary. 

Ex. 4. Find by reciprocation the locus of the meet of tangents 
to a parabola which cut (i) at a given angle, (ii) at right angles. 

In the figure of the text LLOM is given. Hence the 
envelope of LM is a concentric circle (or the centre, if 
LOM = 90°). Hence the locus is a conic having one focus 
and the corresponding directrix in common with the para* 
bola (or the directrix, if the tangents are at right angles). 

16. Find the envelope of a chord of a circle which is bisected 
by a given line. 

Let the chord p of the circle be bisected by the fixfed line I 
in the point Q, Take the centre of the circle ; then OQ is 
perpendicular to p. Eeciprocate for the circle itself. Then 
P is the foot of the perpendicular from on the variable line 
g through the fixed point; X. Hence the locus of P is a circle 
on OL as diameter, ie. a circle through and having the 
opposite point at L, Hence the required envelope is a para- 
bola with focus at and having its vertex at L^ the foot of 
the perpendicular from on I, Hence the envelope is 
completely determined. 

Ex. 1. A, B, C, D are four points on a circle, and AC, BB 
meet at right angles at a fixed point ; show that AB, BC, CD, 
DA envelope one a/nd the same conic. 

Let AC, BD meet in 0, Eeciprocate for and we obtain 
the property of the director circle. 
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Ex. 2. The envelope of the hose BC of a triangle ABC whose 
vertex A and vertical angle B AC are given and whose base angles 
move on fixed lines is a conic one of whose fod is A. 

Eeciprocate for A, 

Ex. 8. Find the envelope of the asymptotes of a system of 
hyperbolas having the savm focus and corresponding directrix. 

17. is a fixed point, and Q is a variable point on a fixed 
circle, QE is drawn such that the angle OQR is constant Find 
the envelope ofQR. 

Let QR be called p. Eeciprocate for 0. Then we have to 
find the locus of a point P taken on a tangent g to a conic 
one of whose foci is 0, given that the angle between OP and 
q is constant. Draw OY the perpendicular from on q. 
Then since the locus of F is a circle and since OY: OF 
is constant and LYOP is constant, hence the locus of P is 
a circle; viz. the locus of Y enlarged in the ratio 0B\ OY 
and turned through the angle ZOP. Hence the envelope of 
^ is a conic with as one focus. 

Ex. If the locus of Q be a line instead of a circle, find the 
envelope of QR. 

18. To investigate bifocal properties of a conic by recipro- 
cation we reflect the figure in the centre of the conic. For 
example — 




In any central conic the pair of tangents from a point make 
eqtml angles toith the focal radii to the point. 

Let the tangents in Fig. i from T to a conic touch in P 
and Q. We have to prove that PTS = QTS\ Reflect the 
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whole figure in the centre C. The tangents at P and Q 
with their reflexions form a parallelogram RTE^T. Then 
r is the reflexion of T, Qf of Q, TQf of TQ, T'8 of TS". 
Hence the angle QTS^ is equal to its reflexion, the angle 
Q'T'S. Hence we have to prove that ISTP and IST'(^ are 
equaL Seciprocating for 8 we obtain Fig, ii. Now 
ASTP = 1ST, y = L8Y, t = L8YX = L8TT 

= L8X\ if^ L8r, af^ l8rQ\ 
Prove by reciprocation that — 

Ex. 1. The focal radii to a point on a conic make equal angles 
with the tangent at the point 

Ex. 2. Uie product of the perpendiculars from the fod of 
a conic on any tangent is equal to the square of the semi-axis 
minor. 

For in Fig. ii, 8X. 8X^ is constant. 

Ex. 3. I'he sum of the reciprocals of the perpendiculars from 
any point within a circle to the tangents from any point on 
the polar of is constant, 

19, To recijcrocate a system of coaocdl circles into a system of 
confocal conies. 

If we reciprocate the system of coaxal circles for any point 
0, we get a system of conies having one focus in common. 
In order that the other focus may be common to all, the 
conies must have the same centre, i.e. the line at infinity 
must have the same pole for each conic. Hence in the 
figure of the circles, must have the same polar for each 
circle, i.e. must be one of the limiting points of the 
coaxal system. Now reciprocate the coaxal system for the 
limiting point L, Then the reciprocal conies have a focus 
and centre in common, and hence are confocal. 

20. To reciprocate a system of confocal conies into a system 
of coaxal circles. 

Since each conic is to be reciprocated into a circle, we 
must reciprocate for one of the common focL Eeciprocate 
for the focus 0. Then since the conies have the same centre, 
the reciprocal circles have the same polar of 0. We have to 
show that a system of circles each of which has the same polar 
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of is coaxal. Drop the perpendicular OC/ on the polar of 
0. Bisect 0(y in X Let OC/ cut one of the circles in 
A, A\ Then since {OC/y AA') is harmonic, and X bisects 
Off, hence XA . XA' = XG^, a constant. Hence X has the 
same power for all the circles. And the centres all lie 
on the line 0(/. Hence the circles are coaxal, X being the 
foot of the radical axis. 

Note that 0, (/ are the limiting points of the coaxal 
system. 
The reciprocal of the other focus 8 is the radical axis. 
For 05=2.0(7; hence 0/Si = i.0(7i. But Ci is the 
(f of the above proof. Hence 8i is the X of the above proof. 

Ex. 1. The reciprocal of the minor aods is the other limiting 
point. 

Ex. 2. S and H are the foci of a system, of confocal conies. 
A parabola tvith S as focus torches the minor axis. Show that 
its directrix passes through H; and that ifP, Q he the points of 
contact of a tangent to one of the confocoHs ami the parabola, 
then PSQ is a right angle. 

We get a circle through the limiting points. 

Ex. 3. Deduce a property of coaxal circles fr&m—^ Tangents 
from amy point to two confocals are eqtudly inclined to each other.' 

Ex. 4. Deduce a property of confocal conies from— ^ The 
pdlars of a fixed point for a system of coaxal circles meet at 
another fixed point ; and the two points subtend a right angle 
at either limiting point. ' 

Ex. 6. If the sides of a variable polygon touch a conic, and 
all but one of the vertices lie on fixed confocal conies, tike last 
vertex also lies on a fixed confocal conic 

Reciprocate Poncelet's theorem respecting coaxal circles. 

Eeciprocationfor any conic. 

21. Having discussed the particular case of two reciprocal 
conies, one of which is a circle, we return to the general case 
of the reciprocal of a conic, taking any base conic. 

The reciprocal of a conic, taking a conic with centre as base 
conic, is a hyperbola, parabola, or ellipse, according asOis outside, 
on or inside the given conic. 

Let a be the given conic and T the base conic, and a' the 
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reciprocal conic Then a' is a hyperbola, parabola, or ellipse, 
according as the line at infinity cuts a' in real, coincident, or 
imaginary points. Now the reciprocal of the line at infinity 
is the pole of the line at infinity for F, i.e. is 0. Hence 
the reciprocals of the points in which a' meets the line 
at infinity are the tangents to a from 0. And the tangents 
from are real if be outside, coincident if be on, and 
imaginary if be inside a. 

The reciprocal of the centre of the given conic, i. e. of the 
pole of the line at infinity for a, is the polar of for a\ 
The reciprocal of the asymptotes of the given conic, i. e. of the 
tangents to a from the pole of the line at infinity for a, 
are the points of meet with a' of the polar of for a\ 
i. e. are the points of contact of tangents from to a\ 

As a particular case we may take the base conic to be 
a circle. Then the properties of § 8 and § 9 are also true. 

Ex. 1. The axes of the reciprocal cfa conk for a point are 
parallel to the bisectors of the angles between the tangents from 
to the conic. 

Ex. 2. The reciprocal of a parabola for any point on the 
directrix is a rectangular hyperbola. 

For since the points of contact of tangents from to a 
subtend a right angle at 0, hence the asymptotes of a' are 
perpendicular. 

Ex. 3. Steiner's theorem. The orthocentre of a triangle 
circumscribing a parabola is on the directrix. 

Let be the orthocentre. Then we want to prove that 
the tangents from are orthogonal ; i. e. that the asymptotes 
of the reciprocal of the parabola for are orthogonal ; L e. 
that the reciprocal is a r. h. But the reciprocal of a parabola 
passes through 0. Hence the reciprocal passes through the 
vertices and the orthocentre of a triangle and is therefore 
a r. h. ; for is still the orthocentre. 

Ex. 4. The reciprocal of a rectangular hyperbola for any 
point Ois a conic whose director passes through 0. 

Ex. 6. Reciprocate for any point — 'A diameter of a rect- 
angular hyperbola and the tangent at either end are equally 
inclined to either asymptote.^ 

Let r be CP the diameter, q the tangent at P, and y the 
asymptote. Then we have to reciprocate that Ary = ^qy. 
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We get — * If c be the polar of any point on the director of 
a conic, and if from the point JB on c a tangent be drawn 
touching in Q ; then Y being either of the points in which 
c cuts the conic, JRFand Q IT subtend equal angles at 0/ 

Ex. e. Show that two lines can he found such that the pairs 
of conjugate points on each for a given conic subtend right angles 
at a given point 0. 

Ex. 7. If the chord PQ of a conic subtend a right angle at 
a fixed point Oon the conic, then PQ passes through a fixed point 
on the normal at (called the Fr6gier point of for the conic). 

Eeciprocate for the fixed point; and we have to prove 
that the locus of the meet of perpendicular tangents of 
a parabola is a line (the directrix). On the normal as we 
see by taking P at ; then PQ becomes the normal. 

Ex, 8. Obtain by reciprocating Ex. 7 a property of a circle, 

Ex. 9. Find the envelope of the chord of a conic which sub- 
tends a given angle at a given point on tJic conic. 

Ex. 10. The envelope of a chord of a conic which subtends 
a right angle at a fixed point 0, not on the conic, is a conic 
having a focus at 0. 

Ex. 11. A system of four-point conies or four-tangent conies 
can be reciprocated into concentric conies. 

Take as origin one of the vei*tices of the common self- 
conjugate triangle. 

Ex. 12. ITie reciprocal of a central conic, taking a concentric 
circle as base conic, is a similar conic. 
For OA , OAi -=- OB.OB^ = lc^\ hence 
OA^iOB^iiOBiOA. 

Ex. 13. Eeciprocate for any point — a system of coaxal circles. 

That is, a system of circles passing through the same two 
points, real or imaginary. 

Ex. 14. Reciprocate for any point 0—* The directors of a 
system of conies touching the same four lines are coaxaV 

Ex. 16. Also—* The locus of the centres of a system of rect- 
angular hyperbolas passing through the same three points is 
a circle.* 

*22. Eeciprocate Camofs theorem, talcing any circle as baseconic. 
Let be the origin of reciprocation. Then, as in VI. 1, 
Carnot's theorem gives 

sm AOCi. sin AOG^... = sinAO^i-sin^lO^a - 
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Now /.AOCi = ^aci, and so on. Hence the reciprocal 
theorem is— * The sides a, 6, c of a triangle meet in the 
points Pf Qf B; and from P, Q, B are drawn the pairs of 
tangents a^ a2, hi 62 > ^i ^2 ^ ^^7 conic ; then 

sin aci . sin 0^2 . sin ^a^ . sin ba2 . sin chi . sin c&2 
» sin o&i . sin a&2 • sin &Ci . sin bC2 . sin cOi . sin ca2 , 
where aCi denotes the angle between the lines a and Ci, and 
so on. And conversely if this relation hold, then the six 
lines ai a.2 &i &2 ^ ^2 touch the same conic' 

Ex. 1. If the sides of a triangle ABC meet a conic in A1A2, 
BiB^y C1C2J then the six lines AAp AA2, BB^, BB2, CCi, 
CC2 toiAch a conic ; and conversely, if the latter touch a conic, 
the former are on a conic. 

Ex. 2. Beciprocate the theorem — ^The lines joining the 
vertices of a triangle to any two points meet the opposite sides 
in six points which lie on a conic,* 

VIII 

1. Four conies Cj, Cg, ^3, C4 have one focus and one tangent 
t in common. A second common tangent to c^ and c^ meets 
the corresponding directrix of c^ at a point on t ; similarly 
for C2, C4 and c^, c^. Show that the other common tangents 
of Ci C2, C2 C3, C3 Cj are concurrent. 

2. ACB is the diameter of a circle whose centre is (7. 
Two equal parabolas are drawn with foci at C and vertices 
at A and B. A hyperbola is drawn having a focus at C, and 
a vertex at D, one of the ends of the diameter perpendicular 
to AB, and touching the parabolas. The corresponding 
directrix of this hyperbola meets DC at E, and the hyper- 
bola meets DC again at F. Show that 

CF==2CE=ZCD. 

3. Beciprocate for the orthocentre of ABO the theorem — 
' If DEF be the feet of the perpendiculars from A, B, C on 
BC, CA, AB, then the radius of the circle about ABC is 
double the radius of the circle about DEF* 

4. Two conies having a common focus S touch at P. 
From any point Q on one of the conies, tangents are drawn 
to the other, meeting the tangent at P at Z7, F. The 
tangent at Q meets the tangent at P at T. Show that TU 
and TV subtend equal angles at & 

5. The common tangent of an ellipse and its circle of 
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curvature at P meets the tangent at P in a point T, such 
that SP and ST&re equally inclined to the join of the focus 
S to the centre of curvature. 

6. ' If two circles touch one another at C and be touched 
by a common tangent at A and B, then ACB is a right 
angle.' Beciprocate this theorem (i) for any point, (ii) for 
A, (iii) for C, and (iv) for the centre of one of the circles. 

7. If two opposite vertices of a parallelogram circum- 
scribed to a conic move on the directrices, the other two 
vertices move on the auxiliary circle. 

8. The reciprocal for of the focus of a parabola is the 
polar of the Fr6gier point of for the reciprocal conic. 

9. 0, Dy E are fixed points on a conic, and P a variable 
point. PJD, PE meet the polar of the point in which chords 
which subtend a right angle at meet, at B and (7. Show 
that IBOC^ IJDOE 

10. Prove that if A, B the points of contact of a real 
common tangent of two conies which have a common focus 
subtend a right angle at that focus, the remaining tangents 
to the conies from A and B will intersect on the other real 
common tangent. 

11. A perpendicular is drawn to any tangent of a parabola 
at the point where it meets a fixed tangent. Prove that 
the envelope of this line is a parabola whose axis is per- 
pendicular to that of the given parabola and which touches 
the fixed tangent at the point where it is met by the 
directrix of the given parabola. 

12. A, B are the conmion points of a system of coaxal 
circles and a fixed line through A meets any circle of the 
system at P. Show that the tangent at P always touches 
a fixed parabola whose focus is JB. 

13. PSQ is a focal chord of a conic, 8 being the focus. 
Prove that the perpendicular from S to the tangent at P 
will meet the tangent at Q also on the auxiliary circle. 

14. Reciprocate with respect to one of the limiting points 
— * The orthogonal trajectory of a system of coaxal circles is 
another system of coaxal circles passing through the limiting 
points of the first system.' 

16. P and CTare fixed points on a conic. Through CTare 
drawn two lines meeting the conic at L and M and the 
polar of the Fr^gier point of P at X and Y, Show that 
LM and XY subtend equal angles at P. 



CHAPTER IX 

ANHARMONIC OR' CROSS RATIO 

1. One of the anharmonic or cross ratios of the four col- 
linear points Ay Bf Cy Dia -^-^ -^ -— — • This is denoted by 

{AC, BB). So every other order of writing the letters gives 
us a cross ratio of the points, e. g. another cross ratio is 

Ex. 1. If{AB, CD) = {AB, CIT), then (AB, CCf) 

^{AB.DI/). 

Ex. 2. If{AC,A'B) = {A'Cr, AB^, then {AC, CB) 

= (A'C, CB^. 

Ex. 3. I/{AB, CD) = (A'B', CI/), and [AB, CE) 

= (A'JS', Clf), 
show thai {AB, DE) =' (A'B', l/E'). 

Ex. 4. IfOA, OB, OCcut BG, CA, AB in P, Q, B, and if 
any line cut BC, GA, AB in I", Q', JB', then 

{BC, PP') X {CA, QQ^) X {AB, BB^) =» - 1. 

Ex. 6. A cross ratio is not altered hy inversion for a point on 
the line. 

Forgiven OA.OA' '^ OB.OB^=...= 1^, 
we have ^5 = OJB - 04 = ft VO^ - li?/OA' 
^-T^.A'B'/OA'.OB'. 

2. A cross ratio is equal to any other in whidi, any two points 
ieing interchanged, the offier two are also intirchanged. 

Let {AC, BD) bo the cross ratio. We may interchange A 
with B, C or 2). Hence we have to prove that 

{AC, BD) - {BD, AC) = {CA, DB) = {DB, CA), 
or that 

AB DG_BA GD^CD BA^DG AB 
BC' AD~ ad' BC DA ' CB CB' DA 



110 Anharmonk or Cross Batio [ch, 

3. There are 24 cross ratios offourpomts; and these can he 
divided into 3 groups ofS, such that every cross ratio in a group 
is equal to or the reciprocal of every other in the group. 

Let the points be ABCD. Take the three cross ratios 
(AB, CD), (AG, DB) and (AD, BG), got by changing BCD 
cycHcally to GDB, DBG. Now 

(AB, CD) = (BA, DC) = (CD, AB) = (DC, BA) 
by IX, 2. Also it is easy to prove that (AB, CD) is the 
reciprocal of (AB, DC), (BA, CD), (CD, BA), (DC, AB), 
Hence we get a group of 8 connected with (AB, CD), Simi- 
larly there is a group of 8 connected with (AC, DB) and with 
(AD, BC), And no ratio can belong to two groups ; for in 
the first group AB are together and CD, so in the second 
group AC are together and DB^ and in the third group AD 
^and BC. 

4. lf\ - (AB, CD), fx « (AC, DB), v = (AD, BC), 

then X + - = u+-«y+T-= - V" = 1. 

fA '^ V \ '^ 

For X + l-l = ^.^+^.^-l 
M CB AB AB BC 

AC.BB-BC.AB-CB.AB 
CB.AB 
__ c(l-d\-{c-d)h-{b-c)d 
CB.AB 
taking A as origin 

_ ch-cd-cb + Sb-M+cd ^ 
CB.AB ""• 

., . AC BB AB BC AB CB 

^ ^''"■"'CB'AB'BC'AB'BB'TC-'-^- 
We have now shown that the three fundamental cross 
ratios A, /m, v are connected by the above four relations. Two 
of these are independent and give [x, v in terms of A. 
The other two can be derived from these. Hence given 
any one cross ratio of four points, the other 28 can be 
calculated. 
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Ex, !• Show that no real range can befimnd in which 

For A2_x + 1 = if X=> = r, 

Ex. 2. Of the three X, jut, r, two are positive and one 
negative, 

Ex. 3. If any cross ratio of the range ABCD is equal to the 
corresponding cross ratio of the range A^E'C'I/^ then every two 
corresponding cross ratios of the ranges are equal. 

For if X = X', then ft = fx' since X + -=l; sor = z/. 

Two such ranges are said to be homographic, and we denote 
the fact by the equation {ABCI)) = {A'B'C'J/). 

Ex. 4. If (ABB'C) = (A'B'BCr) 
and (ABB'B) = {A'B'Bir), 

show that {BB'CD) = {B^BC'D'). 

Divide 

(J5^, AC) = (B'B, A'(r) by (BBf, AD) = {B'B, A'lf). 

Ex. 6. If (ABCD) = (A'B'criy), prove that 
AB.Cn AC.BB AB.BC ^ 
A'B" ■*" A'Cf "^ ~FW " ^• 
We have to show that 

AB.CD 1 AC.BB _1_ _1_ 
AB.BC' A'B" '^ AB.BC' A'C "^ A'l/ ' 

_. ^ ab.cb ba bc ,^^ .^ 

^^* abTbc-'ab-'cb-'^^''^'^^ 

A'B^ . c'ly 
= - (j^'jy, A'c^ = j/7v' -DfQf ^ ^^^ so ^^* 

Hence the relation reduces to 

Ex. e. If (ABCB) = (A'B'C'I/) and (/ he any point on 
A'B^yj^rove that 

5. If two points of a range of four points coincide, each of the 
cross ratios is equal to 0, 1 or co ; and no cross ratio of four 
points can equal or 1 or oo tmless two points coincide. 
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Call the two coincident points A and B. Then 
. AC JDB , ^ , 

since AC: GB = -CAiCB = -1, so DB-.'AD = - 1 ; 

AD BG . .-, - 

M = ;^ • 3^ = <» since ^B = ; 

AB CD . . , „ „ 

Hence X""^ = 1, /m-^ = 0, r"^ = oo. 
Conversely, if -~ • -j-=i = 0, -1(7= or DB = 0, i.e. -4. 

and C coincide or B and D coincide ; if 

AC BB_. AC AD 

CB^AB"' CB JDB' 

hence unless A and B coincide, C and JD must cfoincide, since 

they divide AB in the same ratio ; if 

A C 7)7? 

^.^ = 00, GB^OorAD^O, 

hence 5 and C coincide or A and 2) coincide. 
1/ (ulC; -BD) be harmonic, then {ACy BD) = - 1. 
^ AB AD . AB ^ AD , 

I/(Aa, 5i)) 66 harmonic, then (AC, BD) = (AC, DB) ; and 
conversely, if (AC, BD) = (AC, DB), then either (AC, BD) is 
harmonic or two points coincide. 

For (AC, BD) = (AC, DB), 

.. ab dc ad bc . ,^ /ab dc\^ , 
^ Tc'ad^dg'ab'''^''^^bg'ad)'^^^ 

^•^•^ ^•|§ = ±l,i.e.if(^a,5Z))=±l. 

If (AC, BD) = + 1, then ^ and C, or 5 and D coincide ; 
and if (AC, BD) = - 1, then (AC, BD) is harmonic ; and 
conversely. 

ly a range of four points is harmonic, each of the cross 
ratios is equal to - 1, ^, or 2 ; and, conversely, if a cross 
ratio of four points is equal to -1 or J. or 2, the range is 
harmonic. 
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If {ACy BJD) is harmonic, then -g^ • -j^ = - !• Hence 

AD BG , , 1 

M ^ "j^ • 2w ~ "" J^ > nence A + - = 1 gives X = 2 and 

1 . . 

I' + r = 1 gives I' — i^ 

Conversely if {AC, BD) = - 1, then --77 • -j^r = - 1, hence 
(^C, -BD) is harmonic ; if (AC, BJD) = ^, /x=(J.C; J5D)-'= 2, 
.'. jut + - = 1 gives y = - 1, hence {AD, BC) is harmonic ; 

if {AG, BJD) = 2, /x « i, .-. X + - « 1 gives X = - 1, hence 

{AB, CJD) is harmonic. 

A convenient abbreviation of the statement that {AB, CJD) 
is harmonic is that {AB, CJD) = - 1. 

6, If A, B, C,B,JD^he coUmear points, such that 
{AC,BD)^{AC,Biy), 
then B and 2/ coincide, 

AB BC AB B'G , DC 2/(7 

^^^ BC'AB^BG'A^'^^''''^AD^AB^' 
i.e. J.Cis divided in the same ratio at B and D' ; hence D 
and jy coincide. 

?• If four lines a, h, c, d passing through the same point V he 
cut l>y two transversals in ABCD and A'BfC^I/, then 
{ABCB) = {A'B'C'I/). 
It is sufficient to prove that 

{AG,BB)=={A'C,B'iy). 

Now (^a^^) = ^-35=AW0-AT^ 

_ YA.YB.BmAYB VB.VC.sinBVC 
" VB. VC.&uxBVC' VA.rB.sinAVB 
_ sin AVB sin J) 70 
"" sin J5FC * sin^ F2>' 

BUSSSLL I 
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[CH. 



Similarly, 



sinA'vjBr Aniyve 



sin^FC BinA'Viy 
Now A VB is equal to either A^VB^ or its supplement. In 
either case, sin ^ 75 = sin J.' VB^. And so on. Hence 
{ACy BD) == (AX', B'lf), i.e. (ABGB) = (^'^C'2>0. 
We may enunciate the above theorem in the form — Every 
trcmsversal cuts a pencil of four lines m the same cross ratio. 




The cross ratio {AC, BB) of the pencil is written 
y(AG,BD)oT(ac,hd). 
Also, by the above, 



{ac, hd) = 



sin ah sin ad 



sin he ' ain dc 

If we draw the section A'B'C'B' parallel to VB, then 2/ 
is at infinity and 

since A'B' : C'B^ is equal to 1 when D' is at infinity. Hence 
every cross ratio can be expressed as a simple ratio by pro- 
jecting one of the points to infinity. 
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Ex. 1. Show that the fundamental cross ratios A, /m, v of the 
range {ABCD) are equal to cosec^(l>, -tan^i^ and cos^<^, 
where 2<^ is the angle at which the circles on AC and JBD as 
diameters intersect. 

For if the circles intersect at P 

-4^ DB smAPC sin DPJg 
CB' AD sin CPB * sin^PD ' 

IT IT 

also LAPC = p> LBPB — - p> *^^ ^^ c*°^ ^® proved that 
lCPB='-(t>, lAPB^Ti-f^. 

Ex. 2. Gii?cw the three points A, JB, C; find D so that 
{AB, CD) may have a given value X, 

Take any line AB^^ and divide it in C" so that 
"Aa^CB'^X. 
Let BBf, CC meet in 7. Through 7 draw VB parallel to 
AB^. Then (AB, CD) « (AB", C'a% [where 12' is the point 
at infinity upon AB",] = -^C'-J- C'B" = A. 

Ex. 3. Through a given point draw a transversal to cut the 
sides of a given triangle ABC in points A\ J?', C, such that 
(0A\ JffC) m^y have a given value. 

Let OA cut BC in 0'. Then 

(OA', B^C) « A (0A\ B'C) = ((/A', CB). 
Hence A' is known. 

Ex. 4. If the ranges (OA', BC), (OB", CA), (OC, AB) are 
harmonic, show that (OABC) - (OA'B'Cf). 

Project to infinity. Then A', B", C bisect BC, CA, AB, 
and we have to show that AB : BC = A'B^ : BfC\ Now take 
A as origin. 

Ex. 6. Prove the relation A + - = 1 hy projection. 

Projecting D to infinity, we get 

A'e _ J^ 

^•" CBf' ^"^ A'B"' 

„ ,1 A'C ^ A'B" CB" , 

Hence X + -=-^^+^^«^^=l. 

Ex. e. If one cross ratio of the pencil V(ABCD) is equal to 
the corresponding cross ratio of the pencil V (A^B^C'If), then 
every cross ratio is equal to the corresponding cross ratio. 

Consider sections of the pencils and use Ex. 3 of § 4. 

Two such pencils are said to be homographic, and we 
denote the fact by the equation 7(ABCD) - Y^A'B'C'I/). 

I 2 
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Ex. 7. If ViABOD) - nA'B'C'I/), then 
BmAVB. 8in CVJD sinAVC.ainBVB 
A^ ■*■ A'C 

Bin AVJD. sin BVC 



A'jy 



= 0. 



8. A cross ratio of a range of four points is unaltered hy 
projection. 

Let the range ABCB be joined to the vertex 7, and let 
the joining plane cut the plane of projection in A^B^CfB . 
Then since A'ffC'B' is a section of the pencil Y(ABCB), it 
foUows that (ABGB) = {A'B'C'By 

9. A cross ratio of a pencil of four lines is u/naltered by 
projection. 

Join the pencil 0{ABCB) to the vertex 7, and let the 
joining planes cut the plane of projection in the pencil 
(/{A'B'C^B^. Through 7 draw any plane cutting the 
pencils in ahcd and a'\/dd\ Then 

0{ABCB) = {ahcd) = V{ahcd) = V(aVc'd') 

= (a'6VdO = O'iA'B'G'B^. 
Hence the pencHs 0(ABCB)sind (/{A'B'CfB^ have the 
same cross ratios. 

Ex. The figure ABCB consisting of four points joined by 
four lines can he projected into any figure A'B'G'B' of the same 
hind. 

Let AC, BB meet in U, and A'C, ffB^ meet in Tf. Take 
X on -^0 so that (XAUC) = (DfA'TTG^ and Ton BB so 
that {YBUB) = (SIB'TTB^), where X2 and Of are at infinity. 
Now project XY to infinity, and the angles A UBj BA U into 
angles of magnitude A^TfBf^ B^A'Tf. Let the projections of 
ABCBTIXY be aVc'd^u^ts/tsi, where o) and u/ are at infinity. 
Then (coVwV) = (XA UC) = (QfA'TTC). Hence 

aV:wV::^'Cr:CrO'; 
so Vu'iu'd'-r.B'V': V'B' ; also laW - LA'TTB" and 

n'a'u' ^ jLB'A'ir. 
Hence the figures a'Vdd'u' and A'B'G'B'U' are similar. If 
they are not equal, we proceed as in IV. 7. 

Note that this construction fails if XY as constructed be 
at infinity j in other cases, by IV, 6, the construction is real. 
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Cross ratio offourjp^anes meeting in a line, 

10. Any transversal cuts four planes which pass through tJie 
same line in four points whose cross ratio is constant. 

Let two transversals cut the planes in A BCD and 
A^B^CI/, Join ABCD to any point on the meet of the 
planes, and A^B^Cl/ to any other point (/ on this meet. 
Then the meet of the planes OABCD and (/A'B'C'jy is 
a line which cuts the four given planes in the points 
a, ^, y, 8, say. 

Then {ABCD) = 0(ABCD) = 0(afiyh) = (afiyh) 
= (f (afiyb) = 0' (A'B'Criy) = {A^B^C/I/). 

Hence (ABCD) is constant. 

An^ plane cuts four planes which meet in a line in four lines 
whose cross ratio is constaM, 

Let any two planes cut the intersections of the four planes 
at and 0^ ; and let the intersection of the two planes cut 
the four planes at a, ft, y, h. 

Then 0(apyl) = (afiyh) = 0'{apyh), 

nomographic ranges and pencils. 

11. Two ranges of points ABCD,,. and A'B^CDt... on the 
same or different lines, in which to each point (A say) of 
one range corresponds a point (AT) of the other, are said 
to be hormgraphic if every cross ratio of every four points 
(ABCD) of one range is equal to the corresponding cross 
ratio of the corresponding four points (A'B^C'DT) of the 
other. 

So Wa^ pencils Y(ABC...) and T(A'BrC\..) are said to be 
liomographic if every cross ratio such as Y(AB, CD) is equal 
to the corresponding cross ratio F' (A^B^, CiX). Also a 
range (ABC..,) and a pencil V'(A^^C^.,.) are said to be 
homographic if every cross ratio such as (AB^ CD) is equal to 
the corresponding cross ratio F' (A'B^^ C'D^\ 

It is convenient to abbreviate the statement that the 
ranges (ABC.) and (A^B^Cf ,,.) are homographic into 
(ABC.) = (A'BfC..,), 
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So y(ABC,.,)=- TC^'-B'C'...) means that the pencfls 
y(ABG...) and Y(A'B^C.) are homogi-aphic ; and 

{ABC...)^r(A'B^e..,) 
means that the range (ABC,) and the pencil T(A'B'Cf.,.) 
are homographic. 

12. Two ranges which are homographic with a third range are 
homographic with one another. 

For if the homographic ranges (ABC.,,) and (A'B^(f.,.) 
are homographic with (A^^B'V\„)y then, taking any cross 
ratio (AB, CD), we have (AB, CD) = (A^'B"', C'lf') and 
(A'B%aiy)^(A''B'\a'B^% Hence 

(AB, CD) = (A'B", CJf) 
is true for every cross ratio. Hence the ranges (ABC,.,) and 
(A'B^Cj ,„) are homographic. 

In exactly the same way we prove that (writing / for 
either a range or a pencil) if /i and /a are both homographic 
with /a, then /i and /g are homographic with one another. 
This we abbreviate into /i = /a = /2, • '. /i = f%* So if /^ is 
homographic with /a and /a with /g, ... and/,_i with/,, we 
conclude that/i is homographic with/,, or briefly, if 
/i ^U '"'/a = — = /«-i = /«> then/i =/,. 

13. Hoftmgraphie ranges exist; for if we join the points of 
the range (ABC,,,) to any point F and take any section 
(^'^C'...) of the pencil y(ABC...), then 

(A'B'a.,,) = (ABC. ). 
For let (-45, CD) be any cross ratio of the range (ABC,.,). 
Then (A'B", CDT) = (-4J?, CD) by § 7. 

Homographic pencils exist; for if (J.J5C7...) is any range 
and TJ and F any two points, the pencils U(ABC,.,) and 
V(ABC.„) are homographic. For 

U(AB, CD) = (AJ?, CD) = F(^-B, C!Z>). 

J. pencil homographic with a range can he found ; for as 
proved above V(ABC,„) and its section (ABC.) are 
homographic. 

Notice that we have incidentally proved that — 

Two sections of the same pencil are homographic. Pencils 
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standing on the same range are homographic. A pencil is 
homographic with the rcmge which it determines on any 
transversal, 

14. Two ranges ABC. and A'B^C\.. on different lines are 
said to be in perspective when the lines AA% Bffy CC\ ... 
joining corresponding points meet in a point (called the 
centre of perspective). 

Two pencils Y(ABC...) and TiA'B'Cf...) at different 
vertices are said to be in perspective when the meets of 
corresponding rays lie on a line (called the axis of per- 
spective.) 

Two ranges in perspective are homographic. 

For they are sections of the same pencil. 

Two pencils in perspective are homographic. 

For they stand on the same range. 

15. If two homographic ranges on different lines have the 
meet of the lines as a point corresponding to itself in the two 
ranges f then the ra/nges are im, perspective. 

Let the ranges be (ABCB...) = (AB'CB'...). 




Let BB", CC meet in 0, and let OD meet AB" in 1/'. 
Then {AB^CI/) = (ABCB) by hypothesis = (AB'CB^') by 
projection. Hence {AB'CB^ = {AB'CrB''), i.e. 2/ and i>" 
coincide, ie. the join 2)2/ of any pair of corresponding 
points passes through 0. 

Any two homogmphic ranges can he placed so as to he in 
perspective ; viz. by placing any point A of one range on the 
corresponding point A^ of the other range. 

Three pairs of corresponding points of two homographic ranges 
completely determine the ranges. 
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For on placing A^ on Af Bffy G(f determine and then 
OB cuts AB" at iX. 

If (AB, CP) = (A'B", C'P^ where P and P" are variable 
points on the lines ABC and A'B^C^ then P and P' generate 
homographie ranges of which A and A\ B and B^, C and C are 
corresponding points. 

For place A' on A. Then AA\ BB", CG% PP' meet in a 
point Hence the ranges (ABG...P.,:) and (J.'J5'C..P'...) 
are in perspective and therefore homographic. 

Ex. \. If A he the meet of two corresponding rays of two 
homographic pencils, then any line through A will cut one pencil 
in a range in perspective with the range determined on amy other 
line through A by the other pencil' 

Ex. 2.-40 meets BC at D and BO meets CA at E. On AD 
and BE are taiken X and T such that {AD, OX) and {BE, OY) 
are harmonic. Show that XT passes through C. 

AE and DB pass through C. Hence XY will pass 
through C if (0^i>X) = (0J5;-Br). But 

{OX, ^2>) = - 1 = {OY, EB). 

Ex. 8. The points A and B move on fixed lines through 0, 
and U and V are fixed points collinearmth 0; ifUA and VB 
meet on a fixed line, show that AB passes through a fioced point. 

Take several positions of the point A, viz. AyA2A^.,. . 
Join Ai CT cutting the given line in Ci, and join CiF cutting 
OB in ^1 . Similarly construct Cg C3 . . . and ^g -^3 • • • • Then 
it is sufficient to prove that the ranges J.x^2-** ^^^ B1B2... 
are in perspective, i.e. that (OJ-i^g-'O = (OjBi^g"-)- ^^^ 
(0^i^2-)== U{0AiA2...)^{XC^C2...) if UV and CiCg 
intersect at Z = V{XCiC2...) = {OB1B2...). Hence 

Ex. 4. If the points A, B, C move on fixed lines through 0, 
and AB turn about a fixed point P, and BC turn about a fixed 
point Q, show that CA turns about a fixed point. 

Ex. 6. If the given triangle ABC be circumscribed to the given 
triangle LMN, prove the following construction for inscribing a 
triangle PQE in the triangle LMN which shall also be circum- 
scribed to die triangle ABC, viz. : take any point B on LM, let 
AB cut NLatQand let BE cut MNat P; then will PQ pass 
through C. 

16. If two Jiomographic pencils at different vertices have the ray 
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joining the vertices as a ray corresponding to itself in the two 
pencUSf then the pencils are in perspective. 

Let the two homographic pencils be V(VABC.,.) and 
nVA'B'C,,.). Let YA cut TA' in a. Let YB cut Vff 
in )9. Let a^ cut YT in i;. If a^ does not cut YG and FC' 
in the same point, let a& cut FCin y and 7'(7' in /. 

Now Y(rABC..,) = riYA'B'Cr...). Hence 
(m)9y) = (m^/), 
by considering the sections of these pencils by a^. Hence 
y and /coincide. Hence YG, Y'C^ nieet on a)3. So every 




pair of corresponding rays meet on a/3. Hence the pencils 
are in perspective. 

Any two homographic pencils ccm he placed so as to he in 
perspective; viz. by placing any ray of one pencil so as to be 
in the same line as the corresponding ray of the other 
pencil 

Three pairs of corresponding rays of two homographic pencils 
completely determine the pencils. 

For placing one ray on the corresponding ray, YA, YA' 
determine a and YB, Yff determine ^. Then Y'G' is the 
line joining V to the intersection of YG and afi. 

If Y{AB, GP) « r(A'B', (yP^ where YP and Y'P" are 
variable rays thrmgh Y and Y% then YP and YP^ generate 
homographic pencils of which YA and Y'A^YB and Y'Bf, YG 
and Y'G' are corresponding rays. 

For if we place YA on TA', the points (FJ?; VB% 
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(FC; rCO, and {YF-, TP^ lie on a line. Hence the pencils 
y(ABC...P...) and 7' (^'J5'(7'...P'...) are in perspective and 
therefore homographic. 

Ex. 1. If (ABCD,.,) cmd {A'B^fflf, ) he two homographic 
ranges, and any two points F, F' he taken on AA\ show that the 
meets ofVB and TB", of VCand TC, of VD and Tlf, ^c, 
aU lie on a line. 

Ex, 2, If AB pass through a fixed point U, and A cmd B 
move on fixed lines meeting in 0, and if F, W he fixed points 
collinear with 0, show that the locus of the meet of A V and BW 
is a line. 

Let AV and BW cut in P. Take several positions 
A1A2... of A, B1B2... of B, P1P2-. of P. Then it is 
sufficient to prove that V{PiP2r..) and W(PiP2.*.) are in 
perspective, i.e. that FCOPiPg-) = TFCOPiPg-.)- But 
F(0PiP2-.) = (OA^-) = mOA^A^...) 

-(05i52...) = TF(0PiP2...). 

Ex. 3. Show that the meet of UV and OB, and the meet of 
TJW and OA lie on the locus. 

Let UV meet OA at A' and OB at B". Then Fl' and 
TFJ5' meet at J5' which is therefore a position of P. So for 
(CTTF; OA). 

Ex. A. If A and B move on fixed lines through 0, and 
AB, BP, and AP pass through fixed collinear points U, F, TF, 
show that the locus ofP is a line through 0. 

Ex. 6. Show that YP and VP^ generate homographic pencils 
siaAVP Bin BVC sin (/rP" sin^F^ui" 
^-^ sin^FP * sin^FC "*" sin^F'P' * sin CrA' "" 
Taking sections of the pencils, this is 

{AB, PC) + {A'P", C'B^-^ = 1. 
But (AB, PC) + (AP, CB)-^ = 1, 

.-. (AP, CB) =^ (A'P", CB"). 

Ex. e. If sinAVP/sinBVP-i'SinA'VP'/sinB'TP' is 
constant, show that VP and VP^ generate homographic ranges. 

Let C and C be positions of P and P'. Then the above 
gives V(AB,CP)^r(A'B',CP^. 

17. If(ABC...)and(A^B^C\..) he two homographic ranges 
on different lines, then the meet of AV and A^B, ofBC and 
B^C, and gmerally of P(^ and P^Q, where PP^, Qfi are any two 
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pairs of corresponding points, all lie on a line (called the 
homographic axis). 

Let the two lines meet in a point which we shall call 
X or y, according as we consider it to belong to the range 
{ABC.) or to (A'B'G'...). Take the points X'and T cor- 
responding to the point X{=Y^in the two ranges. Then 
every cross meet such as (PQ^ ; F^Q) lies on X^Y. For by- 
hypothesis (XYABC.) - (X'TA'B'C\..). Hence 

A'(XYABG...)=^A{X'rA'B'(r...) ; 
and these two pencils have the common ray AA^ ; hence 




they are in perspective; hence {A^X ; AX% {A'Y; AY% 
(A'B ; ^J50, ... all lie on a line. But (A'X ; AX") is X', and 
{A'Y; AT) is Y. Hence {A'B ; AB") Hes on the fixed line 
X^Y; i. e. every cross meet lies on a fixed line, forAA^, BB^ 
are any two pairs of corresponding points. 

18. By Beciprocation (see XIII. 1), or by a similar proof, 
we show that ifY(ABCB.,.) and T(A'B'Ciy...)he homo- 
graphic pencils, then all the cross joins, such as the join of 
(VB; rCO with (Tff; VC\ pass through a fixed point 
(called the homographic pole). 

Ex. 1. If A, By C be any three points on a line, and A', B\ Cf 
he a/ny three points on a/nother line, show that the meets of Aff 
and AfB, of AC and A'C, and ofBC and B'C, are collinear. 

Consider X (= y) as above. 

Ex. 2. When two ranges are in perspective, the axis of 
Jiomography is the polar of the centre of perspective for the lines 
of the ranges. 
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Projective ranges and pencils. 

19. If range a is in perspective with range P, and range 
P with range y, and range y with range b, and so on ; then 
each of the ranges o, ft y, 6 ... is said to be projective with 
every other. 

If pencU a is in perspective with pencil ft and pencil /3 
with pencil y, and pencil y with pencil 8, and so on ; then 
each of the pencils a, ^^ y, d ... is said to be projective with 
every other. 

Projective ranges are homographic. 

For the range a is homographic with the range ft being in 
perspective with it ; so ^ with y, y with b, and so on ; hence 
each is homographic with every other. 

Projective pencils are homographic 

For the pencil a is homographic with the pencil ;9, being 
in perspective with it ; and so on. 

Homographic ranges are projective. 

For they can be put in perspective with the same range 
on the homographic axis. 

nomographic pencils are projective. 

For they can be put in perspective with the same pencil 
at the homographic pole. 

A range and a pencJH are said to be projective^ when the 
range is projective with a section of the pencil. 

Hence a range and a pencil which are projective are homo- 
graphic ; and a range and a pencU which are homographic are 
projective. 

IX 

1. If through the vertices J., 5, 0, ... of a polygon there 
be drawn any lines AA^, BB'y CC, ... then the continued 
product of the ratios ain ABB'/ sin B^BG is unaltered by 
projection. 

2. A variable circle passes through a fixed point and cuts 
a given line at a given angle. Show that it determines on 
the line two homographic ranges. 
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3. Six points A, B, 0, D, E, F are taken, such that AB, 
FC, ED are concurrent, and also FA^ EB, DC. Show that 
BG, ADy FE are concurrent 

4. If the vertices of a polygon move on fixed concurrent 
lines, and all but one of the sides pass through fixed points, 
this side and every diagonal wUl pass through a fixed 
point. 

6. If each side of a polygon pass through one of a set of 
coUinear points whilst aU but one of its vertices slide on 
fixed lines, then will the remaining vertex and every meet 
of two sides describe a line. 

e. P, Q, B are any points on MN, NL, LM. A is taken 
on MNj AQ meets LM at J5, BP meets NL at C, CB meets 
MN at A', A'Q meets LM at ^, JB'P meets NL at C. Show 
that CA passes through B* 



CHAPTER X 

HOMOORAPHIO RANGES AND PENCILS 

1. The points corresponding to the two points at infinity 
in two homographic ranges are called the vanishing points. 

To construct the vanishing points. 

Let the ranges be {ABC..,) on the line { and (A^B^C^ ,,,) 
on the line V, Place A^ on A so that V does not coincide 
with I, The ranges are now in perspective. Hence BB^j 
CC'j ... all pass through the same point 0. Let Q. and Of 
be the points at infinity on I and V, and J^ and I the points 
corresponding to Q. and Qf\ so that I and J^ are the 
vanishing points on I and V, Then since I and Qf are 
corresponding points IQf passes through 0; i.e. J is the 
intersection of I with the parallel through to V, So OJ* 
is parallel to I, 

2. In two homographic ranges (ABGP...) and (A'B'G'JP'..,), 
on the same or different lines, if I correspond to the point Of at 
infinity in the range (A^B^.„), and J' correspond to the point 12 
at infinity in the range (AB .,.), then IP,J'I^ is the same 
whatever corresponding points P and JP^ are taken. 

For we have {laABCP..,) = {Ql'J'A'B'C'F'...) ; 

hence {AP, IQ) = (A'P", Ql'J'), 
i. e. AI/IP ^ Aa/QP = A'Q'/Q.'P' -j- A'J'/J'P', 
But AQl/QlP= -1 and A'£iya'P'= -1. 
.-. AI/IP ^J'P'/A'J'y 
r, IP.J'P'^IA,J'A% which is constant. 
Conversely, if IP, XP' he constant, then P and P' generate 
ranges which are homographic, and I and T are the points 
corresponding to the points at infinity in the ranges. 

For let A and A^ be any positions of P and P', then 
IP. J'P' ^ IA.J'A\ Hence retracing the above steps, we 
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get (AP, IQ) = (J.'P', a'J% Hence P and P' are cor- 
responding points in the ranges determined by AIQ. and 
A'QftTj and I and J' correspond to 12' and 12 in these 
ranges. 

We can also give a geometrical proof: For, with the same 
figure as in § 1, we have IPiIOi: J^O : J'P'; hence 
JP. J'P' = JO . J'O - 2^ . J'ui' similarly. 

Ex. 1. If OP. OP^ he constant, being the meet of the lines 
on which P and P' lie^ show that P and P' generate homogmphic 
rangesi 

Here 7 and eT coincide at 0. 

Ex. ^, If I and «/' te the vanishing points of the homo- 
graphic ranges (ABCP ...) = (J.'JB'C'P'...), show that 
(a) AP:AI::A'P':J'P'; 
(h) AP/BP^A'P'/B'P'^AI/BI. 

Ex. 3. IfAB = A'B", show that AI - -B^J'. 

Ex. 4. If Oj A, B he fixed points on the fixed line OAB, 
and 0, A\ B^ he fixed points on the line OA'S which may have 
any direction in space^ show that the meet of AA' and BB^ 
describes a sphere. 

Let AA^ and BB^ meet at P. Draw parallels through P 
to^'P' and AB to meet AB at I and A'B" at J'. Then 
I and J^ are known points on the lines, being the vanishing 
points of the ranges determined by (OAB) = (OA^B^). 
Hence J is a fixed point, and IP = OJ^ is a fixed length. 

3. Take any two origins U and T' on the lines of the 
ranges. Then IP = UP- UI = x-a, say ; 

and J'P"^ rP'-rJ'^af-a', say. 
Hence we get [x - a) {xf - a') = constant, 

or xxf — a'x - aoif + aa' ^ constant, 
a relation of the form Icxx^ -^Ix-^maf -\-n = 0. 

Hence tlie distances x and x' of corresponding points in two 
homographic ranges from any fixed points on the lines of the 
ranges are connected by a relation of the form 

hcxf -k-lx+mxf + n — 0, 
where Jc, I, m, n are constants. 

Conversely, if the distances be connected by this relation, the 
points generate homographic ranges. 
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For if Aaxr' + to + mic' + n = 0, 

then lc{x^'±){^^i)J^-n, 

or IP. J'P'= constant, where m/h = 7?7and l/h = J^V. 

This reasoning fails if I and <7^ are at infinity ; which is 
the case discussed in the next article. 

Notice that the relation Tcxcif +lx+moif + n = (i contains 
really three arbitrary constants, viz. the ratios of l, m, n 
to h This is as it should be, for an homography is known 
if three pairs of corresponding points are given ; and then, 
substituting the values of x and x^ of these points, we have 
three equations to determine these ratios. 

Ex. If toe take Y' at TJ' {iJie point corresponding to U), 
Shaw that UI/UF-i^U'J'/U'F' ^ I. 

4. Two ranges are said to be similar when the corre- 
sponding points divide the lines on which the ranges lie 
similarly. Hence if the ranges ABC, and A^B^G\,, are 
similar we have AB:BC:CD: ...::A'B':B'C' iCl/: ... . 

Similar ranges are homographic ranges with the points at 
infinity corresponding ; and, conversely, two homographic ranges 
in which the points at infinity correspond are similar. 

For if the ranges AB ... P ... and A'B^ ,., P'... are similar^ 
we have ABiBP:: A'ff : B'P'. . Hence 

AB^AQ.^ Af^ ^ A^ 
BF • np B'P' ' QfP' 
or (AP, BD) = {A'P', i^Qf). 

Hence P and P^ are corresponding points in the homo- 
graphic ranges determined by ABQ., A^B^^\ Hence P and 
P' describe homographic ranges in which 12 and 12' are 
corresponding points. 

Conversely, if (AJ?(7... P... 12) = (A'B'a... P'... 12'...) we 
have (AP, i?12) = (A'P\ B'Qf). Hence 

ABiBP:iA'B':B'P\ 
Hence the ranges are similar. 

Notice that if 12 and 12' correspond, I and .7' are both at 
infinity. For if 12' coiTesponds to 12, J' is 12' ; so for J. 
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In similar ranges^ the relation is of the form Ix + ww/ + w = ; 
and, conversely, if the relation is of the form Ix + «m/ + w = 0, * 
the ranges are similar. 

The general relation Icxoif + ^ + moif + w = may be written 

^ I m n ^ 
A;+-> + — + —:> = 0. 

OC X XX 

Hence if the ranges are similar, i. e. if i2 and Of correspond, 
i.e. if when a; = oo , a/ = oo , we have A? « 0; and the relation 
reduces to Ix + mxf + « = 0. And, conversely, if the relation 
is of the form Ix + moif + w = 0, we have a/ = oo when ic = oo . 
Hence 12 and Qf correspond, i.e. the ranges are similar. 

Notice that in this case, in the construction of § 1, AA\ 
BB", ... are parallel and is at infinity. 

Ex. Obtain the Cartesian equation of a straight line. 
The feet of the ordinate and abscissa generate ranges similar 
to the range of points on the line. Hence te + w^ + w = 0. 

5. The relation to/ + Za: + nw?' + w = is called a (1, 1) 
relation because if we are given x, then of has one and only 
one value, and if we are given a:', then x has one and only 
one value. Hence we have proved that if two ranges are 
homographic, the distances of two corresponding points P 
and P' from fixed points XJ and F' on the lines of the ranges 
are connected by a (1, 1) relation ; and, conversely, if the 
distances are connected by a (1, 1) relation, then the ranges 
are homographic. 

Hence if P and P' generate homographic ranges on fixed 
lines, P and P' are in (1, 1) correspondence, ie. if P is 
given, then P' is known uniquely and if P' is given, then P 
is known uniquely. The question now arises — does a (1, 1) 
correspondence between two points necessarily involve that 
these points generate homographic ranges ? The answer to 
this question is contained in the following theorem. 

*If the variable points P and P' on the fixed lines I and V are 
connected by a series of linear constructions involving only the 
finding of the intersection ofJenotm lines, the connector of known 
points, the second intersection of a Jmotvn line with a Tmown 

BUSSSLL K 
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conic, one intersection being given, the second tangent from a 
Jmown point to a knotvn conic, one tangent being given, the 
finding of the polar of a knotvn point for a known conic or of 
the pole of a knoum line for a hnown conic or finally the tmique 
construction of a conic from given conditions, and if when F is 
given, P' is knotvn tmiquely and tvhen P' is given, P is knotvn 
tmiquely, then P a/nd P' generate homographic ranges. 

For taking fixed points U and F' on I and V, let UP = r 
and F'P' = /. Let us work at these constructions by 
Analytical Geometry and thus obtain the relation between 
r and /• 

If P is known, r is known. Hence the result of the 
first construction will be to obtain the coordinates of a point 
or the coefficients of the equation of a line or of a curve 
in terms of n Also as all the specified constructions have . 
unique solutions, it follows that these coordinates or 
coefficients will be rational functions of n For if a radical 
of any sort entered, the solution would not be unique ; and 
the above constructions do not introduce transcendental 
functiona Now work at the next construction. As above 
the new coordinates or coefficients will be rational functions 
of the old coordinates and coefficients, and therefore rational 
functions of r. So we can proceed until we finally see that 
r' is a rational function of r. 

Also this rational function of r cannot contain r^ or any 
higher power of r; for if so, when P' is known, and there- 
fore /, there would be (by the solution of the quadratic or 
higher equation in r) more than one value of r and therefore 
more than one position of P. Hence we must have 

r'= (ar+&)/((T+eO; 
which is of the form 

krr^+lr+mr^ + n = 0, 
and proves that P and P' generate homographic ranges. 

Such a (1, 1) correspondence may be called a rational or 
homographic (1, 1) correspoiidence. 

This is not the complete theory of rational (1, 1) corre- 
spondence; but it is sufficient for the purposes of this 



x] Homographic Banges and Pencils 131 

treatise. As a matter of fact,* it is easy to extend the above 
enunciation and proof to any rational curves. 

The reader should notice that it is not true that two 
points P and P' on fixed lines I and T which are connected 
by any (1, 1) correspondence generate homographic ranges. 

For instance, if we put r = x-^-yi and /= x-yiy P and P' 
are connected by a (1, 1). correspondence ; but this is not 
homographic, for no algebraical relation can be obtained 
between r and r'. 

Again if F is a point on a given conic and if VF and VF^ 
cut the conic again in Q and Q^ which are the ends of a 
chord of given length whose ends slide on the arc of the 
conic, P and P' are connected by a (1, 1) correspondence 
which is not homographic. 

The reason in both cases is the same, viz. that / cannot 
be rationally expressed in terms of r. 

Also it is clear from the proof, that we may add to the 
above list of constructions, any in which the final coordinates 
and coefficients of the construction can be expressed rationally 
in terms of the initial coordinates and coefficients. 

To avoid each time quoting the above list of constructions, 
we may say that each of them is a rational construction. In 
every case the final appeal as to whether a construction is 
rational or not must be to Analytical Geometry. 

The simplest case of a rational (1, 1) correspondence 
between P and P' is when a relation is given connecting 
P and P' which evidently becomes a rational algebraical 
relation connecting a; and of when we put x — afor AP and 
so on. In this case, as the relation is evidently rational, 
we have only to verify that it is (1, 1), i e. that P' is given 
uniquely when P is known and that P is given imiquely 
when P' is known. 

Ex. 1. If 0, U, F' are fixed points, and if points P a/nd P' 
are taken on OU and OY^ such that 

a . UP/OF ^ h . V'FyOP'^ 
where a amd h are constants^ slmo that FF' passes through a 
fixed point on UV\ 
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If P is given, TUP/OP is known, and hence from the given 
relation V^PyOP^ is known uniquely and therefore P' ; so 
P is given uniquely by P\ Also by putting UP ^ x-u 
and so on we see that the given relation is rational. Hence 
it must reduce to a (1, 1) relation. Hence P and P^ 
generate homographic ranges. Also when P is at 0, OP = 0, 
and hence we see by rationalizing the given relation that 
OP^ = ; hence P' is at 0. Hence corresponds to itself. 
Hence PP^ passes through a fixed point. Also when P is 
at U, UP-= 0, hence V'P^ = 0, hence P" is at V\ Hence 
UV^ is one position of PP\ Hence the fixed point is 
on Z7V'. 

Here it is easy to verify directly that the given relation 
is of the form Aaci' + Lc + ww/ + w = 0. 

Ex. 2. Ohtam the envelope of PP^ when the given relation is 
a. UP+h. FP'= where U and F' are fixed points on the 
parallel lines UP and TP\ 

*6. If the rays YP and Y'P' which pass through the fixed 
points Vand Y are connected by a (1, 1) rational constructionj 
then YP and Y'P' generate homographic pencils. 

Let YP and Y^P" cut two fixed lines I and I' at P and P'. 
Then the construction connecting P and P' is rational ; for 
we have merely added to the given construction the finding 
of the intersection of YP with I and of Y^P^ with l\ It is 
also (1, 1) ; for when P is given, YP is given and therefore 
Y^P' by hypothesis and therefore P', all uniquely, and so P 
when P' is given. Hence P and P' are connected by a 
rational (1, 1) correspondence and therefore generate homo- 
graphic ranges. Also Y(P) « (P) = (P') = ^PO ; hence 
YP and Y^P^ generate homographic pencils. 

It is interesting to note that the (1, 1) relation in the case 
of pencils is not JcOO^ + Id -^ m$^ + n >= where and ^ are 
the circular measures of the angles which corresponding 
rays make with fixed lines through the vertices. For if UP 
is given, $ is not given ; in fact if ^ = a is one value of 6y 
the general value is a + 2rff, r being any integer. Hence 
the above relation is not a (1, 1) relation. 

In exactly the same way by taking a section of the pencil 
we show that if the points of a range and the rays of a pencil 
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are connected hy a rational (1, 1) construction, the range and the 
pencil are homographic. 

Ex. 1. Show that the (1, 1) relation of two pencils is 

A;tandtan6'+aand + wtan^ + w = 0. 
Measure the pencils by ranges on perpendiculars to the 
initial lines. 

Ex. 2. Show that the relation 

ksinOamd^+lamO + msinO^ + n = 
is not (1, 1). 

Ex. 9. If 0, (/, A, A', Uj F' are fixed points of whidh 
0, A, A\ & are collinear, and if points F and P' are taken on 
AUflnd A' V such that a. UF/AP+b. rF'/A'F'= c whsre 
a, h, c are constants, show that the locus of the intersection of 
OF and C/F^ is a line. 

As before F and F^ are connected by a rational (1, 1) 
relation and therefore generate homographic ranges. Hence 
OF and ffF^ generate homographic pencils. Hence OF and 
CP' will meet on a line if 0& and 0^0 correspond, i.e. if 
when P is at -4, P' is at A\ But when P is at A, AF = 0. 
Hence rationalizing the given relation we see that A'F^ = 0, 
i. e. P' is at A\ 

It is easily verified in this case that the given relation is 
of the form to/ + te + nuf + w = by rationalizing and then 
putting for UF ^ x-u and so on. 

Ex. 4. Show that Ex. 3 Jwlds also for the relation 

a/AF+h/A'F'=-c. 
Ex, 5. If c = in Ex. 3, one point on the locus is 

(ou; ar). 

Common points of two homographic ranges on 
the same line. 

7. Suppose corresponding points in two ranges on the 
same line to be connected by the relation 

A;.UP. rP' + LKP + w.F'P' + w = 0. 
For the origins U and F^ we can take the same point 
Uon the line. The equation becomes 

4.KP.Z7P' + Z.Z7P + m.KP' + n = 0. 
Now if P correspond to itself, P must coincide with F\ 



134 nomographic Manges and Pencils [ch. 

Hence the equation giving the self-corresponding or common 
points of the two ranges is 

Jc.irP^^{Um)UP+n = 0. 

Hence every two homographic ranges on the same line 
have two common points, real, coincident, or imaginary. 

A graphic construction of the common points will be 
found in XVI. 6. 

IfE and F he the common points of tJie homographic ranges 
{ABC.) and {A'B'Cr...), then 

{EFAA") = (EFBB^ = (FFCC) = ... . 

Tor (EFABC.) = (EFA'^C.). Hence 
{EF, AB) = (EF, A'B^. 
Hence EA/AF^ EB/BF = EA'/A'F-^ EB'/B'F. 
Hence • (EF, AA") = (EF, BB^. 

If (EFf PPO he constant^ then P, P' generate homographic 
ranges of which EFare the common points. 

Tor (EF, PP") = X gives EP/PF = X . EP'/P'F which is 
a rational (1, 1) relation from which P'== JEJ if P= ^; so 
forj; 

Ex. 1. If ABC. .J A'BfC... he homographic ranges on the 
same line, and ifP\ Q he the points corre^sponding to the point 
P(= Q') according as it is considered to helong to the first range 
or the second, show that P\ Q generate homographic ranges 
whose common points are the same as those of the given ranges. 

The range generated by P' is homographic with the range 
generated by P, i.e. by Q% and this is homographic with the 
range generated by Q. Hence range P' = range Q, 

Again, suppose P is a common point of the given ranges ; 
then P' coincides with P, i. e. P' coincides with Q' ; hence P 
coincides with Q, i.e. P' coincides with Q, i.e. P is a common 
point of the derived ranges. 

Ex. 2. Determine the point X, given the value of 
AX.A'X-^BX. 

Consider the relation AP . A'P^ -^ BP = K This is a 
rational (1, 1) relation. Hence P and P' generate homo- 
graphic ranges of which the common points give the 
positions of X. 

Ex. 8. Show that the homographic relation can he thrown into 
the form EP.FP+IP.PP" =^ 0. 
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Taking any origin, we see that this is a rational (1, 1) 
relation. Also when P = E, P"^ P= E; when -P = F, 
pf^p^F. Again, since EP . FP/IP + PP" =^ 0, we see 
that when P=J, P'/ = P'P=oo, i.e. P'= il'. Hence 
E, F, I correspond to E, F, 12'. Hence the homography 
is the given homography. 

Ex. 4. Show that another form is EP. FP^ = EI.PP'. 

Ex. 6. Show that EF and IT are bisected at the same point. 
InIP.J'P'=IA.J'A'^utP^P\ 



8. If one of the common points of two homographic ranges 
{ABC.) and {A^B^ (/.,.) on the same line is at infinity, the 
ranges are similar; and, conversely, if two ranges are similar, 
one of the common points is at infinity. 

For in this case the points at infinity correspond ; and 
the above is proved in § 4. 

If both common points are at infinity, the ranges are super- 
posable; and, conversely, in superposahle ra/nges both common 
points are at infinity. 

The common points of the homography of which the 
relation is Icxoif -^lx'\-maf -^n = are given by 

fec2 + to + »w; + n = or A; + (Z + w)i»~^ + «a;~2« Q. 

Hence if both roots are x^ co, we must have X; « and 
; + m » 0. Hence the relation becomes l(x — iiif)-\-n^O. 
Hence PP'^oi-x is constant, i.e. the ranges are super- 
posahle. 

Conversely, if the ranges are superposahle, we have 
x-af ^ c. Hence as above both roots of the quadratic 
giving the common points are infinite ; i. e. both common 
points are at infinity. 

Ex. 1. If one of the common points of two homographic 
ranges on the same line be at infinity, the other, E, is given by 

EA:EA'::BA:B'A\ 

Ex. 2. If ABIA'BT^BQlBra^ ... = -1, show that me 
common point is at infinity, and that the other bisects all the 
segments AA', BBf, G(j, .... 
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Ex. 8. Two ranges whose cofnmon points coincide can he 
projected mto two ranges whose corre^onding segments are 
equal 



Common rays of two homographic pencils having 
the same vertex. 

9, In amy two homographic pencils having the same vertex, 
two rays exist, each of which corresponds to itself. 

Let the pencils be V{ABO.,.) = ViA'B'Cr...). Suppose 
a line to cut the pencils in the ranges (ahc.,.) = (a'6V...), 
a being on VA, and so on. Then if VA and VA' coincide, 
a and a' will coincide. Hence if e and / be the self- 
corresponding points of the ranges (abc..,) and (a^hY...), 
Ve and Vf are the self-corresponding or common rays of 
the pencils V{ABG...) and ViA'B'C'...). 

If VE, VF are the common rays of the two homographic 
pencUs V{ABG...) and V(A'B'e...), then 

V(EF, AA") = V(EF, BB^ = ... ; 
and, conversely, if V{EF, PP') is constant, VE and VF being 
fixed lines, then VP and VP' generate homographic pencils of 
which VE and VF are the common rays. 

For consider a section of the pencils ; and see § 7. 

Ex. 1. Find a point on a given line through which shall pass 
a pair of corresponding lines of two given homographic pencils. 

Either of the common points of the homographic ranges 
determined on the line by the pencils. 

Ex. 2. If VA, YA' generate homographic pencils at V and 
V\ show that in two positions VA is parallel to YA'; and that 
any transversal in either of these directions is cut by the ttvo 
pencils proportionally. 

For without altering the directions of the rays, superpose 
Fon F. 

Ex. 8. Two given homographic pencils V{abc ...) and 
T(o'6V...) meet a line in the points ABC... and A'SG... ; 
determine the position of the line so that AB = A^B^, 
BG^B'C, CD^Ciy, &c. 

Suppose the line drawn. Since {Q.ABG...) = (P^A'B^G' ...), 
the line must be parallel to one or other of the pairs of 
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corresponding parallel rays. Let it meet the other two 
corresponding parallel rays in 0, (/. Draw YS parallel 
to the line to meet YO in 8. Then 

SO = rcy, OA = ffA\ and LSOA = Z VffA'. 
Hence SA is parallel to V'A\ 

Hence the construction — Take the corresponding rays 
^Vi y^l/ which are parallel, and also the corresponding rays 
VZj Y'^ which are parallel. Let Yz meet Y'yf in % and 
through 8 draw SA parallel to FV to meet Ya in A. 
Through A draw ABC. A'B'CT... parallel to VS. This 
line satisfies the required condition. 

For Yjff Yyf meet the line in the same point 12 at 
infinity. Hence (12 OAB) = (12 (fA'BT). Hence 

OAxOBx'.OfA'xQfBr. 
But OA = O'A' by construction. Hence OB = (XjB'. Hence 
AB — A'B^^ and so on. 

Hence there are two such lines, one parallel to each of 
the lines Fy, Yz, 

Ex. 4. Givm cmy two homographic pencils, one can he moved 
parallel to itself so as to he in perspective with the other, 

*10# If ly tT correspond to the points at infinity in two 
liomographic ranges <m the same line, and hisect IJ^, and 
C/ he the point corresponding to 0, then the common points 
E, F are given hy 

OE^ =^0F^ = or. Off. 
For (012, IE) = {ffr, Q!E\ 

where 12 or il' is the point at infinity upon the line. 
07 EQ^^ffQf ET 
•*• ni' OE" Qfr' ffE' 
But -E;12 -r 712 == 1 and 0'12'^ 12'/' « - 1, 

.-. OI.ffE+OE.ET^O. 
Take as origin, .-. 01 (OE- Off) + OE{OJ' - OE) = 0, 

but 07= -or,.'. '-or(OE'-oo')-^OE{or''OE)-=o, 

.-. OE^ « or. Off ; so 0^2 = 0/'. Off. 
Hence the two common points are equidistant from ; there- 
fore one is as far from 7 as the other is from r. 
Notice that (EF, ffr) is harmonic. 

*11, If the common points he imaginary, tlien the ranges 
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{ABC.) and (A^ffC.) subtend at two points in the plane 
of the paper superposdble pencils. 

For if E and F are imaginary, since OE^ = OJ^. OC/, we 
see that OJ^ and OC/ have different signs, i. e. lies between 
(/ and eT. On a perpendicular to the line AA' through 
take OU, such that OIP = OJ". (/O. Two such points 
can be taken one on each side of the line AA\ 

Then the pencils subtended at Care superposable. 

Since I corresponds to the point Qf at infinity, the ray 
VDf is parallel to AA' ) so the ray UQ* corresponding to 




Ur is parallel to AA\ Now since VO^^XO.OCf it 
follows that TJJ(y is a right angle. 
Hence LaUJ" ^ L UJ'O ^ LOUff 

= Z Uir, since J'O = 01 

= Liua\ 

Hence the pencil U{Q.OI) can be superposed to the pencil 
UirC/Qf) by turning it through the angle Q.Ur. After 
the rotation three rays of the pencils U(Q.OIABG ...) and 
U(*r(yQf A'SG' .*,) coincide ; hence every ray of one pencil 
coincides with the corresponding ray of the other pencil^ 
i.e. the pencils are superposed. 

Also tl^se are the only points satisfying the condition. For 
we must have AQ.UJ' = LITJQf. Hence TU" = TIL But 
OJ'^ 01. Hence OU is perpendicular to AA\ Also 
AOUa = /.aur = Z Uro. Hence rUO" is a right angle. 
Hence OZP = OJ^. OtO. Hence these are the only positions 
of CT. 

JNotice that the points TJ give solutions of the problem — 
Giioen^ on one line, two homographic ranges {ABC...) and 
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(A'ffcy,,.) of which the common points are imaginafy, find 
a point at which the segments AA% BB^, CC\ ... subtend equal 
angles. 

Ex. Determine a point at which three given coUinear segments 
subtend equal angles. 

*12. Two homographic pencils with the same vertex whose 
common rags are imaginary can le placed in perspective with 
two superposahle pencils. 

For let any line cut the given pencils in ABC... and 
A'B^C... . In a plane not that of the pencils construct the 
point CTat which AA\ BB^, ... subtend equal angles. Take 
the vertex of projection on the line joining U to the vertex 
Y of the given pencils ; and take the plane of projection 
parallel to UAA\ Then the projection of YA is parallel to 
UA, and of YA^ to UA\ Hence the projection of the angle 
AYA^ is equal to the angle AUA^ ; so for the other angles. 
Hence the angles AYA\ BYB\ CYC% ... project into equal 
angles. 



1. If one of two copolar triangles be rotated about the 
axis of homology, show that the centre of homology describes 
a circle. 

2. If PMj "PW drawn in given directions from P meet 
given lines OM. and OM! at M and M\ so that 

a.VM^h.VW^c 
where a, h^ c are constants, show that P moves on a straight 
line. 

3. If the perpendiculars from -4, ^, C on a line be con- 
nected by the relation ap + hq + cr^ where a, h, c are 
constants, show, geometrically, that the line passes through 
a fixed point. 

4. Two homographic ranges are taken on the same line, 
and to the point called For Q^ the corresponding points are 
P' and Q. If (PZ, P'Q) is harmonic, then (PZ, EF) is 
harmonic, E and F being the self-corresponding points of 
the given ranges. 
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6. If {EFABG ...)-- (EFA'B'G'...) 

show that 

{EFAA'A'\..) - (EFBB'B^'..,) = (EFG&G'\..) = ... . 

6. If, in two homographic ranges, A\ A'^ in the second 
range correspond to A, A' in the first, show that if the 
self-corresponding points coincide at JEJ, then {E A\ AA'^) 
is harmonic. 

7. If (ABXX") = (GBXX\ A, B, C, 2>, Z, T being 
collinear points, show that either X and X^ generate homo- 
grjaphic ranges or X and X' coincide. 

8. If bisects EF and (/ corresponds to 0, show that 
the homographic relation can be thrown into the form 

OP .OF -01 .FP' -^r 01 .00' =^ 0. 



CHAPTER XI 

ANHABMONIC PROPERTIES OF POINTS ON A CONIC 

1. We have already shown in IX, 8 that the projection 
of a range of four points is homographic with the range, 
and in IX. 9 that the projection of a pencil of four lines 
is homographic with the pencil. We shall now proceed 
to investigate certain properties of a conic by proving the 
corresponding properties of the circle of which the conic is 
by definition the projection. 

2, Four fixed points on a conic subtend at a variable fifihpoint 
on the conic a constant cross ratio. 

Let the four fixed points on 
the conic be ABCD and the 
variable point P. Let A, B, G, 
D, F be the projections of the 
points a, b, c, d, p on the circle 
of which the conic is the pro- 
jection. Now, in the circle, abed 
subtend the same cross ratio at 
every point on the circle. For 
take any two points jp and jp' on the circle. Then 

sin ope Qin apd sinop'c . sinap'd , 

For in all cases the angle apb is equal to the angle ap'b 
or its supplement ; and so for the other angles. Hence 
P (ABCD) = p (abed) by projection = / (abed) = P' (ABCD) 
by projection. Hence ABCD subtend the same cross ratio 
at every point P on the conic. 

The cross ratio subtended by the points {AB, CD) on a 
conic at any point on the conic is called the cross ratio of the 
points {AB, CD) on the conic. 
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Notice that, making P coincide with A^ the cross ratio of 
{AB, CD) is equal to A {AB, CD) = A {IB, CD), where AT is 
the tangent to the conic at A. 

Another proof is obtained from the fact that the two 
pencils p{abcd) and p'(abcd) in the case of the circle are 
superposable in all cases. This proof is tedious on account 
of the number of different cases which arise according to the 
position of p\ 

Another proof is by (1, 1) correspondence ; for which see 
§ 4 end. 

An important case is that in which four points subtend 
a harmonic pencil at every point of a conic. Such points 
are called hatmonic jpoints ; i( F{AA\BB^) is harmonic, then 
A, A^ and B, B^ are called harmonic pairs of points on the 
conic. 

// A, A' and B, B^ are harmonic pairs of points on a conic, 
then A A' and BB^ are conjugate lines ; and, conversely, if AA^ 
and BB^ are conjugate chords of a conic, then A, JL' and B, B^ 
are harmonic pairs of points on the conic. 

Let AA^ and the tangent at A cut BB^ at M and T. Then 
-1 =^ (AA',BB^ = (TM, BB^. Hence the polar of T 
passes through M ; and also through A, and hence is AA^, 
Hence AA^ and BB^ are conjugate. 

Conversely if AA^ and BB^ are conjugate, the pole of AA^ 
is on BB^ and also on AT; and hence is T. Hence 

- 1 = (TM, BB') = A (AA\ BB"). 
Hence {AA^, BB') is harmonic. 

Sx. 1. A tangent to an eUipse meets the auxiliary circle in 
ZZ' ; show that the cross ratio of the four points {AA\ ZZ^ on 
the circle is (1 -e)-^(l + e). 

Consider the pencil at the point opposite to Z\ 

Ex. 2. Prove that the cross ratio {AB, CD) of the four points 
A, B, C,Dona circle is AC/CB-i-AD/DB, AC being the length 
of the line joining A to C. 

For sin AFC =^AC-r-2B. 

Ex. 8. Ttoo conies a and j3 touch at B and C. Through A, 
the meet of the common tangents, is drawn a line meeting a in 
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P, Q. BQ, BF meet jB in F, U. Show that VU passes 
through A. 

For {BC, UV) = B{BC, UV) = B{AC,JFQ) = - l! 

Ex. 4. IfAA^BB^ he pairs of harmonic points on a drcle, 

that AA\ BB"^ 2 . AB.A'B'^2.AB'. BA\ 
Use Ex. 2. 

Ex. 6. Any diameter of a parabola meets the tangent at Q in 
Tf the curve in P, and any chord QQf in B ; show that 
TFiPBuQBiBQ": 

For Q (QPO"^) =« 12 (QPQ'li), 12 being the point at infinity 
on the parabola. 

Ex. 6. A variable point P on a conic is joined to the fixed 
points Ly M on the conic ; show that the cmgle LPM is divided 
in a constant cross ratio by parallels through P to the asymptotes, 

*3. Pappuses theorem. If from any point P on a conic 
perpendiculars a, fi, y, 8 be draum on the lines AB, BC, CD, DA 
joining fixed points ABCD on the conic, then a . y = A; . /3 . 8, 
where h is independent of the position of P. 

For P {ACy BD) = sin^PP . sin DPC-r sin BPC. sinAPD. 

But PA . PB ain APB = a .AB, and so on. 

Hence a .y .AB .DG-^^ .b .BCAB = P{AC, BB) is 
constant, i. e. a . y = A; . /3 . 8. 

If the conic is a circle, AB = 2 Bain APB, and so on. 
Hence k= 1. 

Ex. 1. If the perpendiculars let fall from any point on a conic 
on the sides of am, inscribedpolygon of an even number of sides be 
called ly 2, 3, ... , 2n, show that 

1.3.6....(2«-l)-f2.4.6 2» 

is constant 

Suppose the theorem holds for 2/^ - 2 sides. Then 
1.3.6....(2w-3) = A;.2.4.6....(2»-4)a;. 
And by the above theorem (2n-l)x = k' {2n - 2) (2n). 

Multiplying, 1 .3.6.... (2w-l) = A;"'. 2. 4. 6 2n. 

Hence by Induction. 

Ex. 2. The product of the perpendiculars from any point on 
a conic on the sides of any inscribedpolygon varies as the product 
of the perpendiculars on the tangents at the vertices. 

Make the alternate sides in Ex. 1 of zero length. 
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Ex. 3. The product of the perpendiculars from a/ny point on 
a conic on. two fixed tcmgents is proportional to the square of the 
perpendicular on the chord of contact 

Ex. 4. The product of the perpendiculars from any point on 
a hyperbola on two fixed lines, one parallel to each asymptote, is 
propoHional to the perpendicular on the chord joining the points 
in which the lines meet the curve. 

For a.yH-^.6 = a'./-r /3'.6' and a^a\ 

Ex. 6. The product of the perpendiculars from am^ point on 
a parabola on two fioced diameters is proportional to the perpen- 
dicular on the chord joining the points in which the lines meet 
the curve. 

4, Any number of fixed points on a conic subtend homographic 
pencils at variable points on the conic. 

Let the fixed points be A, B,C,I>,.,. and take two other 
points P, Q on the conic ; we have to prove that F(ABCB,..) 
= Q(ABCI>,..). This follows at once from the fact that 
P(ABCD) = Q(ABCD), where ABCD are any four of th^ 
fixed points. 

Or thus. To show that P{ABG,..) = Q{ABG..,l suppose 
the ray FJR of the first pencil given, then JR is given as the 
intersection (other than JP) of FB and the conic ; hence QH 
is given uniquely. So if QB is given, PB is given uniquely. 
Hence PB and QB are connected by a (1, 1) construction 
which is clearly rational. Hence PB and QB generate 
homographic pencils. Hence P(ABC...) = Q(ABC..,). 

Hence as a particular case, P (ABCD) = Q (ABCD), which 
is the result of § 1. 

Notice that in this proof we assume nothing about a conic 
except that it is of the second order, i. e. that a line meets 
it in two points. 

Ex. 1. P, U, Y are points on a hyperbola, P being variable ; 
show tlvat the lines PU and PV intercept on either asymptote 
a constant length. 

Instead of the asymptote consider at first a chord LM of 
the conic, and let PIF, PV cut LM in p and p\ Then 
(p) = Z7(P) = V{P) = (pO- And the common points of the 
homographic ranges (p) and (jp') are seen, by taking P at -L 
and M, to be L and M. Hence in the given case the 
common points coincide at infinity ; hence pp' is constant. 
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Ex. 2. Through a fixed point are drawn lines parallel to the 
rays of the pencils subtended at two points on a parabola by the 
other points on the parabola; sJiow that corresponding lines cut 
off on a fixed diameter a constant length. 

Join the ranges determined on the line at infinity to the 
fixed point and proceed as above. 

*5. Uie locus of the meets of corresponding rays of two homo- 
graphic pencils, at different vertices and not in perspective, is a 
conic which passes through the vertices. 

Let the pencils be (PQB...) smd V{FQR...). Then we 




have to prove that the locus of the points PQB... is a conic 
through and F. Since the pencils are not in perspective, 
corresponding to the ray VO in the V pencil, we shall have 
some ray OU, say, in the pencil which does not coincide 
with VO. Draw any circle touching OCT at 0. Let this 
circle cut OF in V% OP in P', and so on. 

We are given that V{PQ...) and (PQ...) are homo- 
graphic pencils. Also OUin the pencil at corresponds to 
rO in the pencil at V. Hence V{OPQ...) and 0{UPQ...) 
are homographic. Again 0{UPQ...) is homographic with 
0{OP'Q^...) ; for the ray 0^7 is the tangent to the circle at 
and therefore joins to the point consecutive to on the 
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circle. Again by the homographic property of a circle 
©(OP'Q'...) is homographic with ViOP'Q'...). Hence 
V{OFQ...) « 0(UPQ..,) = 0(OP'e'...) = ViOP'Q^...). 

Hence the two pencUs V{OPQ...) and V'iOP'Q'.,.) are 
homographic. And they have a common ray, viz. VyO. 
Hence they are in perspective. Hence all the points 
(VP; rP^, (VQ; V'Q^... lie on a line, viz. the axis of 
perspective. Let {VP ; V^P^he called tt ; and let the axis 
meet OF in r and OP in tt' ; so for Q, J?, ... . 

Now rotate the figure of the circle out of the original 
plane about the axis irj/,,. ; and let 0' be the new position 
of 0. Then the tiiangles OP F and O'P^V are coaxal ; for 
OP and Q^P' meet in t/, and OFand OT meet in v, and 
PY and P'Y meet in 'ir. Hence these triangles are copolar, 
i.e. 00^ J PP\ TV meet in a point. Hence PP' passes 
through a fixed point, viz. the meet of 00^ j YY. Hence the 
figure OYPQE,,, is the projection of the figure QfTPQ^B^ ,,.. 
But the latter figure is a circle ; hence the locus of P is the 
projection of a circle, i. e. is a conic. Also, since the circle 
passes through Y and O', the conic passes through Fand 0. 

If, however, the pencils are in perspective, then the ray 
YO corresponds to the ray OY^ and we know by IX. 16 that 
corresponding rays meet on the axis of perspective. Hence 
a part of the locus of P, Q, ... is the axis of perspective. 
Another part is the line joining the vertices F and of the 
pencils ; for if we take any point P on YO^ then FP and OP 
are corresponding rays of the pencils, since YO corresponds 
to OY. Hence the conic degenerates into the axis of per- 
spective and the line joining the vertices. 

Notice that in the general case when YO does not corre- 
spond to OY^ the ray corresponding to OY is the tangent at Yto 
the locus ; for when P is very near F, OP is very near OY, 

Ex. 1. Project any five points which lie in the same plane, hut 
no three of which lie on the same line, into points on the same 
circle. 

Let 0, F, P, Q, jB be the points ; and consider the pencils 
determined by {PQR) = Y (PQB). 
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Ex. 2. Any two conies can he placed in perspective by first 
placing them so as to touch one another. 

6. One, and only one, conic can he dratvn through five given 
points. 

Let the five points be A, B, C, D, X Take A and B as 
vertices. Through A draw any ray AP, and let BQ be such 
that A (GBEP) = B(CBEQ). Then the rays AP and BQ 
generate homographic ranges of which AC and BC, AD and 
BBf AE and BE are corresponding rays. Hence the locus 
of the meet B of the rays AP and BQ is a conic through 
ABODE, Hence a conic can be drawn through ABODE, 

Also only one conic can be drawn through ABODE. For 
the other point B, in which any ray AP cuts a conic through 
ABODE, is given by the relation A {ODER) = B {ODER). 
Hence every ray through A cuts all conies through ABODE 
in the same point, i. e. all the conies coincide. 

See also VI. 8. 

It is assumed in the above proof that no three of the 
points lie on a straight line. If three of the points are 
colUnear, the conic through the five points degenerates into a pair 
of straight lines, viz. the line through the three points and 
the line through the other two points. 

The locus of points at which four given points subtend a 
constant cross ratio is a conic through the given points. 

Let the points A BOD subtend the same cross ratio at 
E, P,Q,R,,,, Then, taking E and P as vertices, since 

E(ABCD) = P(ABOD), 
we know that ABODEP lie on a conic. Hence the locus 
of P is the conic drawn through the five fixed points 
A, B, C, D, E. 

Ex. 1. Any four points A,B,0,D are tahen, and M is the 
middle point of AC; BQ a parallel to AC cuts DM in Q, and 
DP a parallel to AC cuts BM in P ; show thatABODPQ lie on 
a conic. 

For P(AO, BD) = Q(AC, BD) = -1 on AC 

Ex. 2. If P, Q, -4, B, 0,D he six points on a conic ; 

L 2 
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that the meets of FA and QB, ofPB and QA, of PC and QD, 
and ofPJD and QC lie on a conic through FQ. 

Ex. 8. Given in position two pairs of conjugate diameters of 
a conic and a point F on the conic, to construct it, 

Ex. 4. What is the conic which passes through five given 
points, (i)four, (ii) five oftvhich are coUinear? 

7. Every two conies cut in four points. 

Two conies cannot cut in more than four points ; for if 
they have five points in common, they must coincide. Also 
we see that two equal ellipses laid across one another cut 
in four points. Hence we conclude that if two conies do 
not apparently cut in four points, some of the meets are 
imaginary or coincident. (See also XXVII. 4.) 

Through four given points can he draum an infinite number of 
conies. 

For we can draw a conic through the four given points 
and any fifth point. 

All conies through four given points have a common self- 
conjugate triangle; viz. the harmonic triangle of the quadrangle 
formed by the points. 

Hence any two conies have a common self-conjugate triangle 
since they intersect in four points. 

There are several particular cases. 

If two intersections coincide so that the conies touch, let a and 
h in the figure of XIX. 6 coincide, then Fand TT coincide 
at a and U is the point in which the common tangent at a 
cuts cd ; the direction of YW is known, for it passes through 
the fourth harmonic of U for c and d. 

If three intersections coincide, so that the conies Mve three- 
point contact, let c move up to a in the above, then U also 
moves up to a and U, V, W all coincide with a. 

If the intersections coincide in pairs so that the conies have 
double contact, let b move up to a and d move up to c in the 
figure of XIX. 6, then U is the intersection of the tangents 
at a and c and V and W are some points on ac ; in fact any 
two points F and W which are harmonic with a and c will 
give a self-conjugate triangle UVW, as is easily verified. 
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If all four intersections coincide so that tJie conies have four- 
point contact, let c, d in the above move up to a, &, then U 
also moves up to a and so does F or TT since V and W are 
harmonic with a, c ; hence U, V coincide at a and W is any 
point on the common tangent at a, UV being the common 
polar of W, 

8. A, B, C,B are fixed points, CD meets AP in M and BP 
in N; find the locus of P, given that the ratio CM : BN is 
constant Discuss the locus when AB and CD are parallel 

Since CM= Jc . DN, M Sknd -Y generate homographic ranges 
on CD (see X. 4). Hence 

A(P,P,...) = {M,M,,..) = (iViJV^...) = B(P,P,„,). 

Hence the locus of P is a conic through A and B. 

If AB and CD are parallel, take M is at infinity, then N 
is also at infinity, and AM and BN coincide with AB, 
Hence AB and BA correspond. Hence the locus degenerates 
into a line and the line AB» 

Ex. 1. The locus of the vertex of a triangle, whose hose is 
fixed, and whose sides cut off a constant length from a given line, 
is a conic, one of whose asymptotes is parallel to the given line. 

For when M and N are at infinity, AP is parallel to MN. 

Ex. 2. A triangle ABC is such that B and C move on fixed 
lines OL and OM, whilst its sides BC, CA, AB pass through 
fixed points P, Q,B; show that the locus of A is a conic passing 
thrmgh R, Q, Oand through the meet ofPQ and OL and through 
the meet of PR a^d OM. 

For 22(^^2-.) = {J5i^2-..) = ^(^i^2-..) 

^(C,C,,.,)^Q{A,A,„.) 
or briefly R (A) = (5) = P (B) = (C) = Q (A). To verify that 
0, (PQ ; OL), (PR ; 031) lie on the locus, suppose A at 
these points and show that the construction holds. 

Ex. 3. A, A' are fixed points on a circle and the arc PP^ 
moves round the circle ; show that the loots of the intersection of 
AP, A'P' is a conic. 

For A (P,.,) =A{P\„) since I PAP' is given 
=^'(P^..). 

Ex. 4. A and Mare fixed points, Pis a variable point moving 
on a fixed line I, QM at right angles to PM meets PA in Q; show 
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that the locus of Q is a conic. If I meet the circle on AM as 
diameter in B and C, sJioto that the asymptotes of the conic are 
parallel to AB, AC. 

Ex. 5. A and B are fixed points, and P and Q are points such 
that the angles PAQ and FBQ are constant; if P describe a conic 
through A and B, so will Q. 

Ex. 6. {PQB...) and (P'Qfl^...) are two homographic ranges 
on the lines OA, OA^; if the parallelogram POP^Vbe constructed, 
show that the locus of V is a conic. 

Viz. a conic through the points at infinity on OA 
and 0A\ 

Ex. 7. PCP^ and DCI/ are fixed conjugate diameters of an 
ellipse. On CP and CD are taken X and Y such that 

PX.DY=-20P.CD. 
Show that BX and PY meet on the given ellipse. 

For X and Y generate homographic ranges of which P and 
JD are the vanishing points. To get the constant, take X at 
P'; then risat a 

9. The locus of the meets of corresponding rays of two pencils 
whose corresponding angles are equal hut measured in opposite 
directions is a rectangular hyperbola with the vertices of the 
pencils at the ends of a diameter. 

The pencils are clearly superposable and therefore homo- 
graphic. Hence the locus is a conic through the vertices of 
the pencils. 

Let and V be the vertices and OB, VC corresponding 
rays meeting at A. Let AB bisect the angle OA V ; and 
draw OE, F^ parallel to AB. Then 

EOA = OAB = BAC^ FVA. 
Let any other corresponding rays OQ, YB meet at P. Then 
by hypothesis AOP — A YP. Hence 

EOP = EOA- AOP = FVA-AYP = FYP. 
Hence to construct corresponding rays OQ and YB, we make 
the angles EOQ and FYB equal but in opposite directions. 
Now take each of these angles zero and we get the corre- 
sponding rays OE and YF which, being parallel, give a 
point on the locus at infinity. Hence one asymptote is 
parallel to OE, Again, make each of the angles a right 
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angle and we get the rays 00 and VH which, being 
perpendicular to parallel lines, are parallel. Hence another 
asymptote is parallel to OG. Hence the asymptotes are 
perpendicular; and the conic is therefore a rectangular 
hyperbola. 

Again, draw the tangents OT at and VT^ at V to the 
locus. Then OT con'esponds to VO. Hence EOT= FVO. 
SoEOV=-FVr. Hence 

VOT= EOT- £07=- FYO-FYT^ OVT. 
Hence OTand VT^ are parallel. Hence OF is a diameter. 

Ex. 1. The point of trisection of a given arc of a circle may 
he constructed as one of the meets of the arc with a rectangular 
hyperbola. 

Let AB be the arc and BT the tangent at B. Let C be 
the centre of the cii-cle. Make the angle ACP equal to the 
angle TBP. Then if P is on the arc we have 

ZJ?CP= 2Z2!5P= 2Z^CP. Hence arc -BP= 2 arc ^P. 
If P is not on the arc, the locus of P is a rectangular hyperbola ; 
and if Q be that meet of the cii'cle and the rectangular 
hyperbola which lies between A and P, Q trisects the 
arc AB. 

The other meets trisect the other arc AB and the arc 
supplementary to AB, 

Ex. 2. The locus of the points of contact of parallel tangents 
to a system ofconfocal conies is a rectangular hyperbola through 
the foci. 

*10. Converse of Pappus's theorem. If a point move so 
that its perpendicular distances a, ^, y, h from four fixed lines 
AB, BC, CD, DA are connected by the relation a.y = Jc, ^.b, 
then the locus of Pis a conic through ABCD, 

_ a.y AB.DC. ^ . tt • • 

R~h * Be AD ^® <5^^^"^** Hence, reasoning as m 

§ 3, we see that P(AGj BD) is constant. 

Ex. 1. G4ve}i two pairs of lines which are conjugate for a 
ctrclCj the locus of the centre of the circle is a rectangular 
hyperbola. 

Let AB, CD be conjugate, and also BC, AD. Assume 
to be a position of the centre. From drop OP perpen* 
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dicular to DC to meet AB in P'. Then P' is the pole of 
CD, hence 02.01^== (radius)2. So if OQ, perpendicular to 
AJDy meet BG in Q", we have OP.OJP'^ OQ. OQ". Also 
OP=y, OP' oca, 0(2=6, 0(^^^. Hence a.yx/3.a. 
Hence the locus of is a conic through ABCB, Also the 
orthocentre of ADC gives OP.OP'^- OQ. OQf. Hence the 
conic is a r. h. 

Ex. 2. jT^e ifocw5 of the foci of conies inscribed in aparallelO' 
gram is ar,h. circumscribing the parallelogram. 
Here a . y = ^ . 6. 

11. The projection of a conic is a conic. 

We have to prove that any projection of a conic can be 
placed in perspective with a circle. Now every projection of 
a conic is such that all the points on it subtend homographic 
pencils at two points on it ; for this is true in the conic 
which was projected and is a projective property. Hence 
the projection is the locus of the meets of two homographic 
pencils and is therefore a conic. (See also VI. 7.) 

12. If two quadrangles have the same harmonic points, then 
their eight vertices lie on a conk ; as a particular case, if any 
three of the vertices are collinear, the eight vertices lie on two 
lines. 

Let ABCB, A'BfC'I/ be the two given quadrangles, and 
WW the common harmonic triangle. 

If no three of the eight vertices lie on a line, we can draw 
a conic through any five, say A', B^, C, If and A. Then 
from the inscribed quadrangle A'B^df we see that TJYW 
is a self-conjugate triangle for this conic. Also by hypo- 
thesis TJYW is the harmonic triangle of the quadrangle 
ABCB. Hence (see figure of V. 9) B is such that {WAl^B) 
is harmonic ; hence B is on the conic, for A is on the conic, 
and W is the pole of Z7F; similarly C and B are on the 
conic. 

Hence ABCBA'B'C'B' lie on a conic. 

This is true, however nearly three of the points lie on - 
a line. Hence it is true when three of the points lie on 
a line. But as a curved conic cannot pass through three 
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points on a line, the conic must in this case degenerate into 
two lines. Hence in this case the eight vertices lie on two 
lines. 

By reciprocation we deduce the theorem — Thvo quadri- 
laterals which have the same harmonic triangle are such that the 
eight sides touch a conic (or pass through two points if three of 
the sides are concurrent). 

Ex. 1. A conic can he drawn through the eight points of 
contact of two conies inscribed in the same quadrilateral. 

For the two sets of four points of contact have the same 
harmonic triangle, viz. that of the four common tangents. 

Ex. 2. The eight tangents at the four meets of a/ny two conies 
touch the same conic. 
Beciprocate Ex. 1. 

XI 

1. The chords AB, CD of a conic are conjugate, ACB 
being a right angle. Through D is drawn the chord DP 
meeting AB at Q, Show that CA, CB are the bisectors of 
the angle PCQ^ 

2. If a variable circle divide a given arc of a given circle 
harmonically, it is orthogonal to the circle which passes 
through the ends of the given arc and is orthogonal to the 
given circle. 

8. A fixed line DA meets a fixed conic at A, and EB 
touches at a fixed point B. A fixed point is taken on the 
conic. Through A is drawn a variable line meeting the 
conic again at P and EB at Q. OP meets JDA at U and OQ 
meets DA at F. Find the position of when UV is of 
constant length. 

4. All but one of the vertices of a polygon move on fixed 
lines and each side passes through a fixed point. Find the 
locus of the remaining vertex. 

5. JEF, FDf DE pass through the fixed points Ay B, C, 
The centroid of DEF is fixed at G^. AG is produced to H, 
so that GH —2, AG, Show that the locus of 2) is a conic 
through B, C, Gy H, 

e. A variable line PQ passes through a fixed point D and 
meets the fixed lines AB and ^0 at P and Q. Through P 
and Q are drawn PR and QB in given directions. Show 
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that the locus of 22 is a hyperbola with asymptotes in the 
given directions ; and find where the locus meets AB 
and AC. 

7. Show that the locus of the centre of the circle which 
circumscribes the triangle formed by two fixed tangents and 
any third tangent to a given circle is a hyperbola whose 
asymptotes are perpendicular to the fixed tangents. 

8. Through a fixed point is drawn a variable line to cut 
the sides BC, CA, AB of a triangle at P, Q^B; and on OP is 
taken the point X such that (PQ, BX) is a constant cross 
ratio. Show that the locus of X is a conic through 
OyAyB, a 

9. OP, OQ are the tangents from the fixed point to one 
of a system of conies having the same foci S and H. Show 
that the conic OPQSH passes through a fouiih fixed point, 
viz. the intersection of the perpendiculars to OS at S and to 
OHsitH. 



CHAPTER XII 



ANHARMONIC PROPERTIES OF TANGENTS OF A CONIC 

1. Four fixed tangents of a conic cut any vanable fifth 
tangent of the conic in a constant cross ratio. 

Consider first the circle of which the conic is the projec- 
tion. Let the fixed tangents of the conic be the projections 
of the tangents at ABCJD 
of the circle, and let the 
variable tangent of the 
conic be the projection 
of the variable tangent 
at P of the circle. Let 
the tangent at A cut the 
tangent at P in a, and 
so on. 

Then if be the centre 
of the circle, Oa is per- 
pendiculartoP^. Hence 
the pencils 0(dbcd) and 

P{ABCB) are superposable and therefore homographic. 
But F(ABCB) is independent of the position of P on the 
circle. Hence 0(dbcd)f i.e. (abed), is independent of the 
position of the variable tangent of the circle. Hence the 
proposition is true for a circle; and being a projective 
theorem, it follows at once for the conic by projection. 

The constant cross ratio (ah, cd) determined on a variable 
tangent by four fixed tangents is called a cross ratio of the 
four tangents. 

Notice that the point where a tangent cuts itself is its 
point of contact ; for as two tangents approach, their meet 
approaches the point of contact of each. 

Similarly a/ny number of tangents of a conic determine on two 
other tangents of the conic two ranges which are homographic. 
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Notice that we have in the above proof incidentally shown 
that the range determined on cmy tangent of a conic hy several 
other tangents of the conic is homographic with the pencil sub- 
tended at any point on the conic hy the points of contact of the 
other tangents. 

Another proof of the first part comes from the fact that 
the range db ,„ subtends at in all its positions pencils 
which are superposable ; a theorem which is tedious to 
prove on account of the number of cases to be considered. 

Another proof is the following, by (1, 1) correspondence. 
Let a variable tangent to the conic cut the fixed tangents 
at A and B at the points P and Q, Then when P is given, 
PQ is given uniquely, being the tangent from P, other than 
PA ; hence Q is given uniquely as the intersection of PQ 
with the tangent at B. So when Q is given, P is given 
uniquely. Hence P and Q are connected by a (1, 1) con- 
struction; which is clearly rational and hence P and Q 
generate homographic ranges. 

Again take any point V on the conic and let PQ touch 
at JR. Then VB gives B uniquely which gives PQ uniquely 
which cuts the tangent at ^ in a unique point P; so P 
gives B and therefore VB uniquely. Hence P and VB are 
connected by a (1, 1) construction ; this is clearly rational 
and therefore P and VB generate, a range and a pencil 
which are homographic. 

Four tangents which meet any fifth tangent in a harmonic 
range are called harmonic tangents; and it follows by re- 
ciprocation that if the tangents a, a' are harmonic with the 
tangents h, V, then a, a' and h, V meet at conjugate points, and, 
conversely, the tangents from conjugate jmnts are harmonic. 

Ex. 1. A variable tangent of a conic meets at Q and Qf the 
tangents at the ends P,P^ofa fixed diameter of the conic ; show 
that PQ . P'Qf = CB^, CD being tJie semi-diameter conjugate 
to CP. 

For P and P' are the vanishing points of the homographic 
ranges determined by Q and Q^ on the tangents at P and P'; 
for when Q is at P, Q^ is at infinity and so for ^. Hence 
PQ . P^Q^ is constant. To get the constant in the ellipse, 
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take QQ' parallel to PP\ To get the constant in the hyper- 
bola, take an asymptote as QQ^, Then in each case 

Ex. 2. A variable tangent to a conic meets the adjacent sides 
AB, BC of the parallelogram ABCD circumscribed to the conic 
in P and Q ; show that AP. CQ is constant 

Ex. 8. A variable tangent cuts the asymptotes of a hyperbola 
in T and T' ; show that CT. CT' is constant^ C being the centre. 

The tangent TT' rules homographic ranges on the 
tangents GT, CT\ Also when T is at C, 2*' is at infinity, 
and when T' is at C, Tis at infinity ; hence I and J' are at C. 

Ex. 4, Deduce the equation of a hyperbola referred to its 
asymptotes, viz, ocy = consta/nt. 

Since Pr=Pr, x^^CT, y-=\Cr. 

Ex. 6. B and C are the points of contact of tangents from A 
to a conic, A variable tangent meets AB in P and ACin Q. 
Show that the locus of {BQ ; CP) is a conic touching the given 
conic at B and C. 

Ex. 6. IfAA\ BBf be pairs of harmonic points on a conic, 
show that the four tangents at ABA^B! cut any fifth tangent in 
a harmonic range, 

*2. If AB, BC, CD, DA tomh a conic, andp, g, r, s be the 




perpendiculars from A, B, C, D on a variable tangent of the 
conic, then p.r=k,q,s. 
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Let two variable tangents cut BC in P, P' and AD in Q, Qf. 
Then {BC, PP') = {AD, QQf). 

^ BP p^ AQ qp 

•*• PC' BP'" QD' AQ'' 

.: BP. QD -i- PC. AQ is constant. 

- . BP q , AQ p 
But^ = - and p--. 

,% J? . r -r g . 5 is constant, 

Ex. 1. Extend the theorem to a 2n-sided circumscribed 
polygon. 

Ex, 2. Deduce a theorem concerning an n-sided circumscribed 



Ex. 8. If the conic be a circle, show tJuzt p,r -t- q.s is equal 
to OA.OG^ OB .. OD, being (he centre. 
For Bin AOQ-= sin BOP. 

Ex. 4. If the conic be a parabola, then p. r = q.s. 
For taking the line at infinity as tangent, 
k^p'.r^-^q'.s'-- 1. 

Ex. 5. Show that for any conic the k ofp.r ^^k.q.s is the 
cross ratio of the four tangents divided by the cross ratio of the 
pencil formed by four lines drawn parallel to them through any 
vertex. 

Let PQ meet AB in M and CD in N, Then 

MQ -7- sinMAQ — AQ -r sin AMQ ; and so on. 

Hence the ratio of cross ratios corresponding to {MN, QP) is 

AQ,PC-^ QD.BP^p.r-i-q.s, 

Ex. e. The sides BC, CA, AB of a triangle touch a conic at 
P, Q, B; show that ift be any tangent 

(i) {P,t).(A,t)cc(B,t),{C,t); 
(ii) (R,t),(Q,t)c^{A,tr. ^ 

*3. Deduce, from the theorem a,y = k.fi.b of XL 3, tlie 
theorem p,r = k,q.sby reciprocation. 

Call the sides of the inscribed figure in XI. S a,b, c, d; 
and let the reciprocals of a, b, c, d be the points A, B, C, D 
of a four-sided figure circumscribing a conic ; then p, the 
reciprocal of P, touches this conic. 
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The given theorem a , y « A; , /9 , 6 asserts that 
(P,a).(P,c)-(P,&).(P,ei) 
IS constant. 

But by Salmon's theorem OF/(P, a) = OA/{A, p\ and 
so on. 

Hence, dividing by OP^y we see that 

{A,p) (G,p) ^ (R^ (I),p) 
OA 00 ' OB ' OD 
is constant. 

Now is a fixed point, hence 

(A,p),(G,p)^(B,p).(I),p) 
is constant, i e. ^ . r 4- g' . s is constant. 

Ex. 1. Oiven amy fixed poini and any conic, two lines 
s and h can he found stick that OP^ ■^ (P, s) . (P, h) is constant, 
P being a variable point on the conic. 

Viz. the lines corresponding to the foci of a reciprocal of 
the conic for 0. 

Ex. 2. AA'f BB^, Off are the three pairs of opposite vertices 
of a quadrilateral circumscribed to a parabola whose focus is S; 
show that SA.SA'^-SB.SB"^ SO. SO". 

Take the four-sided figure whose vertices are AB^A'B.^ 
Then p.r—q.s. Hence in the reciprocal circle we have 

SA.SA'.a.y^SB.SB'.fi.b. 
But A; = 1 in the circle. Hence 

SA . SA' « SB . SB", == 80. SO' similarly. 

Ex. 3. If the tangents at ABOB ... to a circle meet in 
LMN ... , then, t being amy tangent and the centre of the 
circle, II {A, t) : II {L, /) : : II 0^ : II OL, II denoting a product. 

For II [T, a) = II (T, Q in a circle, 

4. The lines joining corresponding points of two homographic 
ranges which are on different axes and not in perfective touch 
a conic which touches the axes. 

Let the ranges be {PQB ...) and (P'Q'i?'...) on the axes 
OP and 0P\ Since they are not in perspective, the point 
which corresponds to in the range {P'Q^B\..) will be 
some point (/ not coinciding with 0. Draw any circle 
touching OP' at (/, and from and P' draw, the second 
tangents to this circle, meeting in p. 
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Then the range (P) = range (P') by hypothesis = range 
(jp) from the circle. Hence the ranges (P) and {p) are 
homographic. Also when P' coincides with (/, both P and 
p coincide with 0, Hence the ranges are in perspective. 

Now rotate the figure of the circle out of the original 
plane about the axis OC/. Then the ranges (P) and (p) are 
still in perspective. Hence all the lines l^p, Qq^ Br, ... meet 
in a point, say V. Hence, taking V as vertex of projection, 

p projects intoP, and there- 
fore the line P'jp into the 
line P^P. Hence, since P'jp 
in all positions touches a 
circle, P'P in all positions 
touches the projection of 
a circle, L e. a conic. Also, 
since the circle touches Op 
and OP^y the conic touches 
the projections of these lines, viz. OP, and OP^. 

To find the point of contact of OP with the envelope, we 
make PP^ almost coincide with OP so that P^ almost 
coincides with 0. Hence the required point P is the point 
on OP corresponding to on 0P\ So the point of contact 
of OP^ is the point on OP^ corresponding to on OP. 

Notice that if the ranges be in perspective the envelope 
of PP^ degenerates into the centre of perspective and the 
meet of the axes of the ranges. 

5. One, and only one, conic can he draum toiKking five given 
lines. 

The envelope of a line which is cut by four given lines in 
a given cross ratio is a conic touching the given lines. 

These propositions can be proved like the reciprocal 
propositions in XI. 6 or they may be deduced from these 
by reciprocation. 

6. Every two conies have four common tangents. 

Two conies cannot have more than four common tangents; 
for if they had five, they would coincide. Also we see that 
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two equal ellipses laid across one another have four common 
tangents. Hence we conclude that if two conies have not 
apparently four common tangents, some of the tangents are 
imaginary, or coincident. 

Toiiching four given lines can he drawn cm infinite number of 
conies. 

For we can draw a conic touching the four given lines and 
any fifth line. 

All the conks which touch four given lines have a common 
self-conjugate triangle^ viz. the harmonic triangle of the 
quadrilateral formed by the common tangents. 

Ex. 1. Given two homographic ranges ABC ... and A'BfC. 
on different lines ; show that two points ca/n be found at each of 
which the segments AA\ BJBf, CC\ ... subtend the same angle. 

Viz. the foci of the conic touching the lines and AA\ .... 

Ex. 2. The vertices A, B, G of a triangle lie on the fixed 
lines MN, NL, LM, and the sides BA, AC pass through the 
fixed points W and V ; show that the envelope of BC is a conic 
touching the five lines LM, LN, FTF, JVF, MW. 

Ex. 3. From the variable point situated on a fixed line are 
drawn the lines OA, OB, OC to the fixed points ABC, meeting 
BC, CA, AB in X, Y, Z; BC, YZ meet in X\ CA, ZX meet 
in T, and AB, XY meet in Z\ Show that the line TTZ' 
envelopes a conic which touches each side of the triangle at the 
fourth harmonic ofthefioced line for the side. 

By a previous example X'YZ' are collinear. Also 
(0) = ^ (0) = (X) = (XO since {BC, XX') is harmonic 
« \X) similarly. 

Hence X'Y envelopes a conic touching CB and CA and 
similarly AB, To find the point of contact X! of CB, we 
must take Y at C, then Y is at C, hence is on BC, i.e. 
is at the intersection P, say, of the locus of with CB, 
Hence X is also at P. Hence X' is known, viz. the fourth 
harmonic of P for C and B, 

Ex. 4. Th/e vertices BC of a triangle lie on given lines and 
the vertex A lies on a conic on which also lie fixed points VW 
through which the sides CA, AB pass. Show that the envelope 
ofBC is a conic touching the given lines, 

Ex. 6. The side BC of a triangle touches a conic, and the 
vertices B and C move on fixed tangents of this conic, whilst the 
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sides ABf AC pass through fixed points; show that the locus of 
A is a conic through the fioced points, 

Ex. e. Given in position two pairs of conjugate diameters of 
a conk and a tangent, construct the conic. 

Construct the parallel tangent (which is equidistant from 
the centre). Let these tangents cut a pair of conjugate 
diameters in LL' and MM', Then LM and VM' also 
touch the conic. Proceeding similarly with the other pair, 
we have six tangents. 

Ex. 7. Given in position a pair of conjugate diameters and 
two tangents, construct the conic, 

7. Any number of tangents of a parabola determine on two 
other tangents of the parabola two ranges which are similar. 

Let the two ranges be {PQB ...) and (P'O^JT ...). Let a 
and X2' be the two points at infinity upon the lines PQ and 
P'Q^, Then since the line at infinity touches the parabola, 
the line Q>Q/ is a tangent. Hence the two ranges (D.PQB.,.) 
and (DfP'QfBf ^,.) are homographic ; also the points at 
infinity £lQf correspond. Hence the ranges are similar. 

Conversely, the lines joining corresponding points of two 
similar ranges which are on different axes and not in perspective 
touch a parabola which touches the axes. 

For if the ranges (PQB..) and (P'Q'B'...) are similar, 
the ranges (QJ'QB ...) and (Sl'P'Q'Bf ...) are homographic. 
Hence the lines 12X2', PP', QQ\ ... all touch a conic which 
touches PQ and P'Q^, And this conic is a parabola since 
i2X2' touches it. 

Ex. 1. One and only one parabola can be draum touching 
four given lines, 

Ex. 2. The envelope of a line which is cut by three given lines 
tn a constant ratio is a parabola, 

Ex. 8. Two parabolas have generally three finite common 
tangents, 

Ex. 4. Touching three given lines can be draum an infinite 
number of parabolas, 

Ex. 6. TP, TP' touch a parabola at P and P', and cut 
a third tangent in Q, Q'; show that QPiTP:: TQ' : TP\ 
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For (QT, Pf2) ^ (QfP\ TQf), considering the ranges 
determined on the two tangents TP, TF' by the four 
tangents QQf, TP\ PTy QSl'. 

Ex. e. AUo ifQQf touch at R, then PQ/QT = QB/BQf. 

Ex. 7. The envelope of the axes of conies which touch two 
given lines at given points is a parabola. 

Let TP, TP' be the fixed tangents. Then, if the normals 
at P and P' meet one axis at ©, Gr and the other at ^, /, 
we know that 

PG = -CT, PG'^-ciy, Pg ^IcB, p^^%ciy. 

a ' a ' ^ h - ^ h 

Hence PGiPffiiPgiPg^iiCDiCiy. Now CD, CI/ are 
parallel to TP, TP". Hence CBiCJy^' TP: TP' is constant. 
Hence the axes GG', ggf envelope a parabola. 

Ex. 8. The normals at the points P and P' on a conic, the 
chord PP' a/nd the axes of the conk touch a parabola. 

Ex. 9. The ends PQ of a segment move on fixed lines, and 
the orthogonal projection of PQ on a fixed line is of constant 
length; show that the envelope ofPQisa parabola whose axis is 
in the direction of the projecting lines. 

Let pq be the projection of PQ, Then range (P) is similar 
to range (p), which is equal to range (q), which is similar to 
range \Q). Also when pq approaches infinity, PQ approaches 
being perpendicular to pq. 

Ex. 10. From points P on one line are dratvn perpendiculars 
PQ, PR on two other lines; show that QR touches a parabola. 

Ex. 11. If through any point parallels be dratcn to the tangents 
of a parabola, a pencil is constructed homographic with the range 
determined hy the tangents on any tangent. 

For the rays are the lines joining the point to the points 
where the line at infinity cuts the tangents. 

Ex. 12. If through points of a range on a given line there be 
drawn lines parallel to the corresponding rays of a pencil, which 
is homographic with the given range, these lines will touch a 
parabola. 

XII 

1. If the connectors of the ends P and P' of a diameter of 
a conic to a point on the conic cut the tangents at P^ and P 
at Q" and Q, show that PQ . P'Q" = 4 C2>^ 

M 2 
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2. On a fixed tangent of a conic are taken two fixed points 
Ay B and also two variable points Q, E such that {ABy QB) 
is harmonic. Show that the locus of the intersection of 
the other tangents from Q and B is the connector of the 
points of contact of the other tangents from A and B. 

3. The lines AB, BG, CD, DA touch a conic. One 
tangent meets ABy CD at M, N and another tangent meets 
AB^BG^iPy Q. Show that 

am.bq.gn.dp--ap.bm.gq.dk 

4. ABG.*. and A'B^G'... are homographic ranges on 
different lines. Show that two points can be found at 
which AA\ BB^y GG\ ... all subtend angles having the 
same bisectors. 

5. All but one of the sides of a polygon pass through 
fixed points and each vertex moves on a fixed line. Find 
the envelope of the remaining side. 

6. If e(aby cd) mean the cross ratio determined on the 
line e by the lines a, &, Cy dy show that 

e(aby cd) . c{db, de) . d(ahy ec) = 1, 
a, by Cy dy e being any five lines. 

7. Through the fixed points A, B is drawn a variable 
circle meeting fixed lines through A at Py Q. Find the 
envelope of PQ. 

8. Determine (as a common tangent of two parabolas) 
a line which shall meet given lines AA\ BB^y GC' in points 
P, Q, B such that AP-^BQ^ GB. 

9. If all the tangents of a parabola be turned through the 
same angle in the same direction about the points in which 
they meet a fixed tangent, they will still touch a parabola. 

10. Given any four lines, a point can be found such that 
the feet of the perpendiculars from the point on the lines 
are collinear. 



CHAPTER XIII 



POLES AND POLARS. RECIPROCATION 

1. A RANGE formed hy cmy number of points on a given line 
is homographic with the pencil formed hy tlie polars of these 
points for a conic. 

Consider the circle of which the conic is the projection. 
Let Ay Bf ... on the line p be the points in the figure of the 
circle which project into 
the points on the given 
line in the figure of the 
conic. 

Now since A,B, .,. lie 
on jp, the polars FA^, PB^, 
... all pass through P, the 
pole of p. Also PA' is 
perpendicular to OA, 
being the centre of the 
circle. Hence the pencil 
P(A'B'.,.) is superpbsable 

to and therefore homogiaphic with the pencil 0(AB...), and 
is therefore homographic with the range (AB.,.\ Hence 
the proposition is true for a circle ; and being a projective 
theorem, it is true for the conic by projection. 

Taking the base conic as the given conic, the theorem 
becomes: — 

The reciprocal of a range of points is a pencil of lines which is 
homographic with the given range. 

Another proof is by (1, 1) correspondence, thus : — Take 
a variable point P on a fixed Line I. The polar of P is a 
variable line p through the fixed point X, the pole of I ; 
hence as P generates a range, p generates a pencil. Also 
when Pis given, i? is known uniquely ; and when 2? is given. 
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P is known uniquely ; ^Iso the construction is rational. 
Hence the range and the pencil are homographic. 

Ex, 1. Through a fixed point is drawn a variable line 
cutting a fixed line in Qf and a fixed conic in PP\ If 
{PF^, Q^) he harmonic, show that the locus of Q is a conic 
passing through 0, through the pole of the fixed line, through the 
meets of this line with the conic, and through the feet of the 
tangents from 0. 

For 0(Q) = (CO = ViQ), F being the pole of the locus 
of(y. 

Ex. 2. Obtain the reciprocal theorem to that of Example 1. 

Ex. 8. If P, P^ move on fixed lines I, V ; then, ifP, P' are 
conjt^ate for a conic, they generate homographic ra/nges. Also if 
p, p' pass through fixed points ; then ifp, p' are conjugate for a 
conic, they generate homographic pencils. 

For, if L be the pole of I, then 

(P) of poles = L (PO of polars - (F), 

For the second part, reciprocate. 

Ex. 4. Show that in Ex, 3, PP^ envelopes a conic which 
touches I and V and also the four tangents of the conic at its 
intersections with I and V. Show also that if I and V are con- 
jugate lines, the envelope degenerates into the points L and L' ; 
and if the intersection of I, V is on the conic, into this point and 
atiother point. 

Ex. 5. Two vertices of a triangle self-conjugate for a given 
conic move on fixed lines ; show that the locus of the third vertex 
is a conic passing through the intersections of the given lines with 
the given conic and through the poles of the given lines for the 
given conic, 

Ex. 6. A A' are a pair of opposite vertices of a quadrilateral 
whose sides touch a conic at L, M, N, B. Thrmgh A and A' 
are drawn conjugate lines meeting in P. Show that the locus of 
P is the conic AA'LMNB. 

Ex. 7. TJirough a fixed point is drawn a variable line, and 
PY is the perpendicular on this line from its pole P for a fixed 
conic ; shmo that PY envelopes a parabola, which touches the 
polar ofO, and also touches the tangents at the feet of the normals 
from 0, 

Let PY cut the line at infinity in Q, Through any point 
V draw Vq parallel to PY; then Vq passes through Q, 
Hence (Ci ^2 • • • ) = ^(^i ^2 • • • ) = ( Fi Yg • • • ) [corresponding 
rays being perpendicular] = {PiP^ ...)• Hence PQ, i, e. PY, 
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envelopes a conic touching P1P2 and Q1Q2, i. ©. the polar of 
and the line at infinity. This parabola touches the tangent 
at R, a foot of a normal from ; for if OY be OBy then PT 
is the tangent at R. 

Ex. 8. If instead of being perpendicular to the variable line, 

PY make a given angle with it; show that PY envelopes a para- 

. hola, which Umches the polar ofO, and also touches the tangents 

at the points where the tangents make the above angle with the 

radii from 0, 

Ex. 9. Through points PQ.,. on thclinel are'drawn the lines 
Py, QQf, ... parallel to the polars of P, Q, ... for a conic; show 
that PP^, QQ^, ... touch a parabola which touches I. 

2. The reciprocal of a conic for a conic is a conic. 

We may define the original conic as the locus of a point 
P such that P(ABCI)) ^E(ABCD\ where A, B, G, D, E 
are fixed points on the conic. Let the reciprocals of the 
points A, B, C, D, E, P be the lines a, b, c, d, e^p. Now 
the reciprocal of the pencil P(ABCI)) is the range of points 
determined on the line p by the lines a, 6, c, d. Hence this 
range is homographic with P{ABCI)). So the range of 
points determined on e by a, b, c, d is homographic with 
E{ABCI>)y i. e. with P{ABGD), i.e. with the range of points 
determined on p by a, b, c, d. Hence the reciprocal of the 
given conic, viz. the envelope oi p, the reciprocal of P, is 
the envelope of a line which cuts four given lines a, b, c, d 
in a constant cross ratio. Hence the reciprocal is a conic 
touching a, b, c, d, e. 

3. ITie reciprocal of a pole and polar for a conic is a polar and 
pole for the reciprocal conic. 

Let P be the pole and e its polar. Through P draw any 
line r cutting e in P' and the conic in Q, Qf. Then {PP", Q(^ 
is harmonic. Let the reciprocals of P, e, r, P', Q, Qf be 
p, E, R, p\ q, (f. Then on a fixed line p is taken a variable 
point R, and from R are drawn the tangents q, q[ to the 
reciprocal conic, and the line p' is taken such that (jgp', qc[) 
is harmonic We are given that p' always passes through 
Ey and we have to prove that E is the pole oip. But this 
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is obvious, for p andy are conjugate in all positions of y, 
since {jpp\ 22O = - !• Hence ;p' always passes through the 
pole of i>, i.e. JEJ is the pole oip. 

Ex. 1. The reciprocal of a tria/ngle self -conjugate for a conic is 
a triangle sdf-conjiAgate for the reciprocal conic, 

Ex. 2. A triangle self conjugate for the base conic reciprocates 
into itself 

Ex. 3. A conic, its reciprocal, and the base conic have a 
common self-conjugate triangle. 

Viz. the common self-conjugate triangle of the given conic 
and the base conic. 

4. (riven any two conies, a base conic can be found for which 
they are reciprocal 

Let UVW be the common self-conjugate triangle of the 
two conies. Project the line VW to infinity and the angle 
VUW into a right angle. Then U becomes the centre of 
both conies since U is now the pole of the straight line at 
infinity for each conic. Also VU and WU are now the 
principal axes of both conies, for VU and WU are perpen- 
dicular conjugate lines at the centre. Let UV cut one conic 
CiSit A, A' and the other conic C2 at L, H and let UW cut 
Ci at B, B^ and c^ at M, M\ Take a conic F with principal 
semi-axes UK, UY along UV, UW such that 

UX^ ^UA.UL and UY^ = UB. UM. 
Then the two conies c^ and Cg are reciprocal for T. 

For consider the polar of A for F. Let it cut ZJFat Ai. 
Then UA . UA^ = UX^, Hence A^ coincides with L. 
Hence by symmetry the polar of A is the perpendicular to 
UV through L, i. e. is the tangent to c^ at L. So the 
polar of L for T is the tangent at A io c^. Hence A and 
the tangent at A to Cj reciprocate into the tangent at L to c^ 
and L, i.e. the reciprocal of c^ touches c^ at L, So it 
touches C.2 at X', M and M\ Hence Cg has eight points in 
common with the reciprocal of c^ for F and therefore coin- 
cides with the reciprocal. Hence Cj and C2 are reciprocal 
for F in the projected figure. 
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But the reciprocal property is not changed by projection ; 
for it depends entirely on properties of poles and polars 
which are unchanged by projection. Hence in the original 
figure a conic can be found for which the original conies are 
reciprocal. 

There are many cases of failure in the above proof. If the 
failure arises from certain points being imaginary, we appeal 
to the principle of continuity. If the cause of failure is that 
certain intersections of the conies coincide, then as the 
proposition is true however near the points are, we may 
assume it is true when they coincide. 

For an exhaustive study of the problem of this article, the 
reader is referred to a paper by the author in the Proceedings 
of the London Mathematical Society, Vol. XXVI. 

Notice that in any case a conic is its own reciprocal, viz. 
with respect to itself. 

Ex. The cross ratio of the four common points of two conies 
for one of the conies is equal to the cross ratio of the four common 
tangents for the other conic, 

5, Reciprocate — a segment divided in a given ratio. 
Let AC he divided in B, Let I be the line AB and i the 
line at infinity, and let 12 be the meet of I and i. The 
reciprocals of the points ABCQ. on the line I are the lines abctn 
through the point L, Also the reciprocal of i is the centre 
of the base conic. Hence AB^BC^^ -(AC,Bil) of the 
given range of points = - (ac, ftco) of the reciprocal pencil, 
where co is the join of L to 0. 

As a particular case the middle point of a segment AC reci- 
procates into the fourth harmonic for a and c of the join ofac to 
the centre of the base conic, 

Ex. Reciprocate the theorem — 

* The locus of the centres of conies inscribed in a given quadri- 
lateral is a line which bisects each of the three diagonals,' 

XIII 

1. AP, AQ which are harmonic with two fixed lines 
through A meet a conic at P, Q. Show that the envelope of 
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PQ is a conic touching the fixed lines at the points on the 
polar of Af and touching the tangents of the conic at its 
intei-sections with the fixed lines. 

2. Through a fixed point is drawn a variable line OY, 
and Py is drawn making a fixed angle with OF through the 
pole P of OY. If this angle is the angle between CO and 
the polar of 0, show that the locus of F is a circle. 

3. If through every point of a line there be drawn the 
chord of a given conic which is bisected at the point, show 
that the envelope of the chord is a parabola which touches 
the line. 

4. The reciprocals of the four points Ay By P, Q are the 
four lines a, &,i), q. Show that 

(P>«) ^ (A£) = («L_«) ^ (^ 
{P,h)-(B,p) {Q,h)-{B,q)' 




CHAPTER XIV 

PKOPEKTIES OF TWO TBIANGLES 

1. If the vertices of two triangles lie on a conic, the sides 
touch a conic; cmd conversely. 

Let the vertices ABC, A'B^C' of the two triangles lie on 
a conic. Let AB, AG meet B^C^ 
in X, Jf ; let A'Bf, A'C meet BC 
in L',M'. Then 

(CLMBT) = A (C'BCB^ 

- A'iC'BCB') = (WBCL"). 

Hence the six lines C'M\ LB, 
MC, B'L', B'C, BC touch a conic ; 
i.e. G'A', AB, AC, BfA\ B'C, BG 
touch a conic ; i e. the sides of the 
triangles touch a conic. 

Let the sides touch a conic. Then 
A {C'BCB^ = {G'LMB^ = (M^BCV) = A'iG'BGBT). 
Hence the six points C, B, C, B^, A, A' lie on a conic ; i. e. 
the vertices lie on a conic. 

Ex. 1. If two conies be such that one triangle can he drawn 
which is drcumscrihed to one conic and inscribed in the other^ 
then an infinite number ofstich triangles can be drawn. 

For suppose ABC to be circumscribed to ^ and inscribed 
in y. Draw any tangent to /3 cutting y in ^ and C\ From 
J?' and C draw the other tangents to /3 meeting in A\ 
Then, since ABC, A'B!G' are circumscribed to /3, the 
vertices ABCA'BfC lie on one conic ; hence A' lies on y. 
Hence A'B^C satisfies the required conditions* 

Ex. 2. If BC be the points of contact of tangents from A, 
and B^C' be the points of contact of tangents from A^ to a conic- 
show that the triangles ABC, A'B^G' are inscriptible in a conic, 
and circumscriptible to a conic. 

Let AB, AC cut B'C in L, M; let A'B", A'C cut BC in 
i', M". Then (LB'G'M) of poles = A'(BL'M'C) of polars. 
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Hence (LB'C'M) = (BL'M'C). Hence the triangles are 
circumscriptible, and therefore inscriptible. 
See also XXIX. 5, Ex. 3. 

Ex. 3. // be the centre of the conic drcumscnbing ABC, 
A'B'C^ (of Ex. 2>, and if BC and BfC meet in 2>, show that 
DO bisects AA\ 

For D is the pole of AA' for the given conic and therefore 
for the new conic from the quadrangle BB^C'C 

Ex. 4. A conic is drawn through a fixed point A and through 
the points of contact B, C of tangents from A to a circle, so as to 
touch the circle at a variable point P. Show that the curvatures 
of all the conies at the points P are equal. 

In Ex. 2 let A'B'C coincide in P. Then the circle of 
curvature of the conic at P is the circum-circle of A'B'C\ 
whose radius is one-half of that of the given circle. 

2. If two triangles be self-conjugate for a conic, the six 
vertices lie on a conic, and the six sides touch a conic; conversely, 
if the six vertices lie on a conic, or if the six sides touch a conic, 
the triangles are self-conjugate for a conic. 

In the figure of § 1, let ABC, A'B'C be self-conjugate for 
a conic. Then the polar of C is A'B^, the polar of L where 
B^O' and AB meet is A'C, the polar of M where B^C and 
-4 C meet is A'B, and the polar of ^ is A'C\ Hence 

(CLMB") of poles « A' {BfCBG") of polars 

« (rCBM^ « (M'BCr). 
Hence the six sides CM", LB, MC, B'L\ B^G\ BG touch 
a conic ; and hence the six vertices lie on a conic. 

If the two triangles are inscriptible in a conic y, describe 
by XXY. 12 a conic a such that ABG is self-conjugate for a, 
and that A' is the pole of BfG' for a. Let the polar of B^ 
for a cut BfG' in C. Then ABG and A'B'G" are self- 
conjugate for a; hence ABGA'B^G'' lie on a conic. But 
this conic is y, for the points ABGA'B^ lie on both conies. 
Hence B^G^ cuts y in three points unless G' and G" coincide. 
Hence C and G'' coincide. Hence ABG, A'BfG' are self- 
conjugate for a conic, viz. for the conic a. 

If the two triangles are circumscribed to a conic, they are 
also inscribed in a conic, and the above proof applies. 
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Ex. 1. If two triangles be self-conjugate for a conic a, then 
a conic fi drawn to touch five of the sides tvill touch the sixth 
also, and a conic y drawn to pass through five of the vertices will 
pass through the sixth also ; and y and fi are reciprocal for a. 

For the reciprocals of five points on y touch /:?. 

Ex. 2. Through the centre of a conic and the veHices of 
a triangle selfconj^gate for the conic can he drawn a hyperbola 
with its asymptotes parallel to any pair of conjugate diameters of 
the conic. 

Let ABC he the triangle and OPQ> and ODQ.^ the conjugate 
diameters. Then a hyperhola passes through ABC, Oilil% 
since 0X212' is also self-conjugate for the conic. 

Ex. 3. If two conies be such that one triangle can be circum^ 
scribed to one conic which is self-conjugate for the other conic, 
then an infinite number of such triangles can be dravm. 

Let ABC he the given triangle touching conic P and 
self-conjugate for conic a. Take any tangent B'C^ of /3, 
and take its pole A^ for a ; draw from A' one tangent A^B^ 
to 0, and take C\ the pole oiA'B^ for a. Then, since ABC, 
A'B^C are self-conjugate for a, the sides touch a conic. But 
five sides touch /3; hence the sixth side C^A' touches /S. 
Hence A'B^C satisfies the required conditions. 

Ex. 4. If two conies be such that one triangle can be inscribed 
in one conic which is self-conjugate for the other conic, then an 
infinite number of such triangles can be drawn, 

Beciprocate Ex. 3. 

Ex. 5. Two conies ^ and a are such that triangles can be 
circumscribed to (i which are self-conjugate for a. Show that 
the harmonic locus of the conies is the reciprocal of ^ for a. 

The hxirvmnic locus is the locus of a point P from which 
the pairs of tangents to the conies are harmonic. Let the 
tangents from P to /8 cut the polar of P for a at Q, B. Then, 
since the lines PQ, PB are (by hypothesis) harmonic with 
the tangents from P to a, they are conjugate for a. But 
QB is the polar of P for a ; hence PQB is self-conjugate 
for a. And two of its sides touch 0. Hence QB also 
touches /3. Hence P, its pole for a, is on the reciprocal 
of for a. 

Ex. e. If two conies are such that triangles can be inscribed 
in one which are self conjugate for the other, find the harmonic 
envelope of the conies, 

Beciprocate Ex. 5. 
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Ex. 7. If Q and B he the points of contact of the tangents 
from P to any conic a, and any conic y he dratm to pass throitgh 
P and to touch QB at Q, then triangles can he inscrihed'in y 
which are self-conjugate for a. 

For PQQ is such a triangle, QQ being QB. 

Ex. 8, If Q and B he the points of contact of the tangents 
from P to any conic a, and any conic fi he drawn to touch PQ 
at P and to touch QB, then triangles can he circumscribed to ii 
which are self conjugate for a. 

For PQQ is such a triangle, QQ being QB. 

Ex. 9. If triangles can he circumscrihed to fi which are self- 
conjugate for a, then triangles can he inscribed in a which are 
self conjugate for P ; and conversely. 

For we can reciprocate a into 0. 

Ex. 10. The triangle ABC is inscribed in the conic a, and 
the triangle DEF is self-conjugate for a. Show that a conic p 
can he found such that BEF is circumscrihed to P and ABC is 
self conjugate for p. 

Viz. that conic inscribed in BEF for which A is the pole 
oiBC 

Ex. 11. The conic a is draum touching the lines PQ, PB at 
Q, B; the conic /3 is drawn touching the lines QP, QB at P, B; 
show that (i) triangles can he inscribed in a which are self 
conjugate for 3, (ii) triangles can he inscrihed in p which are 
self conjugate jfor a, (iii) triangles can he circumscrihed to a which 
are self-conjugate for p, (iv) triangles can he circumscrihed to p 
which are self-conjugate for a, (v) triangles can he inscribed in 
a and circumscribed to 13, (vi) triangles can he inscribed in p and 
circumscribed to a. ^ 

On BP and BQ take L, X' consecutive to B ; on PB, QB 
take M, M! consecutive to P, Q\ on QP, PQ take JV, JV 
consecutive to Q, P. Then consider the triangles (i) QBL, 
(ii) PBL\ (iii) QPM, (iv) PQW, (v) BQl^, (vi) BPN". 

Such conies may be said to be manifoldly related. 

Ex. 12. If a triangle can he drawn inscrihed in a and 
circumscribed to P and also a triangle self-conjugate for a and 
circumscrihed to /3, then the conies a and /3 are manifoldly related. 

At B, one of the meets of a and /3, draw BQ touching /3 
and meeting a again in Q ; draw the tangent at Q, and on 
it take N consecutive to Q. Then by the first datum QN 
touches 0, at P say. Then by the second datum QB is the 
polar of P for a, i.e. PB touches a at B. 

Similarly many other converses of Ex. 11 can be proved. 
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Ex. 13. The centre of a drde touching the sides of a triangle 
self-conjugate for a rectangular hyperbola is on the r. h. 

For, since a triangle circumscribes the circle and is 
self-conjugate for the r. h., triangles can be inscribed in the 
r. h. which are self-conjugate for the circle. Now one 
triangle self -con jugate for the circle is 0^212', and two of its 
vertices X2f2' lie (at infinity) on the r. h. ; hence 0, the 
centre of the circle, lies on the r. h. 

Ex. 14. Given a triangle self-conjugate for ar,h., we Tcnaio 
four points on the r. h. 

Viz. the centres of the touching circles. 

Ex. 16. Given a self-conjugate triangle of a conic and a 
point on the directory show that four tangents are Jcnotvn, 
viz. the directrices of the four conies which can he dratm to 
circumscribe the triangle and to have the point as corresponding 
focus. 

Eeciprocate for the point. 

Ex. 16. The necessary and sufficient condition that triangles 
can be circumscribed to a circle which are self-conjugate for 
a r. h. is that the centre of the circle shall be on the r. h. 

Ex. 17. An instance of Ex. 11 is a rectangular hyperbola 
which passes through the vertices of a triangle and also through 
the centre of a circle touching the sides. 

This follows from Ex. 12 and Ex. 16. 

Ex. IS. If two conies fi and y be so situated that one triangle 
can be circumscribed to fi so as to be inscribed in y, then an 
infinite number of such triangles can be dratvn, and all of these 
will be self-conjugate for a third conic a; also the two conies ^ 
a/nd y are reciprocal for a. 

The first part has been proved. To prove the third part, 
notice that ABC, A'B^C are self-conjugate for a conic a. 
Define y by ABCAB^ ; then since the polars of these points 
for a, viz. JBO, GA, AB, B'C'y C'A' touch A it follows that 
1^ is the reciprocal of y for a. 

Again, take any point A^^ on y, and let B^^ be one of the 
points in which the polar of A^^ for a (which touches 0) 
cuts y. Let the polar of B^^ for a (which touches and 
passes through A'^ cut the polar of A^^ in C. Then the 
triangle Af'S'C^' is self-conjugate for a. Hence, since two 
sides touch /3 and two vertices are on y, it is circumscribed 
to j3 and inscribed in y. 
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3. The two tricmgles ABC, A^B^C^ are said to be reciprocal 
for a conic if JL be the pole of B'C\ B of G'A'y C oi A'B", 
A' of BC, B" of CA and C of AB for the conic. 

Two triangles which are reciprocal for a conic are hmnological; 
and conversely, iftwa triangles he homological they are reciprocal 
for a conic. 

Let the triangles ABC, A^BfC' be reciprocal for a conic ; 
then they are homological. For let BG and B'C meet in TJ, 




and let AA' meet BC in i and J5'C' in L\ Then we want 
to prove that AA\ BB', CC meet in a point ; which is true 
if the ranges (LBCU) and {I/B^G'U) are homographic. But 
the polar of ^ is A'C, the polar of C is A'B^, the polar 
of , U where BC and B^C' meet is A' A, the polar of L 
where BC and A' A meet is A'U. Hence (LBCU) of 
poles = A' (UG'B'r). Hence (LBCU) = (L'B'C'U) ; hence 
the ranges (LBCU) and (L'B^C'U) are in perspective. 
Hence LL\ BB^y CC meet in a point, ie. the triangles 
ABC, A'B^C are homological. 

Let the triangles ABC, A'B^C be homological, then they 
are reciprocal for a conic. For let BC and A'C meet in M. 
[Suppose a conic exist for which ABC, A'B'C' are reciprocal. 
To construct this conic by XXV. 12, we must find a self- 
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coQJiigftte triasiglft and a polo and polar. Now the p<dar of 
B is A^M and the polar of ^' is BM. Hmce A'BM is self- 
conjugate. Also A is the pole of JB'C] By XXV. 12 
describe a conic such that the triiangl'e A'BM is self- 
conjugate for it, and that A is the pole of JffC\ 

Then A' is the pole of BG, B is the pole of A^C\ and A is 
the pole of B^C\ Hence C is the pole of AB. Now let the 
pokr of C eat (TJff iiL B"'. Thfta the triangles ABC and 
A'B^C? aro reciprocal and* therefore homological. Hence 
AA% BB^*, CC meet in a point. But AA', BBT, CO' meet 
in a point. Hence B^ and B^^ coincide, i.e. the triangles 
ABC, A'B^C are reciprocal for the above conic. 

Notice that t/ iwo triangles are reciprocal for a conic, the 
centre of homology of the triangles is the pole of the axis of 
h&mology; for the pole of A A* which passes through the 
centre of homology is ^ which lies on the axis of homology, 
so for BBf. 

Given a triangle ABC and a conic a, we can describe the 
reciprocal triangle A'BC*, and then determine the centre 
and axis s of perspective of the triangles ABC, A'BfC\ It 
is convenient to call the pole and s the polar of the triangle 
ABC for the conic a. 

Ex. 1. BC, CA, AB meet any conic in XX', YY, ZZ\ and 
the conic meets AX again in L, AX' in L\ BY in M, BT in 
jr, CZ in N, CZ' in IT. Show ihat LV, MM', NN\ meet 
BC, CA, AB on a line. 

For, by the quadrangle construction, the polar B'C' of A 
passes through {LL' ; BC). 

Ex. 2. Any triangle inscribed in a conic and the triangle 
formed by the tangents at the vertices are homological. 

Ex. 3. Hesse's theorem. If the opposite vertices AA' and 
the opposite vertices BB' of a complete quadrilateral he conjfugaU 
for the same conic, then the opposite vertices CC are also conjugate 
for this conic. (See also XXIX. 4, Ex. 9.) 

Let the triangle reciprocal to the triangle ABC for the 
conic be PQB. Then QB passes through A', since A and A' 
are conjugate. So RP passes through B'. Hence PQ passes 
through C'; for the triangles ABC and PQB are homological. 
Hence C and C are conjugate. 
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Ex. 4. If tico pairs of opposite sides of a complete quadrangle 
he conjt^gate for the same conic, then the third pair is also con- 
jugate for this conic. 

Eeciprocate Hesse's theorem. 

Ex. 6. The points PF^, QQf, BJRf divide harmonically the 
diagonals AA\ BBf, CO' of a quadrUaieral ; show that the six 
points P, P% Qy Q^f Bf B' lie on a conic. 

Draw a conic through P, P', Q, C, B. Then for this 
conic Ay A' are conjugate since (AA\ PP^ is harmonic; 
so By B' are conjugate. Hence by Hesse's theorem 0, C 
are conjugate. Hence the conic passes through B! since 
(CC, BB!) is harmonic. 

XIV 

1. Through a given point on a conic is drawn any line 
cutting the conic at P and the sides of a given inscribed 
triangle at Z, T, Z. Show that the cross ratio (ZF, ZP) 
is constant. 

2. An infinite number of triangles can be described, 
having the same circumscribing, nine-points and polar 
circles as a given triangle. 



CHAPTER XV 

pascal's theobem and bbianchon's theobem 

Pascal's Theorei^. 

1. The meets of opposite sides of a %exagon (sia^point) 
inscribed in a conic are coUinear. 

Let the six points be A, B, C, D^ E^ F. Let the opposite 
sides AB, BE meet in M, and the opposite sides BG, EF 




meet in N. Let AF meet MB in G, and let CB meet NF 
in H. Then we have to show that MN, FQ, HB are con- 
current. This is true if (ilMQB) = (ENFH), for the ranges, 
having a common point, will be in perspective ; L e. if 

A {EBFB) = C(EBFB\ 
which is true. Hence the meet M of AB, BE, the meet N 
of BCy EFj and the meet L of CB, FA are collinea r. 

Conversely, if the meets of opposite sides of a hexagon (sio!' 
point) are coUinea/r, the six vertices Ueona conic. 

For if LMNs^e collinear, we have (EMGB) = (ENFH). 

N 2 
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Hence A (EBFD) = C (EBFD). Hence A, J?,, C, D, E, F lie 
on the same conic. 

The line LMN is called the Pascal line of the six-point 
ABGDEF. Observe that for every different order of the 
points u4, Bj C, 2), E, F we get a different Pascal line. 

Notice that if two consecutive points, e^g. B a»d C, coincide, 
the side BG becomes the tangent at B or C* 

For another proof see XXIZ.. 4» 

Sx. 1. In every hexagon imcfibed in a conic, the two trmigles 
formed by takmg alternate sides are cqpdlar. 

Ex. 2. 1^ points on a come determine 60 hexagons i/nscrR)ed 
in the conic. 

For having chosen our starting-point, the other vertices 
can be chosen in 6.4.3.2-5-2 ways, for ABCBEF is the 
same as AFEJDCB. 

Ex. 3. The 60 Pascal lines belonging to six given points on a 
conic intersect three by three; and also four by four. 

Let the homological triangles of any one hexagon be 
XYZ, X'TZ\ Then XX', YT, ZZ' meet in a point. Also 
XX' is the Pascal line of CBEBAF, YY' of ABGFEB, ZZ' 
ofBGDAFE. 

Again the Pascal lines oi ABGDEF, ABFDEG, ABGEDF 
and ABFEBG meet at (AB ; BE). 

Ex. 4. A, B, G, B, E are any five points. EA, BG meet in 
A'; AB, CB meet in B^; BG, BE meet vn C; GB, EA meet in 
D'; BE, AB meet in E'; and AB, BG meet in F. Show that 
FB^ touches the conic through A'BTG'B^E'. 

We want to form a Pascal hexagon. Start from A'\ then 
we must go to (7 or B^, to G^,^ say. Then we must go to 
E\Bf,Bf, Z/, A' where B^B^ is to be Flff. We hav^ to show 
that {A'G'\ B^B^, {CfF!', Bfjy\ {E'B'; I/A') are coUinear, i.e. 
that F, B, A are collinear. 

Ex. 6. ABG, A'B'G' are coaxal triangles ; AG wnd A'BT 
meet in P, AB and AV meet in Q; show that BGB^CPQ are 
on a conic. 

Ex. 6. The chord Q^ of a conic is parallel to the tangent at 
P, and the chord PP' is parallel to the tangent at Q; show that 
PQ and P'Q^ are parallel. 

Consider PPFQ'QQ. 
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Sx. 7. The tangents cU the vertices of a Mangle inscribed in 
a cmk meet fhe opposite sides in three coUinear points. 

Bx. 8. PQ, PB are chords of a parabola. PR meets the 
diameter through Q in F, owcZ PQ meets the diameter through It 
in U; show that UVisparallei to the tangent at P. 

Consider PPBHilQ, wheM X2 is the point at infinity on the 
parabola. 

2. Since Pascal's theorem is true for a hyperbola however 
near the hyperbola approaches two lines, it is true for two 
lines, the six points being situated in any manner on the 
two lines. 

But each case may be proved as in § 1. 

Ex. If any four-sided figure ie divided into two others by 
a UnCf the three meets <ifthe internal diagonals are colUnear. 

Let the four-sided figure AJSCD be divided into two 
others ABFE, EFCD. Now apply Pascal's theorem to 
ACEBDF. 

3.IfOQ and OB be the tangents of a conic at Q and B, and 
ifP be any point on the conic, then PQ and PB cut any line 
through in points which are conjugate for the conic 

Let PQ and PB cut any line through in JP and Q. Let 
FB *nd QQ meet in U. Consider the six-point PQQUBB, 
the points Q, Q being on the tangent at Q and the points 
B, B on the tangent at B. Then since the meets F, 
0, O- oi opposite sides are coUinear, the six points lie on 
a conic. But five points lie on the given conic ; hence the 
sixth point U also lies on the given conic Hence JPand G 
are two harmonic points of the inscribed quadrangle PQUB. 
Hence JPand G are conjugate points. 

Conversely, if any two conjugate points lying on a line through 
be joined to the points i^ contact of the tangents from 0, then 
the joining lines meet on the conic 

Let F and G be conjugate points on a line through 0. 
Join FQ cutting the conic again in P, and join PB cutting 
FQ in G\ Then i^and G' are conjugate, and also F and G. 
Hence G' coincides with 6 ; i. e. FQ and GB meet on the 
conic. So FB and GQ meet on the conic. 
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Ex. 1. If PP' le conjitgate points for a central conic, and 
Q(/ he the ends of the diameter which bisects chords parallel to 
FF^; show that FQ, F'Q^ cut on the conic, and so do FQf, F'Q. 

Here is at infinity. 

Ex. 2.IfF and F^he conjugate points lying on a diameter of 
a hyperbola, show that parallels to the asymptotes through F and 
P' cut again on the curve. 

Here Q and It are at infinity. 

Ex. 3. The diameter bisecting the chord QQf of a parabola 
cuts the curve in P, and BB^ are points on this diameter equi- 
distant from F; show that the other lines joining QQfRI^ meet 
on the curve. 

Brianohon's Theorem. 

4. The joins of opposite vertices of a hexagon (six-side) drcum* 
scribing a conk are concurrent. 

To prove Brianchon's 
theorem, we reciprocate 
Pascal's theorem. 

In the figure AB, BG, 
CD, DE, EF, FA are the 
six sides touching the 
conic. The theorem is 
that AJD, BE, OF are 
concurrent. 
The point is called the Brianchon point of the hexagon 
ABGBEFA. 

Notice that when two of the sides, e. g. CD and BE, coin- 
cide, the point D becomes the point of contact of either CD 
otBE. 

Ex. 1. In every hexagon circumscribed to a conic, the two 
triangles formed by taking alternate vertices are coaxal. 

Ex. 2. Six tangents to a conic determine 60 hexagms circum- 
scribed to the conic 

Ex. 3. The 60 Brianchon points belonging to six given 
tangents to a conic are collinear three by three ; and also fmr by 
four, 

Eeciprocate. 
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Ex. 4. The hexagon formed hy the six lines in order obtained 
by joining alternate pairs of vertices of a Bnanchon hexagon is a 
Fascal hexagon, 

Ex. 6. Beciprocate Ex. 4. 

Ex. 6. ABCDA is a quadrilateral circumscribing a parabola; 
slww that the parallel through A to CD and the parallel through 
C to DA meet on the diameter through B. 

Let the straight line at infinity touch the parabola at 12 
and cut AB at F and CH at 0- ; and consider the hexagon 
ABGGQ.FA. 

Ex. 7. ABCBEA is a pentagon circumscribing a parabola; 
show that theparaUel thnmgh A to CB, and the parallel through 
B to BE meet on CE. 

Ex. 8. The lines BC, CA, AB touch a conic at L, M, N; 
show that AL, BM, CN are concurrent. 

Ex. 9. The line CBfA towihes a conic inP, ACB touches in 
JP", B'CA' Umches in Q and CBA' in ^. Show that A'P", AQ 
meet on OC 

Consider AF'CQA'C'A. 

' 5.IfOQ and OR be the tangents of a conic at Q cmd By and 
if any tangent meet OQ, OB in K, L, then the joins of K and 
L to any point E on QB are conjugate lines; and, conversely ^ if 
through any point E on QB any two conjugate lines be dra/wn 
cutting OQinM, K and OB in L, N, then MNand KL touch 
the conic. 

To prove this proposition, reciprocate the proposition of 
§8. 

Ex. 1. BaraUeL to a diameter of a conic are dratcn a pair of 
conjugate lines; show that the diagonals of the parallelogram 
formed by these lines and the tangents at the ends of the diameter 
touch the conic. 

Ex. 2. Two parallel lines which are conjtigate for a hyperbola 
meet the asymptotes in points such that the other lines joining 
them touch the curve. 

Ex. 3. Through a point on the chord of contact PQ of the 
tangents from T to a parabola are drawn parallels to TP and TQ 
meeting TQ and TP in B and U; show that BU touches the 
parabola. 
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XV 

1. Two triangles are inscribed in a conic. The sides of the 
one meet the sides of the other in nine points. Show that 
any connector of two of these nine points is a Pascal Kne of 
the BIX vertices of the triangles, unless it is one of the sides 
of the triangles. 

2. The triangles ABCy A'IfCf are in plane perspective. 
BO meets A'^ at Y and A'C at 7f, CA meets JTCT at Z and 
JffA' at X', and AB meets CA' at X and CJ5' at T. Show 
that BY.BZ\CZ.CX\AX.AY' 

- CY,€Z\AZ.AXr.BX.BT. 

3. AA\ BB^f CCT are the diagonals of a complete quadri- 
lateral, A\ J5', C being coUinear points. AO meets BG at 
M, CO meets AB 9A L, LM meets B'C at N &nd AC si P. 
If I*B and ON meet at By show th»i; B is the remaining 
intersection of the conies OBB'AA' and OBBTGC and that 
OB is the tangent at to the conic OGCAA'. 

4. Three angles have coUinear vertices. Show that their 
six legs intersect in twelve other points, which can be 
divided in four ways into a Pascal hexagon and a Brianchon 
hexagon. 

6. If two triangles be the reciprocals of one another for 
a conic a, the Intersections of non-corresponding sides lie on 
a eonic ^ and the connectors of non-corresponding vertices 
touch a conic y ; and /3 and y are reciprocal for a. If one 
triangle be inscribed in the other, the three conies coincide. 

6. If a hexagon can be inscribed in one conic and circum- 
scribed to another, the Brianchon point is the pole of the 
Pascal line for each conic. 

7. If the tangents of a parabola at Pand Q cut at T, and on 
the diameter through P there be taken any point B^ show 
that i^Tis conjugate to the parallel through B to the tangent 
atQ. 

8. The lines BG, GA, AB touch a conic at A\ B\ C\ 
Through B is drawn anv line meeting A^B^ at Z and JB'C' 
at Xy and AZ meets GA^ at Y. Show that the triangle 
XYZ is inscribed in the triangle A'B^C^ and circumscribed 
to the triangle ABG and is also self-conjugate for the conic. 



CHAPTER XVI 

HOMOGBAPHIC BANGES ON A CONIC 

1. Two systems of points ABC... and A'ffC... on a 
conic are said to be homographic ranges on the conic when the 
pencils P{ABC...) and QiA'ffC^...) are homographic, P 
and Q being points on the conic. Hence two ranges on 
a conic which are homographic subtend, at any points on 
the conic, pencils which are homographic. 

To construct homographic ranges on a conic, take two 
homographic pencils at points P and Q on the conic ; the 
rays of these pencils will determine on the conic two homo* 
graphic ranges. Given one of these pencils, three rays of 
the other pencil may be taken arbitrarily. Hence given 
a range of points on a conic, in constructing a homographic 
range on the conic, three points may be taken arbitrarily. 

2. If {ABC...) and {A'B^C'...) he two homographic ranges 
on a conic, then the meet of ABf and A'B, of BC and B^C, 
and generally of IPQf and P'Q, 
toliere PP% QQ^ are any ttoo pairs 
of corresponding points, all lie on 
a line (called the homographic 
axis). 

First consider all the meets 
which belong to A and A\ 
These all lie on a line. For 

A {A'B'C'...) - A' (ABC...). 
Hence all the meets [AB"-, A'B), {AC; A'C), (Alf; A'D), ... 
lie on an axis. So all the meets which belong to B and B^ 
lie on an axis. So for CC^, DI/, ... . 

We have now to prove that all these axes are the same. 
The inscribed six^int ABfCA!BC^ shows that the meets 
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(AB"; A'B), (B'C; BC% {GA'; C'A) are coUinear. Now 
(ABf ; A'B) and {CA' ; C'A) determine the axis of AA' ; so 
(AB"; A'B) and (B'C] BC) determine the axis of BB". 
Hence the axes of AA^ and BB^ coincide; i.e. every two 
axes, and therefore all the axes, coincide. Hence all the 
cross meets {BQf ] B'Q) lie on the same line. 

Conversely, if ad the cross meets of two ranges on a conic are 
coUinear, these ranges are homographic. 

For, if (AB"; A'B), (AC \ A'G), ... are colHnear, then 
A' (ABC.) = A (A^B^Q'...), i.e. (ABC.) = (A'B'G'...). 

3. Gifoen three pairs of corresponding points ABC, A'B^G' 
of two Jwmographic ranges on a conic, to construct the point 
If corresponding to B. 

The meets (Aff-, A'B) and (AC'-, A'C\ give the homo- 
g;raphic axis; and we know that (AB^ \ A^D) is on the 
h(^ographic axis. Hence the construction — Let A^D cut 
the homographic axis in 5, join Ah, cutting the conic again 
in the required point 2/. 

4. Two homographic ranges on a conic have two common 
points, vie, the points where the homographic axis ctUs the conic. 

Let the homographic axis cut the conic in X and Y. To 
get the point X^ corresponding to X, we join A^ to X 
cutting XT in X and then join AX cutting the conic again 
in X\ Hence X' is X. So T' is Y. 

And there can be no common point other than X and Y. 
For if D and If coincide, then each coincides with b. 
Hence D, Jf and b must be at X or Y, 

If E, F are the common points of the homographic ranges 
(ABC.) and (A'B'C...) on a conic, then 

(EF, AA') = (EF, BB") « ... ; 
and, conversely, if E and F are fixed points on a conic and 
P and B' variable points on the conic stMh that (EF, PF^ is 
constant, then P and P' generate homographic ranges on the 
conic. 

Consider the pencils subtended at any point on the conic. 
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5. Eeciprocally, two homographic sets of tangents to a conic 
can he formed hy dividing two tangents homographicdlly in 
ABC-- and A^JB^G\.. ; then the second tangents from ABC. 
will form a set of tangents homographic with the second tangents 
fromA'B'C... 

For any tangent will cut the two sets in homographic 
ranges. 

Again, aU the cross joins mil pass through a point called the 
homographic pole; and the tangents from the homographic pole 
will he the self-corresponding lines in the two sets of homographic 
tangents. 

This follows by Eeciprocation from the previous articles. 

Ex. 1. The points of contact of two homographic sets of 
tangents are homographic ranges ; and, conversely, the tangents 
at points of two homographic ranges on a conic form homographic 
sets of tangents. 

For tangents are homographic with their points of 
contact. 

Ex. 2. The pencils A (PQE ...) a/nd A'{PQE ...) are homo- 
graphic. A line meets AF vnp, JJF in p\ and so on. Show 
that there are two positions of the line such that 
pp' =z 01^ =z r/ ^ .... 

Viz. the asymptotes of the conic through AA'FQB .... 

Ex. 3. The joins of corresponding points of two homographic 
ranges on a conic touch a conic hming double contact with the 
given conic at the common points of the given ranges. 

Let AA^ cut XY ia % the tangent at X in a, and the 
tangent at J* in a^ ; let BB^ cut XT ia M, the tangent at 
X in h, and the tangent at T in h\ Let AB", A'B cut XY 
in K. Then 

{ALA'a) = X(ALA'a) = {AYA'X) = {BTB'X) 
[since Xf T are the common points] 

= YiBYB'X) = (BVB'M) = (B'MBV). 
Now AB\ LM and A'B meet in K. Hence db' passes 
through K. So a% passes through K. Hence XY, ab\ a'h 
are concurrent. Hence, by Brianchon, a conic touching the 
conic at X and at Y and touching AA' will also touch BB\ 
and similarly GO', &c, (See also XXIX. 10.) 

6. Given a come and a ruler, construct the common points of 
two homographic ranges on the same line. 
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Let the xttnges be ABC ^^ . and A^S^Q\. . * Take any point 
p on the eonie» and let pA, pA\pB,pB^, .*. eut the confe 
again in a» a^ h, }i\ .«.« The ranges abe... and uVc\.. on 
the c<mio are faomogra^ic ; for 
(ahc.) =i)(a&c...) = (-4-BC...) = (A'JBfC\..) 

^ piA'ffC'^^^)^ W(f...). 

Now determine the homographic axis of the ranges («i&c*«^) 
and (aT</«%.) by connecting the cross m^i^s {uV ; a%), &c. ; 
and let this axis cut the conk in cc and ^ Then if px and 
1?^ cut AB in Z i^d F, X and F are the common points of 
the ranges ABC ^.^ and A'B^C\.. . 




For 
{XYABC ...) - jp(ZZ15(7.,.) «= («^^a*c .,.) *= (a^aVc',..) 

«i>(a^a'&V...) = {XYA'B'C'...); 
i.e. XT correspond to themselves in the ranges ABC... and 
A'B'C... . 

(riven a conic and a rukr^ construct the commm rays of two 
hmographic pmcUs havmg the same vertex. 

Join the vertex to the common points of the ranges 
determined by the pencils on any line, 

Ex. Given two pairs of corresponding poirds of two homo- 
graphic ranges and one common pointy construct the other common 
point. 
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RANGES IN INVOLUTION 

1, If we take pairs of corresponding points, vias. AA\ 
SSf, QG\ J)Ifr EE% *.^ on a line, suck that a cross ratio of 
any four of these points (say AI/^ C'-B) is equal to the 
corresponding cross ratio of the. corresponding points (viz. 
A'D, GE% then the pairs of points AA% Bff, CC\ .-* are 
said to be in involution or to form an inYolution range. 

Or more briefly— If the ranges (AA'BB^QC^.:^ and 
{A'AJBfBC'C .,*) are homographie, then the pairs of points 
AA', BB^y GG%... are in involntion. 

To avoid the use of the vague word ' conjugate ' let us call 
each of a pair of corresponding points^ AA' say, the mate of 
the other, so that A is the mate of A' and A^ is the mate 
of A. Let ua call AA^ together a pair of the involution^ 

There is no good notation for involution* The notation 
we have used above implies that A and B are related to one 
another in a way in which. A and ff are not related ; and 
this is not true. If we use the notation ABj CD, EF, ... 
for pairs of points in involution, this obieetion disappears ; 
but there is now nothing to tell U3 that A and B are 
corresponding points. 

2.. The following y» tlio fundamental proposition in the 
subject and enables us to recognize a range in involution. 

If two homographie ranges, vig. 

(AA'BGD ...) qM {A'AB'G'jy...)^ 
be such that to one point A corresponds the same point, viz. A', 
wMchever ra^tge A is siipposed to belong to, the same is true of 
every other point, and the pairs of corresponding points AA', 
BB^, GG', DI/, ... are in imdv^ion. 

We have to prove that 

(AA'BB'GC'DIf..,) = {A'ABTBG'GJaB ...), 
given that {AA'BCI) ...) = (^'^-B'C'D'...). 
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Now if P be considered to belong to the first range, its 
mate P' in the second range is determined by the equation 
{AA'BF) = {A'AB'P'). 

Let P be ^, then the mate P' of ^ is given by the 
equation {AA^BB^) = (A^AB^F^). Now we have identically 
{AA'BB') = (A'AB'B). Hence P' is B. Hence B has the 
same mate, viz. J5', whichever range it is considered to 
belong to. Again, we may consider the homography to be 
determined by the equation (AA^CP) = {A^AC'P^; hence, 
as before, C has the same mate in both ranges. Similarly 
every point has the same mate in both ranges, i. e. 
{AA'BB'CC. . .) » {A'AB'BC'G . . .). 

The commonest case of this proposition is — 
If {AA'BG) = {A'AB'G'); 

then AA^j BB^, CC are m mvoltdion. 
■ Two pairs ofpomts determine an involution. 

For the pairs of points PP^ which satisfy the relation 
{AA'BP) = {A'AB'P') are in involution. 

Notice that an involution range projects into an involution 
range; for the homographic ranges {AA^BB' ,,,) and 
{A^AB^B .,,) project into homographic ranges. 

Ex. 1. If (GB, AA') and (G'B% AA') he harmonic, then 
(AA\ BB^y GG^) are in involution. 
For (CB, AA') « (C^, A' A). 

Ex. 2. If ((M, A'JET) = {AB, A'G') = -1, then (AA\ 
BB^j GG^ is an involution, 

Ex. 8. XfiAA', BG) = (BB", GA) = {GG% AB) = - 1, 
show that (A' A, B'G') -= {B'B, G'A') = (C'C, A'B") = - 1, 
and that (AA\ BG\ B'G), (BB", AG\ A'G\and (GG\ AB', A'B) 
are involutions. 

Project the range so that A goes to infinity. 

3. If AA\ BB^y GG' he three pairs of points in involution, 
thefolUmmg relations are true, viz, 

AB^,BG\CA'^ ^A'B,B^G.G'A, 
ABf.BG.G'A'^ -A'B,B'G\CA, 
AB . BfG', GA' = - A'B', BG, G'A, 
AB,B'G.G'A'^ '-A'B',BG\GA, 
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Take any one of the relations, viz. 

AB . B'G'. CA' = - A'B". BC. G'A. 
This is true if AB/BC -r AC'/l = -A'B'/B'C' -f A'C/1, 
i. e. if AB/BC -r A G'/C'C = A'B'/B'G' -f A'G/GG% 
i.e. if (4C, ^C) = {A'G', B'G). 

And this is true ; hence the relation in question is true. 

Similarly the other relations can be proved. 

Conversely, if cmy one of these relations he tme, then AA% 
BB^, GG' are in involution. 

For suppose AB.BfG'.GA'^ --A'JB'.BG.G'A; then as 
above {AG, BG") = (A'G', B^G) ; hence AA% BB", GG' are in 
involution. 

Ex. If{AA\ BBf, GG') he in involution, then 

{A' A, BG) . (B'B, GA) . (G'G, AB) = - 1. 

4. If AA\ BB% GG\ ... he in involution, and if any fioned 
pair of corresponding points XTU' he taken as origins, and if 
FB' he any variable pair of corresponding points, then 

TJP.UB'-r' U'P.U'P' 
is constant. 

It will be sufficient to prove that 

UP.UJP'-i- U'P.U'P'-^ UA.UA'^U'A.U'A', 
where AA^ is a fixed pair of corresponding points. This is 
true iSPU/UA^PU'/U'A = P'TT/WA' -^ P'U/UA', i.e. if 
{PA, UU') = {P'A% U'ZT). And this is true ; hence the 
relation in question is true. 

Particular cases of this theorem are — 

AB.AB'-i-A'B.A'Bf^AG.AG'^A'G.A'a, 
GA . GA' -^ G'A . G'A' = GD. Glf ^ G'D. G'!/. 
Conversely, if UU' he fixed points, and if PP^ he variable 
points such that UP. UP'-^ TfP. TTP" is constant; then PP^ 
generate an involution in which UV are corresponding points. 

For take any point A and let A^ be the position of P^ when 
P is at u4. Then 

UP. UP"-^ U'P. U'P'^ UA . UA'-¥ U'A . U'A'; 
hence {PA, UU^ = {P'A', WU), i. e. P and P' are corre- 
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spending points in the involutioa determined by the two 
pairs AA', UlT. 

5. In an involution rcmge^ if any two of the segments AA\ 
BBf, ... hounded by corresponding points overlap, then every 
two overlap ; and if any two do not overlap, then no two 
overlap. 

For suppose AA^ and BB^ overlap, tben any two others 
CC and Djy overlap. 

A B A' Bf 

AB.AB" ACUCr 
^"""^ A'B.A'B''' A'CA'C 
But since AA^ and BB^ overlap, the sign of 
AB.AB'^A'B.A'B' 
is -. Hence the sign of AG.AC^-^A'C.A'G^ is -. 
Hence AA^ and CO' overlap ; for if AA^ and CC do not 
overlap, the sign of this expression is + , lis we see from the 
figures — 

A A' C (/ A C (T A' 

We have shown that if -UL' and BB^ overlap, thea A A' and 
CO' overlap. Hence, since CC and AA* overlap, it follows 
that CCy and 2)2/ overlap^ i.e. that every two such segments 
overlap. 

Conversely, suppose AA^ and BB^ do not overlcEp, then CC 
and Dlf do not overlap ; for if they do overlap, by the first 
part of the proof it follows that AA^ and BB^ overlap^ 

6. The centre of an involution range is the point correspond- 
ing to the point at infinity. 

If he the centre of the involution of which P and P^ are a 
pair of corresponding points, then OP. OP' is consta/nt; and, 
conversely, if a pair of points P and P' he taken on a line, such 
that OP. OP' is constant, then P and P' generate an involuU&n 
range of which is the centre. 

Let be the centre of the involution range {AA', BJff, 
PP', ...). Then Of being the point at infinity upon the 
line, we have by definition 
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(OQfAA'BB'PP^ « (QfOA'AB'BP'P)) 
.-. (OQf,AP)^(QfO,A'P')', 
.\ OA/AQf-¥OP/PQ:=^QfA'/A'0^a'P'/P'0, 

and AQf=^ P^' and QfA'^ a'P"; 
.-. OP. 0P'= OA . 0A\ which is constant. 
Conversely, if OP, OP' be constant, let A' be the position 
of P' when P is at JL. Then we have OP. OP'^ OA . 0A\ 
Hence by writing the above steps backward we get 

(OQfAP) = (a'OA'P\ 
where Qf is the point at infinity on the line. Hence P and 
P' are a pair of corresponding points in the involution 
determined by {OQ>',AA\ i.e. P and P' generate an involution 
of which is the centre. 

Bx. 1. If he the centre of the involution (AA^Eff, CC\ ...), 
showthat AB.AJ^^A'B.A'ff^AO^A'O. 

To prove this, make the relation projective by introducing 
infinite segments in such a manner that the same letters 
occur on each side of the relation. We get 

AB.AB'^A'B.A'B'^AO.AQf-^A'O.A'Qf, 
and this is a particular case of the theorem 

AB.AB'-^A'B.A'B'^AC.Aa-r^A'C.A'e. 

Ex. 2. Show that OAiOB: zAB": BA\ 

Ex. Z.Ifa hised AA' and jS bisect BB^, show that 
(a) ^.AO.a^^AB.AB"; 
(6) 4:.a0.a^^AB.AB' + A'B.A'B'. 
To verify any relation connecting points in involution, we 
take as origin and use the fact that aa'=^W= ...=^ Jc, 
putting a'=s h/a, 6'= Jc/h, .... 

^ . ry .j^.AAf AB.A'G ^AB'.A'C' 
Ex. 4. Prove that AA'= — -^ — + — ^ , . 

Project A to infinity ; then A' becomes 0. 

Ex. b. If P he any point on the line of the involution AA\ 
BBfy CC'j prove that 

^,.B(y.PA'+^.C'A.PB'==AB.Pa 
Ex. e. Prove that ^tj, ' BC'+ -^^ • C'A = AB. 
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This is not a projective relation ; so we use the method 
of Ex. 8. 

Ex. 7. Any two homographic ranges can be placed in two 
ways so as to he in involution. 

Viz. by placing I on J' and placing A and J.' on the 
same or opposite sides of which is now I and J\ 

Ex. 8. Of these two involutions one is overlapping and the 
other not. 
Consider 0X2', AA\ 

Ex. 9. Xf any four points on a line he inverted for any point 
on this line, every cross ratio remains tmchanged. 

For if OA . OA' =OB.OB'= OC. OC = OD. OJ/, then 
{AA%BB', CC\ DT/) are in involution. Hence 
{AA'BffCC'JDiy) = (A'AB'BC'CI/D). 
Hence (A^B^C'If) = (ABCD). 

Ip A point on the line of an involution range which 
coincides with its mate is called a double point (or focus) of 
the involution. 

An involution range has two, and only two, double points; and 
the segment joining the double points is bisected by the centre and 
divides the segment joining any pair of corresponding points 
harmonicaUy. 

If AA^, JPP' be two pairs of corresponding points of an 
involution whose centre is 0, we have seen that 

OF.OP'^-OA.OA'. 
Suppose P and 1^ coincide in E. Then 01? = OA.OA% 
hence OE = ± VOA . OA'. Hence there are two double 
points, E and F say, which are equidistant from 0. Also, 
since OE^ = OE^ = OA . OA' and bisects EF, it follows 
that (AA', EF) is harmonic, L e. EF divides the segment 
joining any two corresponding points harmonically. 

Conversely, if the pairs of points AA', BBf, ... o» the same 
line are such that points E, F can be found which are harmonic 
with every pair, then (AA', BBf, CC) is an involution, of which 
E and F are the double points. 

For bisect EF at 0. Then since {EF, AA') is harmonic, 
OA . OA' = OE^ So OB.OB'^ OE^ and so on. Hence 
OE^ = OF^ = OA . OA' = OB. OB' « ... . 
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Notice that the centre is always real, being the mate of the 
point at infinity. But the double points will be imaginary 
when OA . OA^ is negative, i. e. when lies between A and 
A\ If the double points coincide, the centre must coincide 
with them for bisects EF. Also since OA . OA' = OE^ = 
in this case, one of each pair of corresponding points 
Af A' must be at and the other may be anywhere. Con- 
versely, if we take any number of points A, B, C, ... aU coinci- 
dent, and any points A\ B", C, ... such that A, A', B', C% ... 
are collvnear, then (AA\ BB', C(T, ...) is an involution; for 
A, A' are harmonic with E, Fit E, F are both at A, since 
three coincident points are harmonic with any other point. 

8. The double points of an overlapping involution are imaginary 
and those of a nonroverlappi/ng involution are real. 

Take the centre of the involution. Then 

0A.0A'= OB.OB" = ... = OE^^OF'. 
Now in an overlapping involution 0^' and AA' overlap, 
i. e. lies between A and A\ Hence OA . OA' is negative, 
i. e. OE^ and OF^ are negative, i. e. E and F are imaginary. 

Similarly in a non-overlapping involution, OE^ and OF^ 
are positive, i. e. E and F are real. 

An overlapping involution is sometimes called a negative 
involution and a non-overlapping involution is called a positive 
involution, 

Ex. 1. If E and F be the double points of {AA', BB', 
CCr, ...), show thatAB.AJ^-^A'B.A'B' = AE^^A'E^ 

Ex. 2. Also AB'.BE. EA' A'B. BfE. EA. 

Ex. S. Also EF'2 . a^2 ^ j^s . AB' . A'B . A'B'. 
Take as origin. Then 

c2 = oa' = 66' = ... and JEF = - 2e. 

Ex. 4. If the segments AA\ BB^, ... joining corresponding 
points have the same middle point, show that AA', BB', ... form 
an involution ; and find the centre and double points. 

Of the point at infinity and E the middle point are 
harmonic with every segment AA\ Hence Of, E are the 
double points and 0/ is the centre. 

o 2 
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Ex. 5. IfAA% Bff he pairs of points in an involution, one 
of whose double points is at infinity, then AB = -A^B'. 

Ex. e. If any transversal through V (the internal vertex of 
the harmonic triangle of a quadrilateral drcumscrihing a conic) 
cut the sides in AA', BBf and the conic in FP^ ; show tJiat 
(AA\ BBf, PP^) is an involution, the double points being V and 
the meet of UW mth the transversal. 

Ex. 7. Through a given point draw a line meeting two 
conies (or two pairs of lines) in points AA\ BB' such that 
(OAA'BBT) = (OA'AJffB). 

Join to the meet of the polars of 0. 

9. A system of coaxal circles is cut by any transversal in 
pairs of points in involution. 

For if the transveisal cut the circles in AA\ BB^, CCf, ... 
and the radical axis in 0, then 

OA . OA' = OB. OB" =00. OC ^ .... 
Hence AA', BB^, CC^, ... form an involution of which is 
the centre. 

Ex. 1. Crive a geometrical construction for the double points 
of the involution determined on a line by a system of coaxal 
circles. 

Ex. 2. A line touches two circles in A and A' and cuts 
a coaxal circle in B and B^ ; show that (AA', BB^ is 
harmonic. 

Ex. 3. Of the involution determined by a system of coaxal 
circles on the line of centres, the limiting points are the double 
points. 

Ex. 4. Any line through the radical centre of three circles cuts 
them in pairs of points in involution. 

Ex. 6. If a line meet three circles in three pairs of points in 
involution, then either the circles are coaxal or the line passes 
through their radical centre. 

10. If EF be the double points of an involution of which A A' 
and BB' are a/ny two pairs of corresponding points, then (AB', 
A'B, EF) are in involution, and so are (AB, A'B^, EF). 

For (AB", A% EF) are in involution if 

(ABEF) = (B'A'FE), i. e. = (A'B'EF) ; 
and this is true, for E corresponds to itself and so does F. 



xvii] Banges in Involution 197 

SimUarly (AB, A'Bf^ EF) are in involution. 

Notice that we have incidentally proved that if E, F are 
the common points of the two homographic ranges (ABC ...) and 
(A!BfC ...), iy^n (JLjy, A'B, EF) is an involution. 

Ex. If in two homographic ranges, the common points are 
harmonic with any one pair of corresponding points, the ranges 
are in involution. 

For if (EF, AA") = - 1, [EF, AA") = {EF, A'A). Hence 
{EFAA'BC ... ) = {EFA'AB'C ...). Hence A, A' are inter- 
changeable. 

*11. If AA\ BB', CC hz pairs of points in involution, and if 
P,Q,Rl>e the middle points of A A', BB", CC, show that 

A'AKQB + B'BKBP+C'OKPQ + 4PQ.QB.RP='0; 
and ifUhe any point on the same line, then 
{AU^ + A'U^)QR+{BU^ + B'IP)BP+(CTP-^C'U^)PQ 

= -4.Pq.QB.BP. 
Take the centre of the involution as origin and use 
abridged notation ; then if OA' = a^, and so on, 

A^A^ = (a - tti)^ = a^ + a^^ - 2 oai = (a + aj^ - iaa^. 
But a+ai = 2j) and QB^r-q^, 

and aai ■= Ubi = cc^ = X, say ; 

.-. J['^^Ci2 = (4i?2_4A)(r-g); 
.'. 2(JL'^^G22) = 4 2jp2(r-g)-4A2(r-g) 
= -4:(q-p)(r-q)(p-r) 
= -APQ.QB.BP. 
Again, if a; be the distance of U from the origin 
ATP^{x-a)K 
Hence 2 {{AlP :\- A' U^ QB} 

= 2{[2ar*-2^(a + ai) + a2 + ai2](r-g)} 

+ 2{a2 + ai2-2aai + 2A}(r-g) 
'=I>A'AKQB 
= - 4PQ .QB.BP by the former part. 

Ex. 1. With the same notation, show that 

AB . AB'/AC.AC = PQ/PB. 
Ex. 2. Also, X being a/ny point on the same line, 
XA . XA\ QB + XB. XB". BP+ XC. XC\ PQ = 0. 



/ 
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12. Take any point V on the line of the involution. 
Then 0P= VP-VO=^x-r, say; so OP'=af-r. 

.*. OP. OP' — constant gives (x-r) (ic'-r) = constant 
which is of the form Jcxaf + Z (a; + ar') + n = 0. 

Hence the distances of pairs of points in an involution from 
any point on the line satisfy the relation kxoif + ^a; + ar') + n = 0, 
tvhere k, I and n are constants. 

Conversely, if this relation he satisfied, the pairs of points 
form an involution. 

For Jeocx' + l{x + x^) + n = can be thrown into the form 
{x - r) [of - r) = constant ; which is the same as 
OP.OP'-= constant. 

Or thus. If (AA', BB\ CO', ...) be in involution, then 
(AA'BB'GC\ .,.) is homographic with (A'AB'BC'G, ...). 
Hence corresponding points in the two ranges are connected 
by a relation of the form to/ ■\-lx + maf + w ■= 0. Also, as 
there is no distinction in an involution between P and P\ 
we must have 1 = m. Conversely, if hcxf + Z (a? + a/) + w = 0, 
P and P' generate homographic ranges in which P and P' 
are interchangeable. Hence P and P' generate an invo- 
lution. 

The double points of the involution defined by 
Tcxx^+lix + xT^ + n = 
are given by the equation hx^ + ^lx + n ^ 0] for at a double 
point X ^ of. To get the centre we put a; = oo in 

lc+l{l/x+l/af) + n/x(xf^O; 
hence a/= -l/lc. 

Ex. 1, Show that P, P' determine an involution if 
AP.B'P' + \.AP+fi.B'P'+v=Oy 
provided A - /ut = AB'. 

Ex. 2. Show that P, P' determine an involution if 
2.AP.BP'=AB.PP'; 
and that A and B are the double points. 
Ex. 8. Show that P, P' determine wn involtdion if 
AP-i^B'P'^c; 
and that one double point is at infinity. 
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13. The relation kxo(f +l{x + a/)-i-n = is called a (1, 1) 
and symmetrical relation because, when x is given, oc^ is 
given uniquely and, when a/ is given, x is given uniquely ; 
also the relation is symmetrical in x and of, so that x and x^ 
are given by the same relation. Just as in the case of 
homography we have — If the points P and P^ move on a 
line in such a manner that when P is given, then P' is known 
uniquely by a rational construction, and when P' is given, then 
P is known uniquely hy the same construction, then P and P' 
generate an involution range, of which they are corresponding 
points. 

For since P and P' are connected by a rational (1, 1) 
construction, they are connected by a (1, 1) relation ; which 
is symmetrical in x and xf because P and P' are given by 
the same construotion. 



XVI AKD XVII 

1. A conic is drawn through the common points of two 
homographic ranges AB . . . , A^B\ . . on the same line. P is 
any point on the conic, and PA, PA' cut the conic again at 
a, a\ Show that a, a' generate homographic ranges on the 
conic, and that the ranges obtained by varying P are 
identical. 

2. Circles of a coaxal system whose centres are A, B, C 
touch the sides MN, NL, LM of a triangle at P, Q, R, and 
circles of the same system whose centres are A', B', C pass 
through the vertices L, M, N" of the triangle. If P, Q, B 
are collinear, show that {AA', BB', CC) is an involution. 

8. If B bisects CC and i^ corresponds to B in the 
involution of which C, C are corresponding points and 
the centre, show that BC^ = BB'. BO. 

4. E and F are the double points of the involution 
{AA',BB'). Show that 

AB.AB' AE.AF 

A'B.A'B' A'E.A'F^ 

6. If each of the sides of a triangle meets three circles in 
pairs of points in involution, the circles aie coaxal. 
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6. The three circles drawn through a given point F, one 
coaxal with the circles o^ and €2, one coaxal with the circles 
O2 and c^j and one coaxal with the circles 03 and Ci, are 
coaxaL 

7. Prove the following construction for the common 
points of the two homographic ranges (ABO,,.) and 
U'-B'C'...). Take any point P and let the circles FAB" 
and JPA'B cut in ft and let the circles FAC and PA'C 
cut in B ; then the circle BQB will cut AA' in the required 
points. 

8. If ^ is a double point of the involution (AA\ BB^ 
and if P bisects AA^ and Q bisects BB^, show that 

A'AyPJE''B'ByQE=4PQ. 

9. If {AA^y BB^y CC^ is an involution and P any point 
on AA^, show that 

ii)^^.BB^.^.B^A.%.AB^O. 

(ii) ^,.5JB'.P^'+^.^^.P^+g.JL5.P5 = 0. 

10. If {PP% QB, OfB") and (PP', QBf, QfB) are involutions, 
show that P, P' ai-e the double points of the involution 
determined by (QQf, BB^. 



CHAPTER XVIII 

PENCILS IN INVOLUTION 

1- The pencil of lines VAy VA\ VB, VB", FC, FC, ... is 
said to form a pencil in involution if 

ViAA'BB'CC'...) = ViA'AB'BC'C...). 

Any transversal cuts an involution pencil in an involution 
range ; and, conversely, the pencil joining any involution range 
to any point is in involution. 

Let a transversal cut an involution pencil in the pairs of 
points AA^, BB", GC% .... Then, since 

Y(AA'BB'CC\..) = Y(A'AB'BC'C...)j 
we have 

(AA'BB^CC...) = ViAA'BB'CC'...) 

= ViA'AB'BO'C.,,) = (A'AB'B'C'C...). 
Hence (AA'BB'CG'. . .) = (A'AB'BC'C . . .)• 

Hence (AA\ BB^, CC% ...) is an involution. 

Conversely, if (AA\ BB^, CC\ ,..) is an involution, we 
have (AA'BB'CC. . .) - (A'AB'BC'C . . .). Hence 

V(AA'BJffCC\.,) « (AA'BB'CCr...) 

= (A'AB'BC'O...) = V(A'AB'BeC...). 
Hence V{AA\ Bff, C0\ ...) is an involution. 

Notice that {he reciprocal of a range in involution is a pencil 
in involution ; for the reciprocals of the homographic ranges 
(AA'BB'CC,.) and (A'AB'BC'C ...) are the homographic 
pencils {aa\ W, a!, ...) and {p!a, Vh, c'c, ...). 

Ex. 1. If T{AA', BB^, ceo ^ « 19^''^ «^ involution, show 
that BinAVB.&mB'VC. sin C'VA' 

« -sin^'FB'.sinjBFC'.sinCFA 
Consider a section of the pencil. 

Ex. 2. If V he any point on the homographic aom of the two 
homographic ranges {ABC.) a/nd (A'JffC^..) on different lines; 
show that V(AA', BB! , C(T, ...) w an involution pencil. 
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Let X'Y be the mates of the point X{^Y^ where AB 
and A^B' meet. Then V is on X^Y. Hence 
V(XX'ABC...)= V{XYABC.„) 
= ViX'Y'A'B'C'...) by homography = ViX'XA'B'C'.,.). 
Hence F(XX', AA'y BBf, ...) is an involution, 

Ex. 8. Reciprocate Ex. 2. 

Ex, 4. Any two homographic pencils can he placed in two 
ways so as to he in involution. 

Let the pencils be V{ABC...)^ y'(A'B^G'...). First, 
superpose the pencils so that F is on F' and YA on Y'A\ 
This can be done in two ways. Let YX(^ F'X') be the 
other common line of the two pencils 

F(-45(7...)= F(JL^(7'...). 
Thenin the original figure AVX = A'Y^X\ Second, place 
F on F' and YA on YX' and YX on Y'A\ The two 
pencils are now in involution; for F4(= Y'X') has the 
same mate, viz. F'^'(=» YX) whichever pencil it is 
supposed to belong to. 

If the vertices are at infinity, place the pebcils so that 
all the rays are parallel. Let any line now cut them in 
the homographic ranges {ahc ...) = (a'&V...). Now slide 
{a!Vc\„) along {pbc ...) until the two ranges are in involution 
(either by Ex. 7 of XVIL 6, or by a construction similar to 
the above). 

2. A pencil of rays in involution has two douhle rays {i. e, rays 
each of which coincides udth its corresponding ray), and the 
douhle rays divide harmonically the angle hetween every pair of 
rays. 

Let any transversal cut the pencil in the involution 
{A A', BBf, CO', ...), and let E, F he the double points of 
this involution. Then YE corresponds to itself in the 
involution Y(AA% BB% C0\ ...) since E corresponds to 
itself in the involution (AA% BB', CC\ ...). Hence YE 
is a double ray. So YF is a double ray. Also (AEA'F) is 
a harmonic range ; hence Y(AEA'F) is a harmonic pencil. 
Similarly YE, FJP divide each of the angles BYB", CYC, ... 
harmonically. 

Note that there is nothing in an involution pencil which 
is analogous to the centre of an involution range. In fact 
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the point at infinity in the range AA\ BB^, CC% ... will 
project into a finite point on another transversal, and will 
project into the mate of this finite point. 

If, however, V is at infinity, i, e, if the rays of the pencil 
are parallel, then all sections of the pencil are similar, and 
there is a central ray which is the locus of the centres of all 
the involution ranges determined on transversals. 

Jfthe angles A YA\ BTff, CVO% ...he divided harmmicaUy 
hy the same pair of lines, the pencil V(AA\ BB^, CC^, ...) is in 
mvolutioh. 

For, in a section, AA^j BB', ... are harmonic with EF. 

If the double rays ofa/n involution pencil are real, none of the 
angles hounded hy corresponding rays overlap, and if the double 
rays are imaginary, all the angles overlap. 

For a similar theorem holds for the double points of 
a section of the pencil. 

Ex. 1. If the angles AVA', BVB\ ... are bisected hy tJie 
same line, then Y(AA\ BB\ .,.) is an involution, 

Ex. 2. If the double rays of a pencil m involution he per- 
pendicular, they bisect aM the angles hounded by corresponding 
rays. 

Ex. 8. If two angles A YA', BYB' hounded hy corresponding 
rays of a pencil in involution have the same bisectors, then all 
such angles have the same bisectors. 

Ex. 4. Find the locus cf a point at which every segment (AB) 
of an involution subtends the same angle as the corresponding 
segment (A^B^. 

The circle on FF as diameter. 

Ex. 5. Through any point are dravm chords AA% BB^, 
CC\ ... of a conic; show that AA', BB^, CO' subtend an 
involution pencil at any pomt of the polar of 0. 

Ex. e. Bedprocate Ex. 5. 

Ex. 7. IfABA^B^ he four points on a conic, and if through 
any point on the external side UW of the harmonic triangle 
of ABA'B^ there he draum two tangents OT and OT to the^ 
conic ; show that (AA% Bff, TT^ is a pencil in involution, 
the double lines being OU and OY. 
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Ex. 8. Show that in an involution pencil 
WinAVB.BmAVB' em AVC. Bin AVC Bin^ AVE 
sin^'FB.sin^'F^ *" smA'VC.sinA'VC' ^ sin^A'VE' 

3. IfAVA', BYB", CYC, ... le all right angles, then the 
pencil Y(AA\ BB^, CG% ...) is in involution. 

We have to show that 

YiAA'BB'CC'...)^ YiA'AB'BC'C...). 

Produce AY to a, BY to b, and so on. 

Then if we place YA on YA\ YA' will fall on Ya, and 
so on. Hence the two pencils 

Y{AA'BB!...) and YiA'aB^h ...) 
are superposable and thereforis homographic. But 

Y{A'aB'b ...) 
is the same as YiA'AB'B ...) ; hence YiAA'BB"...) and 
Y{A^AB^B ...) are homographic. 

Otherwise: — Prom the vertex Y drop the perpendicular 
YO on any transversal AA'BBf .,. . Then, since AY A' is 
a right angle, we have YQ^ ^ AO. 0A\ 

Hence OA . OA' = OB . OB' =OC.OC= .... 

Hence (AA', BB^, CC\ ...) is an involution range. 

Hence Y(AA\ BB!, CC\ ...) is an involution pencil 

Ex. If through the centre of an overlapping involution 
(AA\ BB^, ...), there he drawn YO perpendicular to A A' and 
such that YG^ ^ AO. 0A\ then any four points of the involution 
subtend at Y a pencil superposable to that subtended by their 
mates. 

4. In every involution pencil, there is one pair of correspond- 
ing rays which is orthogonal; and if more than one pair be 
orthogonal, then every pair is orthogonal. (See also XX. 6.) 

Take any transversal cutting the pencil in the involution 
(AA', BB\ CC% ...). Through the vertex Y draw the circles 
YAA', YBB' cutting again in Y\ Let YY' cut AA' in 0. 
Then OA . OA' = OY . OY' « OB. OBT. Hence is the 
centre of the involution. Hence 

oc. oc « OA . OA' ^OY. or. 

Hence the four points F, Y', C, C are concyclic; i.e. the 
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circle VCC^ passes through V\ Similarly all such circles 
pass through F'. Also every circle through VV^ cuts AA' 
in a pair of points PP' of the involution ; for 

OP. OP' = OV. OV = OA . 0A\ 
Let the line bisecting W at right angles cut AA' in Q. 
Describe a circle with Q as centre and with QF as radius, 
cutting AA' in PP\ This circle will pass through F' and 
hence P, P^ are a pair in the involution. Also PYP' is 
a right angle. 

This construction fails in only one case, viz. when W is 
perpendicular to AA\ In this case, the orthogonal pair are 
VV and the perpendicular to VY' through F. For the 
point at infinity on AA' corresponds to which is 
on yY\ 

Also if two pairs are orthogonal, every pair is orthogonal. 
For suppose AYA^ BYB' are right angles. Then the 
centres of the circles A YA' and BYl^ are on AA'. Hence 
AA' bisects YY' orthogonally. Hence the centres of all the 
chiles AY A', BYB", CYC% ... are on AA\ Hence all the 
angles ^FJL', BYB", CYO\ ... are right angles. 

Notice that we have incidentally proved the following 
construction for the centre and the point corresponding 
to a given point P in the involution determined by the 
pairs of points AA\ BBfj viz. Take any point F and let 
the circles AY A' and BYB' intersect again at F'; then 
YY' cuts AA' at the centre 0, and the circle PYY' cuts AA' 
again at the point P' corresponding to P. 

Again if with centre we draw a circle with radius 
equal to a tangent OT from to the circle A YA% this circle 
cuts A A' in the double points E, F; for 

OE^ = OF^ = 0T2 = OA . 0A\ 

Ex. 1. Shaw that a given line YX through the vertex always 
bisects one of the angles A YA', BYB^, ... ofoM involution. 

Take AA' perpendicular to FZ, and take the centre of 
the circle FPP' on YX. 

Ex. 2. Oiven two pairs A, A' and B, Bf of cm involution 
and the middle jrnnt of CC, construct C and C\ 
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Ex. 8. Oiven a segment A A' of an involution and the centre 
0, constmct the mate of C. 

Ex. 4. Oiven two involutions {AA\ BB^, .,.) a/nd (aa\ 
hi/,..,) on the same line; find two points which correspond to 
one another in both involutions. 

Let aa\ Wy ... give v\ just as AA\ BB^, ... gave V\ 
Now draw the circle VVif. 

Ex. 5, If VR is one of the orthogonal rays of the involution 
pencil V{AA\ BB", CG\...\ show that i2diB7A.ifaiBVA' 
is constant. 

Take a section perpendicular to VB. 

5. Every overlapping pencil in involution can he projected 
into an orthogonal involution. 

Let any transversal cut the pencil in the overlapping 
involution of points (AA', BB", CO', ...). On AA\ BB" as 
diameters describe circles. Since AA^, BB^ overlap, the 
circles will cut in two real points U and U\ Now, since in 
the pencil in involution U{AA% BB^, CC\ ...) two pairs of 
rays, viz. Z74, JJA^ and KB, ZZB', are orthogonal, it follows 
that every pair is orthogonal. 

Eotate K about AA^ out of the plane of the paper. With 
any vertex W on the line joining U to the vertex V of the 
given pencil, project the given pencil on to any plane 
parallel to the plane UAA'. Then YA projects into a line 
parallel to TJA, and YA^ projects into a line parallel to TJA' ] 
hence ^ FJ.' projects into a right angle; similarly BYB^, 
CYC\ ... project into right angles. 

Ex. 1. {AA% BB^, CC\ ...) is an involution. Show that the 
circles on AA% BB", CC\ ...as diameters are coaxal 

Ex. 2. Show also thatAA\ BB", CCf, ... subtend right angles 
at two points in the plane. When are these points real 9 

*e. IfP, Q, B he the fourth harmonics of the point Xfor the 
segments AA\ BB^, CC of an involution range, then 
PA^ QR Q&_ BP BC^ PQ^ PQ.QR.BP 
XA^ ' XP^ XB^ ' XQ "^ XC^ ' XB "*" XP. XQ. XB 
Join the points to any vertex F; and cut the pencil so 
formed by a transversal aa^, hV, cc\ p, q, r, x. Then, since 
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the given relation is homogeneous in the points, we see that 
the relation need only be proved of the projections aa% &c. 
of the given points. Now take aa^ parallel to VX. Then 
X is at infinity. Hence 

xa^.xp __ xa^ . xp __ ^ xa^.xp _ ^ 
xh^.xq ' x<?,xr ' xp.xq.xr^ 
Hence the given relation is true if 

pa^ • qr+ ql^ , fp + rc^ . pq +pq Iqr.tp = 0, 
But now p, q, r bisect aa^, W, cd ; hence this relation is 
true by XVII. 11. 

Ex. 1. SJimo also that 

where Yis any point on the same line. 

Ex. 2. Also 

QE.XP BP.XQ FQ.XB ^ 
XA.XA' XB.XB"^ XG. XC 
Take T at infinity. 
Ex. 8. Also 
^^ + ^ + ^ « i/Pi, Ci, J?i Wect AA% BBT, CG\ 



ZPi XQ^ Z-Ri 
For, by II. 2, end, ZP. XPi = XA . Z^', &c. 

Ex. 4. J/ (^^', 5^) - {XC, AA^ = (ZC, 5^) « - 1, 
fAe» (-4 JL', ^^, COO are in involution. 

Project A to infinity, and prove that &^ = C(f. 

Ex. 5. If(AA\ BB^ and (AA% QQ^ he harmonic, then 

7. Just as in the case of homographic pencils, we see, by 
taking a section of the pencil, that— j^/" VP and YP' are 
rays such that if VP is given, then VP^ is Tcnown uniquely hy 
a rational construction and when VP^ is given, then VP is 
known uniquely hy the same construction, then VP and VP^ 
generate an involution pencil of which they are corresponding rays. 
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Ex. 1. If VX he any line, show that the (1, 1) symmetrical 
relation is of the form 

A; tan XFP. tanZFP'+ L tan ZFP+ L tanZ7P' + w = 0, 
where k, I and n are constants. 

Ex. 2. IfVXand VYbe fixed lines, and VP, VP" he variable 
lines satisfying the condition 

sinXVF -r sin YYP = - sin XFP' 4- sin YVP", 
then VP, VP' generate an involution. 

For in the section Z, Y are harmonic with P, P'. 

XVIII 

1. Two homographic pencils have their vertices at infinity. 
Show that any line through their homographic pole deter- 
mines an involution of which the pole is the centre. 

2. If E, F are the limiting points of the circles on the 
collinear segments AA^, BB^ as diameters, show that the 
circles on ABy A'B^, EF as diameters are coaxaL 

3. If 

(GP, AA") = (GQ, BB") « {PP\ BB^ 

show that AA^f BB^, GG^ are in involution. 

4. If {AA'y BB", GG% DlTj is an involution, and if 
(ZP, AA'):={LQ, BB^^iLB, GG") = (LS, 2)D0 = -1, 
show that {PQ, BS) = (AB, GD) x {A'B", GD). 

6. If VA', VB", FC are three bisectors of the angles BVG, 
GVA, AVB (either three external, or one external and two 
internal), then V{AA^, BB^, GG') is an involution. 

e. If YE and ve are any two double rays of the involution 
pencils y(AA\ BB", ...) and v(aa\ bV, ...), and if FFand vf 
are the other double rays, show that if YE and ve intersect 
at 6r and FJPand v/at H, then the pencils are in perspective 
with OH as axis of perspective ; ie. if YA and va meet on 
GH, so do YA' and va\ 



CHAPTER XIX 

INVOLUTION OF CONJUGATE P0INT3 AND LINES 

1. The pairs of points on a line which are conjtigate for a 
conic form cm involution. 

Let { be the line and L its pole. Let AA% BB^^ C(/, ... 
be the pairs of conjugate points on I. Then the polar of A 
which lies on I passes through L. Also the polar of A by- 
hypothesis passes through A\ Hence LA^ is the polar of A. 
So LA is the polar of A\ and so on. Hence (AA^BB'CG^ ...) 
of poles = L {A'AB'BC'C.) of polars = (A'AB'BG'C...). 
Hence {AA% BB^y CC, ...) form an involution. 

TJie douUe points of the involution of conjugate points on a 
line are the meets of the line and the conic. 

For these meets are harmonic with every pair of conjugate 
points on the line. 

This affords another proof that conjugate points on a line 
generate an involution. 

2. The pairs of lines through a point which are conjugate for 
a conic form an involutiofu 

Let L be the point and I its polar. Let LA, LA^; LB, LB^; 
LC, LC ; ... be the pairs of conjugate lines, the points AA\ 
BB^y CC\ ... being on I. Then the pole of LA which 
passes through X is on 2. But the pole of LA by hypo- 
thesis lies on LA\ Hence the pole of LA is A^ ; so the 
pole of XA' is Ay and so on. Hence L{AA'BB'CC' ...) of 
polars = (A'AB'BC'C.) of poles = LiA'AB'BC'C ...). 
Hence Ij{AA\ BB^, CC\ ...) form an involution. 

The double lines of the involution of conjugate lines through 
arpovnt are the tangents from the point. 

For these tangents are harmonic with every pair of con- 
jugate lines through the point. 
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This affords another proof that conjugate lines through 
a point generate an involution. 

Ex. 1. Through every poi/nt can he draum a pair of lines which 
are conjitgate for a given conic and also perpendicular, 

Ex. 2. If two pairs of conjugate lines at a point are per- 
pendiculary all pairs are perpendicular. 

Ex. 3. Given that I is the polar of i, and given that ABC 
is a self-conjugate triangle, construct the tangents from L. 
The pole of LA is the intersection of I and BC. 

3. An important case of conjugate lines is that of con- 
jugate diameters, i.e. conjugate lines at the centre. The 
double lines of the involution of conjugate diameters are 
the tangents from the centre, i. e. the asymptotes. 

Ex. 1. Conjugate diameters of a hyperbola do not overlap, and 
conjugate diameters ofa/n ellipse do overlap. 

Ex. 2. The conjugate diameters CQ, CE cut the tangent at 
P in B, R"; show that BP. PBf = CB^. 

For P is the centre of the involution determined by the 
variable conjugate diameters CQ, CE on the tangent at P. 
Also in the hyperbola the double points are on the 
asymptotes. Hence J?P. PBf = -PT^ = CL^. In the ellipse 
the diagonals of the quadrilateral of tangents at P, P\ 2), Z/ 
give a case of CQ, CE. Hence BP. PB^ = CJD^ 

Ex. 3. Parallel tangents of a conic cut the tangent at P in 
B, Bf; show that BP. PB' = Cl)\ 

For, on completing the parallelogram of tangents, we see 
that CB and CB^ are conjugate diameters. 

Ex. 4. The conjtigcUe diameters CQ, CE cut the tangents at 
the ends of the diameter PP' in B, B' respectively ; show that 
PB.P'BT^ CD^. 
Reflect B^ in the centre. 

4* Defining the principal axes of a central conic as a pair 
of conjugate diameters which are at right angles, we can 
prove that — 

The principal axes of a conic are always real. 

For by XVIII. 4, one real pair of rays of an involution 
pencil is always orthogonal. 
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A central conic (unless it he a circle) has only one pair of 
principal axes. 

Tor by XVIII. 4, if two pairs of rays of the involution 
pencil are orthogonal, then every pair is orthogonal, i e. the 
conic is a circle. 

Ex. Given the centre of a conic and a self-conjugate triangle, 
construct the axes and asymptotes. 

Let be the centre and ABC the triangle. Through 
draw OJL', 0B\ OC parallel to BC, CA, AB. Then the 
pole of OA is the point at infinity on BC. Hence OA and 
OA^ are conjugate diameters; so OB, OB' and 00, 0G\ 
Hence, the asymptotes are the double lines, and the axes are 
the orthogonal pair of the involution (AA\ BB", C(f). 

*5. The feet of the normals which can he draum from any 
point to a central conic are the meets of the given conic, and a 
certain recta/ngular hyperbola which has its asymptotes parallel 
to the axes of the given conic, and which passes, through the centre 
of the given conic, and through the given point. 

Let be the given points Take any diameter CP, and let 
the perpendicular OF on CP cut the conjugate diameter CB 
in Q. Then, taking several positions of P, &c., 

C(<2i<22 ...) = C(D^D^ ...) = C{P,P^ ...) 

= C{Y,T^ ...) = {T^Y^ ...) = (<3i«2 ...). 
Hence the locus of Q is a conic through C and 0. 

This conic is a rectangular hyperbola with its asymptotes 
parallel to the axes, as we see by making CP coincide with 
CA and CB in succession. Now let B be the foot of a 
normal from to the given conic, then 72 is on the above 
rectangular hyperbola ; for, drawing CP perpendicular to OB, 
or meets CD, i.e. CB, in B. 

Ex. 1. The same conic is the locus of points Q stidi that the 
perpendicular from Q on the polar of Q passes through 0. 

For QO, being perpendicular to the polar, is perpendicular 
to the diameter conjugate to CQ. 

Ex. 2. The normals at the four points where a conic is cut hy 
a rectangular hyperbola which passes through the centre and has 
its asymptotes parallel to the axes, are concurrent at a point on 
the rectangular hyperbola. 

P2 
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For let the normal at one of the meets JR cut the hyperbola 
again in 0. 

Ex. 3. EigM lines can he drawn from a given point to meet 
a given central conic at a given angle. 

Ex. 4. Dedtice the corresponding theorems in the case of 
a parabola. 

Here the centre 12 is on the curve; hence one of the 
meets is the point X2. Eejecting this, we see that three 
normals and six obliques can be drawn from any point to 
a parabola. 

Ex. 6. If OL, OMj ON, OB he concurrent normals to a 
conic, the tangents at L, M, N, B Umch a parahdla which also 
touches the axes of the conic and the polar of Of or the conic. 

Eeciprocate for the given conic 

6. A common chord of two conies is the line joining two 
common points of the conies. 

On a common chord of two conies the involution of conjugate 
points is the same for each conic, the double points being the 
common points. 

Conversely, if two conies have on a line the same involution 
of conjugate points, this line is a common chord, the double 
points of the involution being the common points of the two 
conies. 

Two common chords of two conies which do not cut on 
the conies may be called a pair of common chords. We know 
that a pair of common chords meet in a vertex of a common 
self-conjugate triangle of the two conies. Conversely, even^ 
point which has the same polar for two conies is the meet of a 
pair of common chords. 

Let V be the point. Join V to any common point a of 
the two conies. Let Va cut the polar of 7 in P and the 
conies again in d and d\ Then {VP, ad) is harmonic, and 
also (VP, acTj. Hence d and cT coincide, i. e. Va passes 
through a second common point. So Vb passes through c. 

Hence two conies have only one common self-conjugate triangle; 
for if U^V^W be a self-conjugate triangle, and UVW the 
harmonic triangle belonging to the meets of the conies, 
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then U' coincides with J7, F, or Tf, and so on, (See also 
XXV. 12.) 



If, however, the two conies have double contact the above 
proof breaks down, and ^re is an infinite number of common 
self-conjugate triangles. (See XI. 7.) 

Ex. 1. T?ie common chords which pass through one of the 
vertices of the common self conjugate triangle of two conies are 
in involution with the pairs of tangents from this point. 

UVj UW being the double lines. 

Ex. 2. Beciprocate Ex, 1. 

7. A common apex of two conies is the meet of two com- 
mon tangents of the conies. 

At a common apex of two conies the involution of conjugate 
lines is the same for each conic^ the double lines being the com- 
mon tangents. 

Conversely, if ttoo conies have at a point the same involution 
of conjugate lines, the point is a common apex, the double lines 
of the involution being the common tangents of the two conies. 

The join of a pair of common apexes of two conies has the 
same pole for both conies. 
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Conversely, if a line have the same pole for two conies, this 
line is the join of a pair of common apexes of the conies. 
These results follow by Keciprocation from § 6. 

8. Since two conies have only one common self-conjugate 
triangle, it follows that the harmonic triangle of the quadrangle 
of common points coincides with the harmonic triangle of the 
quadrilateral of common tangents. 

Hence, if UYWhe the harmonic triangle of the quadrangle 
formed by the common points a, 6, c, d, and if AA\ BJB^, CC 
be the opposite vertices of the quadrilateral formed by the 
common tangents of the two conies, then AA^ being a side 
of the common self-conjugate triangle, must coincide with 
tTF, TW, or WU, say with YW, as in the figure. So BIB" 
coincides with WU, and CO' with UV. 

The polars of any common apex of two conies for the two 
conies pass through the meet of two common chords of the conies. 

Take the common apex B. Now B is on WU, the polar 
of V. Hence the polar of B for either conic passes through 
V, the meet of the common chords ad, hc» 

The common chords ad, he are said to belong to the com- 
mon apex B. So to every common apex belong two common 
chords. 

Similarly, the poles of any common chord of two conies for the 
two conies lie on the join of two common apexes of the conies; 
and these apexes are said to hehng to the chord. 

nomothetic figures. 

*9, Given any figure of points F,Q,R,..., and any point 
(called the centre of similitude), asxd any ratio A. (called the 
ratio of similitude), we can generate another figure of points 
P', (y, i?', ... thus — In OP take the point P', which is such 
that OP" = \.0P, and similarly construct Q^, if', ... . The 
figures PQB... and P'QfB^,.. are called similar and similarly 
situated figures, or homothetic figures. 

The following properties of homothetic figures follow from 
the definition by elementary geometry — 
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Corresponding sides of the two figures (e. g. PQ and P'Q') (^re 
parallel and in the ratio A. {i e, F'Q^ = A . PQ). 
Corresponding angles of the two figures are equal 
{e.g.LPqjR^JLP'q'Prj. 

Ex. The triangles ABO, A'B'C^ are coaxah P, Q, B are 
three points on the aocis. Show that ifAP, BQ, CB concur, so 
do A'P, B'Q, CB. 

Project the axis to infinity. 

*10. If two conies are homothetiCy the diameters conjugate to 
parallel diameters are themselves parallel. 

Consider the point corresponding to the centre of the 
first conic ; it will be a point in the second conic, all chords 
through which are bisected at the point, i. e. it will be the 
centre of the second conic. Take any pair of conjugate 
diameters PCP^ and BCD' of the first conic ; and let pcp^ be 
the diameter of the second conic pai*allel to PCP^. Then, 
corresponding to DCB' in the first conic, we shall have dcd' 
in the second conic which bisects chords parallel to pcp^ i. e. 
dcd' is the diameter conjugate to p€p\ Hence, to a pair of 
conjugate diameters of the first conic correspond a parallel 
pair of conjugate diameters of the second conic. 

*11. Two conies will he homothetic, if two pairs of conjugate 
diameters of the one are parallel to two pairs of conjugate dia- 
meters of the other. 

For then, by considering the involutions of conjugate 
diameters, we see that every pair is parallel to some pair-. 
Take any diameter PCP^ of the first conic, and through P 
and P^ draw lines parallel to a pair of conjugate diameters ; 
these lines meet in a point Q on the conic. Let pep' be the 
diameter in the second conic parallel to PCP\ and through 
p and p' draw lines parallel to PQ and P'Q. These will meet 
in a point g on the second conic ; for they are parallel to 
a pair of conjugate diameters of the first conic, and therefore 
parallel to a pair of conjugate diameters of the second conic. 
And clearly the points Q and g generate homothetic figures, 
the centre of similitude being the intersection of Pp and Cc. 
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Homothetic conks are conies which meet the line at infinity m 
the same points. 

If the conies are homothetio, their conjugate diameters 
are paralleL Hence the asymptotes, being the double lines 
of the involutions of conjugate diameters, are parallel, i.e. 
meet the line at infinity in the same points. And both 
conies pass through these points. 

Conversely, if two conies pass through the same two 
points at infinity, they are homothetic. For since the conies 
pass through the same two points at infinity, the asymptotes 
of the two conies are parallel. Hence the conjugate 
diameters, being harmonic with the asymptotes, are parallel. 
Hence the conies are homothetic 

Ex. 1. Through three given points^ draw a conic homothetic 
to a given conic. 

To draw through ABC a conic homothetic to a, through 
the middle point of AB draw a line parallel to the diameter 
bisecting chords of a parallel to AB. This line passes 
through the centre of the required conic. Similarly BC 
gives us another line through 0. Hence the centi-e of the 
required conic and three points upon it are known. 

Ex. 2. Touching three given lines, draw a conic homothetic to 
a given conic 

Draw tangents of the conic parallel to the sides of the 
given triangle. It will be found that we thus have four 
triangles homothetic to the given triangle. Taking any 
one of these triangles, and dividing the sides of the 
given triangle similarly, we get the points of contact of a 
homothetic conic. 



CHAPTER XX 

INVOLUTION RANGE ON A CONIC 

1.' The pairs of points AA% BB^, CC\ ... on a conic are 
said to form an involution range on a conic^ or briefly, to be in 
involution when the pencil V{AA^y BB^^ CG\ ...) subtended 
by them at a point V on the conic is in involution. 

An involution range on a conic has two doMe points, which 
form with any pair of points of the involution, two pairs of 
harmonic points on the conic. 

For if FX, VY are the double lines of the involution 
pencil V(AA\ BB", CC\ ...), then V(XY, AA") is harmonic, 
i. e. {XY, AA') is harmonic. 

2, If the pairs of points AA% BB^, CC, ... on a conic he in 
involution, then the chords AA\ BB^', CC, ,„ are concurrent; 
and conversely, if the chords AA\ BBf, CC, ... of a conic he 
concurrent, then the pairs of points AA', BB", CG\ ... on the 
conic are in involution. 

If {AA% BB', CC', ...) form an involution on the conic, 
we have {AA'BB'CC ...) = (A'AB'BC'C ...). Hence 
A (AA'BB^CC ...) = A' (A'AB^BCX ...). 

These pencils have the common corresponding ray 
AA' and A' A. Hence they are in perspective, i. e. the in- 
tersections 

(AB) A'B"), (AB^-, A'B), (AC-, A'C% (AC] A'C), .. 
all lie on a fixed line. But, by the quadrangle construction 
for the polar of a point, AA', BB" meet at the pole of the 
line joining (AB-, A'B^ to (AB' -, A'B); hence AA', BB" 
pass through a fixed point, viz. the pole of the above fixed 
line. Similarly CC, ... all pass through this point. 

Again, if the chords AA', BB", CC, ... are concurrent 
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at 0, the pairs of points AA^y BB'y Cff, ... on the conic are 
in involution. It is sufficient to prove that 

A {AA'BB'CG' ...) = ^' (A'AB'BCrC...), 
i.e. that {AA; A'A'\ {AB^, A'B^\ {AB' *, A'B\ ... all lie 
on a fixed line : and this is true ; for AA and A^A' (viz. the 
tangents at A and A") and also {AB ; A'Bf), {AB^ ; A'B\ ... 
all lie on the polar of 0. 

The point of concurrence is called the|?ofe of the involu- 
tion ; and the line on which (AB] A'B^, {AB') A'B\ ... lie, 
is called the axis of the involution ; and we have proved that 
VioLQpdle of the involution is the pole of the axis of the involution 
for the conic 

We may also prove that chords of a conic through a fixed 
point cut the conic in pairs of points in involution by (1, 1) 
correspondence. For let any line through cut the conic 
at P and P^ ; and take any point V on the conic. Then 
when VB is given, P is known, OP is known, P' is known, 
and TP' is known, all uniquely. So if YB^ is known, VB is 
known uniquely and by the same construction — which is 
clearly rational. Hence VP and VP' generate an involu- 
tion pencil ) Le. P and P^ generate an involution on the 
conic. 

Conversely, if (AA% BB', CC\ .„) is a range in involution 
on the conic, then AA\ BB!, CO', ... are concurrent. Tor let 
AA^y BB^ meet at and let OC cut the conic again at C'\ 
Then by hypothesis (AA', BB", CG^ is an involution ; and 
by the first part {AA', BB', CC'O is an involution. Hence 
C and C" coincide ; L a CC passes through ; so all such 
lines pass through 0. 

For a proof by projection see XXIX. 4, Ex. 10. 

An interesting particular case of the theorem of this 
article h—lf the lines joining a point to any number of 
points Ay By C, ... on a conic cut the conic again atA'y B', C\ ... 
then{ABC...)^{A'B'C' ...). 

Take any point V on the conic. Then since 

AA'y BB'y CC'y ... 

are concurrent at 0, {AA'y BB^y CC\ ...) is an involution, i.e. 
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V{AA'BB'CG\..)'-' r{A'AB'BG'C.,.). Hence, selecting 
the first, third, fifth, . . . letters on each side, we have 

r(ABC,..)^ ViA'B'G'..,) 
which is the same statement as (ABC.) = {AfB^C ...). 

The reader should be careful to notice that (ABC.) is 
not equal to {ABC .,.)in the above proof ; for {ABC . . .) is 
only equal to V(ABG ..^) if F is on the conic. 

The double points of the involution are the points where 
the axis of the involution cuts the conic ; for when A and A^ 
coincide, AA^ becomes the tangent at A, and hence A Hes 
on the polar of 0, since AA^ passes through 0. 

Hence, the double points are real if the pole of the involu- 
tion is outside the conic, and imaginary if the pole is inside 
the conic. 

Notice that the axis of the involution {AA\ BB^, GC\ ...) 
on the conic is the axis of homography of the homographic 
ranges (AA'BB'GC ...) and (A'AB'BCG.,.) on the conic ; 
which gives another proof that the axis meets the conic in 
the double points. 

If is on the conic, we get the curious case of an involu- 
tion on the conic in which all the points A, Bj G, ,., and 
the double points coincide at 0, whilst A', B', C, .•• "i^y ^ 
anywhere on the conic. 

3, If two segments hounded hy corresponding points {such as 
AA\ BB^ of an involution on a conic overlap, every two of such 
segments overlap, and the double points arc imaginary, ue* the 
pole of the involution is inside the conic. So in a non-overlapping 
involution on a conic, the double points are real and the pole is 
outside. 

For consider the pencil subtended at any point on the 
conic by the points in involution. 

Ex. 1. A set of parallel lines cuts a conic in pairs of points 
in involution. 

Ex. 2. Two chords AA', BBf of a conic cut in U, and 
OT is the tangent at any point on the conic; show that 
{AA% BB\ TU) is an involution. 

Consider the involution of U. 
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Bx. 3. Through a given point draw the chord XX^ of 
a conic, such that {AA\ XX') = {BB", XX") where A, A', B, B" 
are any four points on the conic 

Join to the meet of AB' and A'B. 

Ex. 4. JDE is a fixed diameter of a conic. PQis a variable 
chord of the conic. The tangent at E meets DP in A and 
DQ in B. If Aj B generate an involution, PQ passes through 
a fixed point. If EA . EB be constant, the fixed point lies on 
BE. Xf l/EA + 1/EB be constant, the fi>xed point lies on EA. 

In the first case E corresponds to the point at infinity in 
the involution on EA, and hence BE is one position of PQ ; 
in the second case ^ is a double point, and hence EE is 
a position of PQ. 

Ex. 6. From a fixed point perpendiculars are drawn to 
the pairs of lines of a pencil in involution, meeting them 
in AA\ BB^, ,,, ; show that the lines AA% BB^, ...are con- 
current. 

Consider the circle on OF as diameter. 

Ex. e. Through fixed points U, V are drawn the variable 
chords BP and BQ of a conic; show that P and Q generate 
homographic ranges on the conic, and that the common points lie 
on the line UV. 

Ex. 7. Through a fixed point is drawn the variable chord 
PP' of a conic A and B are fixed points on the conic. 
PB, P'A meet in Q, and PA, PB meet in R Show that Q and 
B move on the same fixed conic 

For A iQB) = A {PP) = ^(PPO = B{QB). 

Ex. 8. Through a centre of similitude of two circles are drawn 
four lines meeting one circle in ABCD, A'B^C'iy, and the other 
circle in abed, a'Vc'X. Shmo that 

{ABCD) « (A'B^C'If) = (abed) = (a'Vc'd"). 

For (ABCD) = (A^B^C'D") by the involution of = (aVifd") 
by similar pencils « (abed) by the involution of 0. 

Ex. 9. A range on a circle and its inverse are homographic 
For, in the solution of Ex. 8, the ranges (ABCD) and 
(aVc'dT) are inverse. 

Ex. 10. A range in involution, whether on a circle or a line, 
inverts into a range in involution, on a circle or a lithe. 

Ex. 11. A variable circle cuts two given circles orthogonally; 
show that it determines on each circle a range in involution. 
Invert for a meet of the given circles. 
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Ex. 12. The pole of the involution (AA'Bff ..,) on a conic 
is the same as the hoinographic pole of the pencils subtended h^ 
AA'BV ... and A'AB'B ,,. at any two points on the conic 

For AA^ is one of the cross joins. 

4, Eeciprocally, a set of pairs of tangents to a conic are said 
to he in involution when they cut any tangent to the conic in pairs 
of points in involution. 

Again, the meets of corresponding tangents which are in 
involution lie on a line ; and conversely, pairs of tangents from 
points on a line form an involution of tangents. 

The double lines of the involution of tangents are the tangents 
at the meets of the above line with the conic. 

These propositions follow at once by Eeciprocation. 

Notice that if a set of pairs of tangents be in involution, the 
set of pairs of points of contact is in involution, and conversely. 

For points on a conic are homographic with the tangents 
thereat. 

Ex. 1. The pairs of tangents drawn to a parabola from points 
on a line areparaUels to the rays of an involution pencU. 

Ex. 2. On a fixed tangent of a conic are taJcen two fixed points 
A, B, and also two variMe points Q, B, such that 

{AB,QB)= -1; 
find the locus of the meet of the other tangents from Q and B. 

Ex. 3. A variable tangent to a conic cuts two fixed lines in 
A, A'. Show that the points of contact a, a' of the other 
tangents from A, A' generate homographic ranges on the conic. 

Let AA^ touch in a'\ Then the ranges a and a^^ are in 
involution, and the ranges a^' and a^ Hence 

(a...) = (a"..0 = (»'•••). 

Ex. 4. The fixed tangent OA of a conic meets a variable 
tangent in X, and the fixed tangent OB meets the parallel 
tangent in Y. Show that OX . OY is constant. 

Let the parallel tangent meet OA in X\ Then (X, X') 
generate an involution, since the parallel tangents meet on 
the line at infinity. Hence (X) = (X') = (J). And is the 
vanishing point of both ranges ; for when YX^ coincides 
with OA, X is at infinity and Y at ; also when X is at 0, 
Y is at infinity. 
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Ex. 5. AA^ is a fixed diameter of a conic ; on a fixed 
line through A' is taken a variable point P, and the tangents 
from P meet the tangent at A in Q, Q^, Show that AQ-^-AQ^ 
is constant. 

Qf ^ generate an involution, of which one double point 
(corresponding to P being at A^ is at infinity. Hence the 
other double point bisects QQ'. Hence 
Aq + AQf = 2A0. 

Ex. e. If F lie on a chord through A instead of A\ then 
1/AQ + 1/AQf is constant. 

5. Given two involution ranges on a conic or on a line, or 
two involution pencils at a point; find the pair of points or lines 
belonging to both involutions. 

The line joining the two poles Oj, O2 of the involutions 
on the conic evidently cuts the conic in the required pair of 
points. 

If the ranges are on a line, project the ranges on to a conic 
by joining to a point on the conic, and project back on to 
the line the common points on the conic. 

In the case of two involution pencils at a point, consider 
the involutions determined on any conic through the com- 
mon vertex. 

If either of the pairs of double points {or lines) of the given 
involutions be imaginary, the common pair of points are real ; 
and they are also real when both pairs of double points are real 
and do not overlap. 

For if the involution on the conic, of which Oj is the pole, 
has imaginary double points, 0^ is inside the conic ; hence 
Oi O2 cuts the conic whether O2 is inside or outside the 
conic. 

Also, if the double points are real and do not overlap, the 
points sought, being harmonic with both pairs of double 
points, are the double points of the non-overlapping involu- 
tion on the conic determined by these double points, and 
are therefore real. 

The cases of involution on the same line or at the same 
point may be discussed as above. 
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6. In a pencil in involution, one pair of rays is always ortho- 
gonal ; and, if two pairs of rays are orthogonal^ then every pair is 
orthogonal. 

Let the rays of the involution pencil ViAA'BB'CO^..) 
cut a circle through V in the points AA% BJff, CC\ .... 
Then AA^, BB^, CC\ ,.., being chords joining pairs of points 
in involution on the circle, meet in a point 0. Take K, the 
centre of the circle, and let OK cut the circle again in ZZ\ 

Then FZ, VZ^ is an orthogonal pair in the involution 
pencil. For, since Z2^ passes through K, ZYZ is a right 
angle. And since ZZf passes through 0, Z, Z' belong to the 
involution (AA\ BBf^ ...), i. e. YZ, YZ belong to the given 
involution pencil Y(JiA\ BB^^ ...). 

Again, if two pairs of orthogonal rays exist, viz. FX, FX' 
and FF, FF, since XX' and YF both pass through Z, we 
see that coincides with K, Hence AA\ BBf, ... all pass 
through K. Hence all the angles A YA\ BYBf, ... are right 
angles. 

7. Chords of a conic which subtend a right angle at a fixed 
^*^< on the conic meet in a point on the normal at the fixed 

>t. 

iiet the chords Q^y RE^, ... of a conic subtend right angles 
the point P on the conic. Then PiQQ", BK, ...) is an 
thogonal involution pencil. Hence (QQf, RB', ...) is an 
ivolution on the conic. Hence QQ', BJ^, ... all pass through 
4 fixed point, JP, say. Now suppose Q to coincide with P, 
then Q(y coincides with BQ\ which is now the normal at P, 
since JPQ is now the tangent at P; hence the normal is 
a position of QQ' and therefore passes through F. 
The point F is called the Fregier point of the point P. 
For a proof by Eeciprocation, see VIII. § 21, Ex. 7. 

Ex. 1. In a parabola, PFis bisected by the axis. 

Take PQ parallel to the axis ; then PQ' is bisected by the 
axis and Q'F is parallel to the axis. 

Ex. 2. In a central conic, the angle PCF is bisected by the 
axes. 

Take PQ parallel to the minor axis, then JPis on CQ. 
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■ » 
Ex. 3. If the chords PQ, PQ^ of a conic le drawn equally 
inclined to the tangent at the fixed point P, then QQ' passes 
through a fixed point on the tangent at P. 

8. To construct the double points of an involution range on a 
line or the double lines of an involution pencil. 

In the case of an involution range on a line, project the 
range on to any conic through a vertex on the conic ; deter- 
mine the double points of the involution on the conic ; then 
the projections of these double points on the line are the 
double points of the involution on the line. 

In the case of an involution pencil, draw any conic through 
the vertex, and join the vertex to the double points of the 
involution which the pencil determines on the conic. These 
joins are the double lines. 

XIX AKD XX 

1. The conic c^ touches the conic c^ at the two points 
L and M and touches the conic C2 at the two points N 
and B. Show that two common chords of Ci and Cg meet 
at the intersection of LM and NB. 

2. In a parabola, the locus of the Fr^gier point is an 
equal parabola. 

8. In a central conic, the locus of the Fr^gier point is 
a homothetic conic, the ratio of similitude being 

where 2a and 2b are the axes of the given conic. 

4. A system of coaxal circles cuts a given circle in pairs 
of points in involution. 

6. Three concurrent chords AA\ BB\ CC^ of a circle are 
drawn, show that 

^n^ABsin^B'Caia^C'A'^'-smiA'B'am^BC'Qhi^CA 
where AB denotes the angle subtended by AB at the centre. 

e. Af By C are points on a conic. J.', B\ C are points 
taken on the conic such that 

{AA'y BG) = (BB", CA) = (CC', AB) = - 1. 
Show that (AA', BB", CC% (AA', BC\ B'C), (BB'yAC, A'G\ 
and (CC% AB', A'B) are involutions on the conic. 
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. 7. A variable circle passes through a fixed point and cuts 
a given circle at a given angle. Show that it determines 
on the circle two homographic ranges. 

8. A variable circle cuts a given circle and a given line 
orthogonally. Show that it determines both on the circle 
and on the line a range in involution. 

9. Given two pencils V{ABO) and V^iA^B'C'), draw 
through V and V^ a circle meeting the pencils in the points 
Qf hf c, a', Vf </ such that aa', W, cd is an involution on the 
circle. 

10. Two homographic ranges on equal circles can be 
placed in involution. 



CHAPTER XXI 



INVOLUTION OF A QUADRANaLB 



1. Tbe three pairs of points in which any transversal cuts the 
opposite sides of a ^mdrwngle are in involution. 

Let the transversal meet the sides of the quadrangle 
ABCJD in aa', 66', ccf. Then, considering the pencils sub- 
tended at any two vertices A and C of the quadrangle by 

the range on the line DB join- 
ing the other two vertices, we 
get A {DWBh') = C{I)WB})% 
Hence {ahcV) = {cWV). 
Hence (aftc^O = (aVcb). 
Hence {aa\ W, (fc) is an in- 
volution, i.e. (aa', 66', ccO is an 
involution. 

For a proof by (1, 1) corre- 
spondence, see § 8. 

Another proof by Projection 
is — Project CD to infinity. 
Then Ah and Ba^ are parallel and also Aa and BV. Hence 

cV:c'6::c'jB:c'^::cT>':c'a; hence c''a . c'a' = c'6 . cT>'. 
Hence ac^y 66' form an involution of which c' is the centre, 
i. e. (/ corresponds to c which is at infinity. Hence in the 
original figure aa', 66', c(f form an involution. 

To determine the mate c' ofc in the involution determined hy 
(aa'y 66'). 

Take any point F. On Va take any point A. Let hA 
cut Ya' in G Let Cfc cut YA m 2>. Let BV cut YC in B, 
Then AB cuts aa' in the required point (f. 

Ex. 1. Show that each diagonal of a quadrilateral is divided 
harmonically. 

Consider CC as the transversal of the quadrangle ABA'Bf. 
Then C, C are the double points. 
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Ex. 2. If through any point parallels he drawn to the three 
pairs of opposite sides of a quadra/ngU, a pencil in involution is 
obtained. 

Consider the involution on the line at infinity. 

Ex. 3. U, V, W are the harmonic points of the quadrangle 
ABCB of the text. If U{PQ, 50) « - 1 « V(PQ, CA\ show 
that W(PQy AB) = - 1. 

Consider the involution on PQ, 

Ex. 4. The three meets of any line with the sides of a triangle 
and the three orthogonal projections of the vertices on this line 
form an involution. 

Take the fourth vertex at infinity on the projecting lines. 

Ex. 6. If from any point three lines he drawn to the vertices 
of a triangle, and three other lines parallel to the sides ; these six 
lines form an involution. 

Ex. e. A transversal cuts the sides of a triangle ABC in P, 
Q, E, andPP\ QQ\ EB' form an involution on the transversal; 
show that AP\ BQf, CB! are concurrent 



Involution of fonr-point conies. 

2. Desargues's theorem. — Any transversal cuts a conic a/nd 
the opposite sides of any quadrangle inscribed in the conic in four 
pairs of points in involution. 

Let ABCB be the inscribed quadrangle. Let the trans- 
versal cut the conic in p, p\ 
AB in a, -BCin a', ACvah, 
BB in V, CB in c, and AB 
in d. Then thie four points 
J), p\ A, B on the conic 
subtend homographic pen- 
cils at the two points 
B, C on the conic. Hence 
B(pp'AB) = C{pp'AB) ; i. e. (pp^cH/) = (pp'U) ; hence 
(pp'cV) = (p'pch). Hence (pp% hh\ cd) is an involution. 
Hence a! belong to the involution {pp\ hV\ Similarly, 
(w! belong to this involution. Hence {pp% hh\ cc\ aa^ is 
an involution. 

<)2 
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3. The system of conies which can he drawn through four given 
points are cut hy any transversal in pairs of points in involution. 

For pp' belong to the involution {aa\ W, cd) determined 
by the opposite sides of the given quadrangle. And 
similarly for any other conic of the system. 

Note that we have above given an independent proof that 
(aa\ W, cc") is an involution. For through ABCD and any 
point p on the transversal we can draw a conic. 

Note also that we should expect aa\ IV, Cff to belong to 
the involution (^', ^g^, ...) determined by the conies through 
the four points. For each pair of opposite sides of the 
quadrangle is a conic through the four points. 

We may prove §§ 1, 2, 8 by (1, 1) correspondence, thus — 
Any transversal cuts the three pairs of opposite sides of a quad- 
rangle and the system of conies through the four vertices in pairs 
of paints in involution. 

Take any point P on the transversal I and let the conic 
through the vertices and P cut I again at P'. Then when 
P is given, P' is known uniquely. Also when P' is given, 
P is known uniquely ; and by the same construction, for if 
we draw a conic through P' and the vertices, this cuts I again 
at P. Also the construction is rational. Hence P and P' 
generate an involution on I If P is taken on one of the 
sides of the quadrangle, this side meets the conic through 
P and the vertices in three points, and hence the conic 
breaks up into this side and the opposite side of the 
quadrangle. Hence I meets this pair of opposite sides (and, 
similarly, every pair of opposite sides) in a pair of points of 
the above involution. 

For a proof by Projection, see XXIX. 6, Ex. 15. 

Ex. 1. Any transversal cuts a conic in PQ and the successive 
sides of a four-sided inscribed figure in 1, 2, 3, 4 ; show that 
P1.P8 _ P2.P4 
Ql.QS Q2.Q4' 

Ex. 2. On every line, there is a pair of points which are 
conjugate for every one of a system of conies through four given 
points. 
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Viz. the double points of the involution determined by 
the conies. 

Ex. 3. Through the centres of a system of four^oint conies 
can he drawn pairs of parallel conjugate diameters. 
Take the line in Ex. 2 at infinity. 

Ex. 4. The segment between the points of contact of a common 
tangent of two conies is divided harmonically by any opposite 
pair of common chords. 

For each point of contact, being a coincident pair of points 
in the involution, is a double point. 

Ex. 6, A is the middle point of a chord of a conic; By C are 
points on the chord equidistant from A ; BDE and CFG are 
chords of the conic; show that EF and GB cut BC in points 
equidistant from A . 

Ex. e. A transversal parallel to a side of a quadrangle 
inscribed in a conic cuts the opposite side in 0, and the conic 
and a pair of opposite sides in AA\ BB^ ; show that 
OA.OA'^OB.OB". 

Ex. 7. Three sides of a four-sided figure insc}ibed in a conic 
pass through three fixed points on a line ; show that the fourth 
side passes through a fourth fixed point on the same line. 

Ex. 8. Extend the theorem to any 2n-sided figure. 

Ex. 9. By taking the two vertices coincident which lie on tJie 
2nth side, deduce a simple solution of the problem — * Inscribe in 
a given conic a polygon o/2w - 1 sides, each side to pass through 
one ofasetof2n-l fixed cgUinear points.' 

Draw tangents from the 2n^^ fixed point. 

Ex. 10. Show that the problem — '2b inscribe in a given conic 
a polygon of 2n sides, eac/i side to pass through one of a set of 
2n fixed collinear points ' — is either indeterminate or impossible. 

For the 2n*^ fixed point is given by Ex. 8. 

4. If A and D become coincident, AB becomes the 
tangent hi A, b and c coincide, and V and cf coincide! 
Hence, if ABC be a triangle inscribed in a conic, and if any 
transversal cut BC, CA, AB in a', b, b\ the tangent at A 
in a, and the conic in p, p', then pp' is a pair of points in the 
involution determined by (aa\ W). 

Ex. A, B are the ends of a diameter of a conic, and C, B 



230 Involution of a Qtiadrangle [oh* 

are fixed paints on the conic ; find a point P on the conic, such 
that PCf FB intercept on AB a segment bisected hy the centre of 
the conic. 

The tangent at P and CB must meet AB in points 
equidistant from the centre. 

5. If A and B coincide, and also C and By then a, a\ by V 
all lie on ACy at the point JE/, say ; i.e. JE/ is a double point 
of the involution. Hence, if any transversal cut a conic in 
p, p\ the ta/ngents at A and G in c, c^, and AC in E, then E is 
a double point of the involtUion determined by cdy pp\ 

Ex. 1. The tangents of a conic at P and Q meet in T. A 
transversal meets the conic in AA'y the tangents in BB^, and 
PQ in C; show that CA . CB". BA' = CA\ BC.B'A. 

Ex. 2. The tangents at the points PQB on a conic meet in 
P'Q^B^y and the corresponding opposite sides of the triangles 
PQBy P'Q'Bf meet in P^'Q^'B"'; show that 

{PP^'y QfBTjy {QQ'\ B:r)y (BBf\ P^Qf) 
are harmonic ranges. 

Ex. 3. The ta/ngents of a conic at P and Q meet in T, A 
tmnsversal parallel to PQ cuts the conic in AA^ and the tangents 
in BB"; shotv that AB = A'B'. 

For one double point is at infinity. 

Ex. 4. Any transversal cuts a hyperbola and its asymptotes 
in AA'y BB"; show that AB = A'B". 

Ex. 5. The tangents of a conic at P and Q meet in T. A line 
parallel to QT cuts PTin X, PQ in Ny and the conic in M and 
B. Show that LIP = LM. LB. 

6. If Ay B and C coincide, then a', c' and b coincide, and 
a, V and c coincide. Hence, if a system of conies be drauon 
having three-point contact at A, and passing through B, then any 
transversal cuts the conies in pairs of points in involutiony one 
pair being the points on AB and on the tangent at A. 

Ex. The common tangent of a conic and its circle of curvature 
at Pis divided harmonically by the tangent at P and the common 
chord. 

7. If Ay By C and B coincide, then a, a', 6, b\ c, c' all 
coincide in the point E, where, the tangent at A cuts the 
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transversal. Hence, a system of conies having four-point 
contact at a point is cut by any transversal in pairs of points in 
involution^ of which one double point is on the tangent at the 
point. 

Ex. 1. The tangent at the point B to the circle of curvature at 
the vertex of a conic cuts the conic in P, Q, and the tangent at the 
vertex in T. Show that (TB, PQ) « - 1. 

Ex. 2. If two conies have four-point contact at a pointy the 
polars of any point on the tangent at this point coincide. 

8. If a transversal cut two pairs of opposite sides of the 
quadrangle ABCD in aa% bV, and any two corresponding points 
p, p^ be taken in the involution (aa\ bb') ; then the six points 
A, B, C, 2>, i>,*y lie on a conic. 

For draw a conic through ABCDp ; then the conic passes 
also through j?^ by 'reductio ad absurdum.' 

Ex. 1. A line cuts two conies in AB, A'Bf^ and E, F are the 
double points of the involution AA% BB^; show that a conic 
through the meets of the given conies can be drawn through E, F. 

Ex. 2. AB, BGy CD, DA touch a conic. Through U (the 
meet of AC, BD) is drawn any chord PQ of the conic ; show that 
the six points A, B, C, D, P, Q lie on a conic. 

Ex. 8. A conic passes through three out of four vertices of 
a quadranglCj and a line meets the six sides and the conic in 
pairs of points of an involution. Show that the conic also passes 
through the fourth vertex. 

XXI 

1. Six points A, B, C, A\ J^, C are taken, and through 
any point are drawn OP, OP", OQ, OQ', OB, OB" parallel 
to AA', BC, BB", CA, GC\ AB. If the angles POP\ QOQ', 
BOBf have the same bisectors, then AA', BB^, CC^ are 
concurrent. 

2. Any line cuts a conic at P and Q and the six successive 
sides of a hexagon inscribed in the conic at the points 1, 2, 
3, 4, 5, 6. Show that 

P1.P3.P5 P2.P4.f6 
Q1.QS.Q6 Q2.(24.Q6* 

3. If two conies Ci and c.2 are so situated that triangles 
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can be inscribed in C2 which are self-conjugate for Ci , then 
the pole for Ci of any triangle inscribed in C2 lies on O2. 

4. Through the fixed point B on a hyperbola are drawn 
the lines BP, BQ parallel to the asymptotes. Through the 
fixed point on the hyperbola is drawn the variable chord 
OQPB cutting the conic again at B. Show that the ratio 
PB : QB is constant. 

6. Two parabolas with parallel axes touch at P. A 
transversal is drawn cutting the tangent at P at the point 0, 
the diameter through P at Ey and the ciirves at Q, Qf and 
B, B\ Show that OE^ = OQ . OQ' = OB . OB!. 

e. If two conies touch and if the two polars of every point 
on the common tangent coincide, show that the conies have 
four-point contact. Also deduce the theorem that two 
equal parabolas which have the same axis have four-point 
contact at infinity. 

7. ABCDy A'BfO^If are two quadrangles inscribed in the 
same conic. A'BT, C'lf meet J.2>, BC at Ey Fy Gy H. 
A'lfy B'C meet AB, CD at E\ F", G'y H\ Show that the 
eight points E, F, G, H, E\ F', G% H! lie on the same 
conic 

8. Four points Ay By C, D are taken on a circle. AB 
cuts another circle at A\ B! and CD cuts this circle at C", 
jy. BB cuts A'Bty SC at Ey F; and AG cuts A'l/y B'C 
at By G. Show that E, F, Gy H lie on a coaxal circle. 

9. is a fixed point on a given conic of a system of 
conies through four given points. The tangent at cuts 
any one of the system at i^e points P and Q, Show that 
OP-^ + OQ-^ is constant 

10. Two conies PQB8 and P'Q'BfSr are drawn to touch 
four given lines PP'y QQ", BB\ SS\ Prove that if a pair of 
common chords is orthogonal, then one pair of opposite 
sides of the quadrangle PQBS are inclined at the same 
angle as the corresponding pair of the quadrangle P'Q;BfS\ 
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POLE-LOCUS AND CENTBE-LOCUS 

1. The pdars of a givm point far a system of four-point conks 
are concurrent. 

Let X be the given point. Let the polars of X for two 
conies a, )3 of the system meet in X^ Consider the involu- 
tion {pp\ qq^f rr^9 '") determined by the conies a, /3, y, ... of 
the system on the line XX\ Since 

{XX', pp") and (XX', q^ 
are harmonic, XX' are the double points of the involution. 
Hence (XX', rr^, &c., are harmonic. Hence XX' are con- 
jugate points for every conic of the system. Hence the 
polars of X for the system are concuiTent in X'. 

X, X' are called conjugate points for the system of four-point 
conies* 

Ex. 1. Of a system offour-povnt conies, the diameters bisecting 
chords in a fixed direction are concurrent. 
Here X is at infinity. 

Ex. 2. The polars of a given point for the three pairs of 
opposite sides of a quadrangle are concurrent 
For each pair is a conic 

2. €rwen a system of four-point conies and a line I, the locus 
of the poles of I for conies of the system is a conic, which coin- 
cides with the locus of points which are conjugate to points on I 
for conies of the system. 

Let the poles of I for conies a, /3, y, ... of the system be 
L, M, Nj ... 'j and let X', Y,... be the conjugate points of 
the points X, Y, ... on I for the system. Then the polars 
of X, r, ... for a are LX\ LY\ ... . Hence 

(xr...)-i(x'r...). 
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So(Xr...) - Jf (X'r ...). Hence L(X'T ...) ^M(TT...). 
Hence LMX^Y ... lie on a conic. Hence all the points 
XT' ... lie on a conic which passes through L and Jf. Simi- 
larly the locus passes through N\,. . Hence all the points 
LMN .., and all the points XT'... lie on a single conic, 
called the pole-locm of the line I for the system of four-point 
conies. 

The pole-locus is also called the eleven-point conic because 
it passes through eleven points which can be constructed 
at once from the given line and the given quadrangle. 

Three of these points are the harmonic points of the 
quadrangle. For U is conjugate to the point in which VW 
cuts I ; and so on. 

Six more of these points are the fourth harmonics of 
a for AD, h for AC, c for JDC, a' for BC, V for BB, d for 
BA, taking the transversal of the figure of XXI. 1 as Z. For 
the polar of a for every conic of the system passes through 
the fourth harmonic of a for AB, since A and B are on the 
conic. 

The last two points are the double points of the involution 
determined by the conies and the quadrangle on h For 
these are conjugate for each conic of the system, being 
hai*monic with the points in which I cuts the conic. 

Notice that for a given quadrangle the eleven-point conies 
form a system of three-point conies; for they all pass 
through U, Vy W. 

Ex. 1. If the quadrangle be a square, thepoMocm is a rect- 
angular hyperbola, 

Ex. 2. If I pass through one of the harmonic points of the 
given quadrangle, thepole-locus breaks up into a pair of lines. 

Let I pass through W. Then UV contains four of the 
eleven points, viz. U, V and the fourth harmonics of W for 
AC and BB, Hence the locus cannot be a curved conic ; 
hence it is two lines. 

Ex. 3. Thepolars of any two points for conies of a four-point 
system form two homographic pencils. 
For X'(LMN.'..) = Y'(LMN...). 
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Ex. 4. The pencil of tangents at one of the four common 
points of a system of four-point conies is homographic with that 
at any other of the four points, 

A particular case of Ex. 3. 

3. Taking I at infinity we deduce the following theorem — 
TJie locus of the centres of a system of conies circumscribing a 
given quadrangle is a conic which passes through the harmonic 
points of the quadrangle, through the middle points of the six 
sides of the quadrangle, and through the common conjugate 
points for the system on the line at infinity. 

Notice that the centre-locus also passes through the con- 
jugate point for the system of every point at infinity. 

If the quadrangle is re-entrant, it is easy to see that the 
sides of the quadrangle cut the line at infinity in an over- 
lapping involution. Hence the common conjugate points 
at infinity, L e. the points at infinity on the centre-locus, are 
imaginary, and the centre-locus is an ellipse. So if the 
quadrangle is not re-entrant, the centre-locus is a hyperbola. 

Ex. 1. Five points ABODE are taken. Show that the five 
conies which bisect the sides of the five quadrangles BODE, 
ACBE, ABBE, ABCE and ABCB meet in a point. 

Viz. the centre of the conic ABCBE. 

Ex. 2. If a pair of opposite sides of the quadrangle he 
parallel, the centre-locus is a pair of lines. 

Ex. S. If tu?o pairs of sides, not opposite, be parallel, the 
centre-locus is a line (and the line at infinity), 

Ex. 4. From a variable line are cut off by two given conies 
lengths which are bisected at the same point P, Show that the 
locus of P is the centre-locus belonging to the meets of the 
conies. 

For the centre-locus is the locus of points conjugate to 
those on the line at infinity. 

Ex. 6. The polars of any point on the centre-locus for conies 
of the system are parallel. 

Ex. e. The asymptotes of any conic of the system are parallel 
to a pair of conjugate diameters of the centre-locus. 

Let be the centre of that conic of the system which 
meets the line at infinity in pp\ Now the centre-locus 
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meets the line at infinity in the double points c, / of the in- 
volution (pp% ...). Hence (|jp', ef) = - 1. Hence 

where Z is the centre of the centre-locus. But Ze, Zf are 
the asymptotes of the centre-locus. Hence 2Jjp, Z^' are con- 
jugate diameters of the centre-locus. And Zj^^ Zp^ are 
parallel to Op, Op% which are the asymptotes of the conic 
whose centre is 0, 

Ex. 7. If one of the four-point conies he a circle, the centre- 
locus is a rectangular hyperbola. 

For the common conjugate points at infinity, being con- 
jugate for a circle, subtend a right angle at any finite point, 
i. e. the asymptotes of the centre-locus are perpendicular. 

Ex. 8. The locus of the centres of rectangular hyperbolas 
circumscribing a given triangle is the nine-point circle. 

Ex. 9. The centre of the centre-locus of ABCB is the centroid 
of A, B, C, D. 

For if P, P', Q, Of, B, Bf bisect AB, CD, AD, BC, AC, 
BD, then PQ and P'Q' are parallel to BD, and FQf and P'Q 
are parallel to -40. Hence PQP^Q^ is a parallelogram. 
Hence PF\ QQ^ intersect at the centre of the centre-locus, 
i. e. the centre bisects PP' (and similarly QQ^, BK). 

Ex. 10. The six fourth harmonics of the ends of the six sides 
of a quadrangle for the intersections with any transversal are 
joined in opposite pairs. Show that the connectors are con- 
current. 
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1. If an intersection of opposite sides of a given quad- 
rangle is joined to the middle point of the segment cut oiF 
from a given transversal by these sides, the three lines so 
formed are concurrent. 

2. The polars of a given point for a system of conies 
touching two given lines at given points meet at a point on 
the chord of contact. 

3. If I passes through A, then the pole-locus of I for the 
quadrangle ABCD touches I oi A ] and if I passes through 
A and C, the pole-locus is I and another line. 
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4. The locus of the centres of all conies through the 
vertices of a triangle and its centroid is the maximum 
inscribed ellipse. 

5. If a pair of sides of the quadrangle which are not 
opposite are parallel, the centre-locus is a parabola. 

e. The nine-point circles of the four triangles formed by- 
four points meet in a point. 

7. A system of conies have three-point contact at A and 
pass through B, Show that the centres of the conies lie on 
a conic whose centre is such that 8 . J.0 = OB. 




CHAPTER XXIII 

INVOLUTION OF A QUADBILATERAL 

1. The three pairs of lines which join any point to the opposite 
vertices of a quadrilateral are in involution. 

This is proved by reci- 
procating — 'The three pairs 
of points in which any trans- 
versal cuts the opposite sides 
of a quadrangle are in involu- 
tion'; which is proved in 
XXL 1. 

To determine the mate OCf 
of 00 in the involution deter- 
mined hy {AA\ BB^. 
Draw any line cutting 0(7, OB, OA' at C, B, A\ Through 
G draw any line cutting OA, Off at A, ff. Let AB and 
A'ff meet at C\ Then OC is the required ray. For 
AA\ Bffj CC are the opposite vertices of a complete quadri- 
lateral. 

Ex. 1. If any point he joined to the vertices ABC of a 
triangle, and if 0A\ OBf^ 00^ he drawn parallel to BC, CA, AB, 
then (AA\ BB", CC) is an involution. 

Ex. 2. If any point he joined to the vertices ABC of a 
triangle, and A'ffC' he points on the sides of the triangle, such 
that 0(AA', BB\ CO') is an involution; then A'ffC are 
coUinear. 

Ex. 3. The orthogonal projections of the vertices of a quadri- 
lateral on any line are in involution. 

Ex. 4. An infinite number of pairs of lines can he found 
which divide all three diagonals of a quadrilateral harmonically. 

The pair of lines through any point are the double lines 
of the involution {AA', Bff, CC). 
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Involution of foiir-tangent Conies. 
2. The pair of tangents from a/ny point to a conic and the 
pairs of lines joining this point to the opposite vertices of any 
quadrilateral circumscribing the conic are four pairs of lines in 
iuvdlution. 

c 




This is proved by reciprocating — *Any transversal cuts 
a conic and the opposite sides of any quadrangle inscribed 
in the conic in four pairs of points in involution ' ; which 
is proved in XXI. 2. 

3. The system of conies which can be drawn to touch four 
given lines is such that the pairs of tangents from any point to 
conies of the system form an involution. 

For the tangents OP, OF' to any conic of the system 
belong to the involution {AA, BB^, CC% determined by 
the opposite vertices of the given quadrilateral of tangents. 

Note that we have above given an independent proof that 
(AA\ BB^, CO^ is an involution. For touching the four 
given lines and any other line OP we can draw a conic. 

Note also that we should expect OA, OA'; OB, OB"; 00, 00' 
to belong to the involution {PP^, QQf, ...) of tangents. For 
each pair of opposite vertices may be considered to be a conic 
which touches the four lines ; and OA, OA' are the tangents 
from to the conic (A, A\ 

Or we may prove §§ 1, 2, 3 by (1, 1) correspondence, thus — 

Take any line OP through the fixed point 0. Then we 
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can draw a conic to touch OP and the four given lines. Let 
OF^ be the other tangent to this conic from 0. Then when 
OP is given, OP^ is known uniquely; and when OP' is 
given, OP is known uniquely, and by the same construction. 
This is clearly rational ; hence OP and OP generate an 
involution at 0. Also the pairs AA\ BPfy GC of inter- 
sections of opposite sides of the quadrilateral are degenerate 
conies of the system, and hence OA^ OA' and 0J9, OS and 
OC, OC belong to the involution of pairs of tangents 
from 0. 

4. If two sides BA and AP^ coincide, we get the 
theorem — If a tncmgle BA'P^ he circumscribed to a conic, and 
if A he the point of contact of BB^ ; then the tangents from 
are a pair in the involution {AA% BB^. 

If the sides CB and C^B coincide and also the sides CB^ 
and (7'J5', we get the theorem — If a conic touch the lines OB, 
CB^ at B and Bf, then the tangents from are a pair in the 
involution (CO, BB^ of which 00 is a double line. 

If the sides BA, AB^ and B'A^ coincide, we get the 
theorem— If a si/stem of conies have thre&point contact at Bf, 
and if the common tangent at B^ cut, at B, a second common 
tangent, then the tangents from form on involution of which 
OB, OB^ are a pair. 

For three-point contact and three-tangent contact are 
equivalent. 

If all four sides coincide, we get the theorem — The tangents 
from to a system of conies having four-point contact at a point 
Bf form an involution of which Off is a double line, 

EiC. 1. If the line joining the centres of similitude SS' of two 
circles cut the circles in AA\ BB"; then AA\ Bff, SS are in 
involution. 

Take at infinity in a direction perpendicular to BB\ 

Ex. 2. Through every point can be drawn a pair of lines 
which are conjugate for every conic of a four4angent system. 
Viz. the double lines of the involution of tangents. 

Ex. 3. The tangents at one of the intersections of two conies 
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inscribed in the same quadrilateral are harmonic with the lines 
joining the point to any two opposite vertices of the quadrilateral. 
For the tangents are the double lines. 

Ex. 4. ABG is a triangle and a given point. Through 
0, and parallel to the sides BC, GA, ABj are drawn the lines 
OX J OYy OZ; show that the double lines of the involution 
{XAj TBy ZC) are the tangents at to the two parabolas 
which can be inscribed in ABC so as to pass through 0. 

Ex. 6. P, Q, B are the points of contact of the lines BCy CA, 
AB with a conic, and OT, OT' are the tangents from a/ny point 
0; show that 0{BCy PA, XT') and 0(BQ, AA, XT') are 
involutions. 

Consider ABPGA and ABAQA. 

Ex. e. Three vertices of a four-point figure circumscribed to 
a conic lie on three fixed lines through a point ; show that the 
fourth vertex lies on a fourth fixed line through the same point. 

5. The three circles on the diagonals of any quadrilateral as 
diameters are coaxal. 

The three middle points of the diagonals of a quadrilateral lie 
on a line (called the diameter of the quadrilateral). 

The directors of a system of conies touching the sides of a 
quadrilateral are coaxal, and three circles of the coaxal system are 
the three circles on the diagonals as diameters. 

The centres of a system of conies touching the sides of a quad- 
rilateral lie on a line which also contains the middle points of the 
diagonals of the quadrilateral. 

Let AA^, BB^y CC be the opposite vertices of the quadri* 
lateral. Let the 'circles on AA' and BB^ as diameters meet 
in and (/. Then in the involution pencil 0{AA% BB^, CC), 
since AOA' and BOB^ are right angles, COC is a right angle. 
Hence the circle on CC as diameter passes through ; and 
similarly through (f. Hence the circles on AA\ BB^, CC 
as diameters are coaxal. Hence their centres, viz. the middle 
points of AA', BBf, CC, are collinear. 

Again, the tangents OP, OP from to any conic touching 
the sides of the quadrilateral belong to the involution 
OiAA^BB'yCC'). Hence POF is a right angle. Hence 

KDSSELIi B 
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the director of this conic passes through ; and similarly 
through (y. Hence this director, and similarly all the 
directors, belong to the above coaxal system. But the centre 
of a conic is the same as the centre of its director. Hence 
the centres of the conies lie on a line, viz. the line of centres 
of the coaxal system of circles. 

The locus of centres is the diameter of the quadrilateral ; 
for three circles of the system are the circles on AA\ B^^ CC 
as diameters. 

The radical axis of the coaxal system of directors is the 
directrix of the parabola of the system of conies. 

For when the director becomes a straight line, it becomes 
the radical axis of the coaxal system to which the director 
belongs, and it also becomes the directrix of the parabola 
touching the four lines. 

The limiting points of the coaxal system of dhectors are the 
centres of the rectangular hyperbolas of the system of conies. 

For when the director becomes a point, it becomes one of 
the limiting points of the coaxal system to which the director 
belongs, and it also becomes a centre of a rectangular hyper- 
bola touching the four lines ; for in a rectangular hyperbola 
only is the director a point, viz. the centre (since we must 
have a2 + 62 = 0). 

Note that the director of a conic which consists of two 
points is the circle on the segment joining the points as 
diameter, and the centre of the conic is the point half-way 
between the points; and if the two points coincide, the 
director becomes the point itself. 

Ex. 1. The directors of all conies touching two given lines 
OPf OQ at Fj Q are coaxal, the axis being the radical axis of the 
point and the circle on PQ as diameter. 

Ex. 2. The polar circle of a triangle circumscribing a conic is 
orthogonal to the director circle. 

Call the triangle ABB", and let BB" touch at A\ Then 
ABA'B^A is a circumscribed quadrilateral. Hence the 
director circle and the circles on AA^ and BB^ as diameters 
are coaxal. Hence a circle orthogonal to the last two circles 
is also orthogonal to the director circle. But A, A' and 
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also B, B' are conjugate points for the polar circle ; hence 
the polar circle is orthogonal to the circles on AA^ and BB^ 
as diameters, 

Ex. 3. The hem of the centre of a rectangular hi/iperbola 
which touches a given triangle is the polar circle of the triangle. 

For the polar circle cuts orthogonally the director circle 
which is the centre in the case of a rectangular hyperbola. 

Ex. 4. The diameters of the five quadrilaterals which can he 
formed ty five given lines are concurrent. Prove this, and 
deduce a construction for the centre of a conic, given five 
tangents, 

Ex. 6. The axis of the parabola inscribed in a quadrilateral 
is parallel to the diameter of the quadrilateral, 

Ex. e. The diameter of a quadrilateral circumscribing a conic 
touches the centre-locus of the quadrangle formed by the points of 
contact. 

Otherwise the conic would have two centres. 

Ex. 7. Steiner's theorem. The orthocentre of a ttiangle 
circumscribing a parabola is on the directrix. 

Let the sides BC, CA, AB of the triangle cut the line at 
infinity at A\ Bf, C\ Then, if is the orthocentre, OA is 
perpendicular to BC and therefore to OA' (which is parallel 
to BG) ; so for OB, Off and OC, 0C\ Hence the involu- 
tion 0{AA\ BBf, COO at is orthogonal. Hence the 
tangents from are orthogonal. Hence is on the 
directrix. 

Ex. 8, Gaskin's theorem. The circle circumscribing a 
triangle which is sdfconjfugcde for a conic is orthogonal to the 
director circle of the conic. 

Take any tangent to the conic. Then from this tangent 
and the given self-conjugate triangle UYW, we can con- 
struct three other tangents such that TJYW is the harmonic 
triangle of the quadrilateral so formed. Let AA\ BBf, CO' 
be the opposite vertices of this quadrilateral. 

Then the circle about UYW is clearly orthogonal to the 
circles on AA\ Bffj CO' as diameters, for it cuts these 
diameters in the inverse points, FTF, WU, and UY. Hence 
the circle about UYW, being orthogonal to three circles of 
a coaxal system, is orthogon^ to the director, which belongs 
to the coaxal system. 

Ex. 9. The centre of a circle circumscribing a triangle self 
conjugate for a parabola is on the directrix^ 

112 



244 Involution of a Quadrilateral [ch. 

Ex. 10. The circle circumscrilmg a triangle self^onjuga^e for 
a rectangular hyperbola passes through the centre. 

Ex. ILr Show that two, and only two, rectangular hyperbolas 
can be drwwn to touch four given lines. 

Let the lines be a, ft, c, d. Let the circle about the har- 
monic triangle of the quadrilateral a, b, c, d meet the 
diameter of the quadrilateral in L and L\ Then L and L' 
are the limiting points of the directors, being the intersections 
of a circle orthogonal to the coaxal system of directors with 
the line of centres. 

First take X, and let a' be the reflexion of a in L. Con- 
struct the conic touching a, b, c, d, a\ Then the centre of 
this conic, being the meet of the diameter of the quadri- 
lateral and the line half-way between a and a\ is X. 
Hence L is the centre of the director. But the coaxal with 
centre at L has zero radius.^ Hence the conic is a r. h. 

So L^ gives another r. h. And there are only two ; for 
the centre must be at L or at X' by Ex. 10. 

Ex. 12. Any trcmsversal cuts the diagonals AA% BJB^, CO' 
of a quadrilateral circumscribed to a eonic in the points P, Q, E, 
and points P', Q', I^ are taken such that {AA', PP^, (Biff, QQ\ 
(GC\ BBT) are harmonic ; show that J^QfBf and tJie pole of the 
transversal for the conic are collinear. 

Project PQB to infinity. 

6. The locus of the poles of a given line for a system of four- 
tangent conies is a line. 

This is proved by reciprocating — ' The polars of a given 
point for a system of four-point conies are concurrent' 
which is proved in XXIL 1. 

Taking the given line at infinity, we again see that— 

Tlie locus of the centres of a system of four-tangent conies is a 



By reciprocating the properties of the pole-locus (or 
directly) we can investigate the properties of the polar- 
envelope ofapointfiyr a system of four-tangent conies, 

XXIII 

1. The six radical axes of four circles through the same 
point form an involution. 
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2. AA^, BB', CC are the opposite vertices of a quadri- 
lateral. Show that 

AB.AB'^AC.AC^A'B.A'Bf^A'C.A'ff. 
Also if P, ^, 22 bisect AA\ BB", CC, then 
AB . AB'^AG. ACT « BQ-^PB. 

3. Show that the problem — * To circumscribe to a given 
conic a polygon of 2« vertices, each vertex to lie on one of 
a set of 2n fixed concurrent lines ' — is either indeterminate 
or impossible. 

4. Circumscribe to a given conic a polygon of 2w-l 
vertices, each vertex to lie on one of a set of 2w - 1 fixed 
concurrent lines. 

6. If the nine-point circle of a triangle circumscribing 
a rectangular hyperbola passes through the centre of the 
rectangular hyperbola, show that the centre also lies on the 
circumcircle, and that the centre of the circumcircle lies on 
the rectangular hyperbola. 

6. The directrices of all parabolas touching the sides 
of a given triangle are concurrent. 

7. Given five points on a conic, five self-conjugate 
triangles can be found, viz. the harmonic triangles of the 
inscribed quadrangles obtained by omitting one point. 
Show that the ten radical axes of the circles circumscribing 
these triangles pass through the centre of the conic. 

8. The side BG of the triangle ABC circumscribed to 
a circle touches at P. li L bisects AP and M bisects BCj 
show that the centre of the circle lies on LM, 



CHAPTER XXIV 

CONSTBUCTIONS OF THE FIRST DEGREE 

1. Examples of constructions m which the ruler only is to 
he used. 

Ex. 1. Criven the segment AC bisected in B ; prove the folibw- 
ing construction for a parallel to AG through P — Through B 
draw any line, cutting PA in E and PC in D; then if CE, DA 
meet in Q, PQ is the required line. 

Let PQ cut ^C at -B. Then (BR, AC) is harmonic. But 
B bisects AC Hence i2 is at infinity. 

Ex. 2. GHven two parallel segments AB and CD, prove the 
following construction for bisecting each — Let CB, AD fneet in 
Wj and AC, BD in V, then VW bisects both segments. 

For 17 is at infinity. 

Ex. 3. Criven a pair of parallel lines, draw through a given 
point a parallel to both. 

Use Ex. 2 and then Ex. 1. 

Ex. 4. Given a parallelogram, bisect a given segment. 

Let AB be the segment. Through A and B draw parallels 
to the sides of the parallelogram, meeting again in C and D. 
Then CD bisects AB. 

Ex. 5. Given two lines AB and CD which meet in an 
inaccessible point XT, construct am,y number of points on the 
line joining U to a given point 0. 

Through draw LOM" and MOL' meeting AB in LM 
and CD in i'JT. Let LL', MM" meet in W. Then 
U{AC, OW) is harmonic ; hence the required line is the 
polar of W for AB and CD. To construct any other point 
on the line, draw any two lines WNN^ and WBB^ meeting 
AB in N, B, and CD in JV, B". Then a point on the 
required line is the meet of NB^ and JVJB. 

Ex. 6. Construct Unes which shall pass through the meet of 
a given line with the line joining two given points, when this last 
line cannot be drawn. 

Use the construction reciprocal to that of Ex. 5. 
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Ex. 7. GHven a segment AC bisected at B, join any point P^ 
to ABOf on PjB take any paint Q, join CQ cutting APi in L^ 
join AQ cutting CPi in L^, join LiL^ cutting BF^ in L2 ; then 
L1L2 = i2^3> ^**^ J^i^3 ^ parallel to AC. Again, let AL.^, 
BL^ cut in Pg, and let CPg cut L^L^ in L^ ; tJien L^^L^ = -^3-2^4. 
Again, let AL^, BL^ cut in Pg, and let CP^ cut L^L^ in L^ ; 
then L^L^ =» L^L^> And so on. 

The first part comes from the quadrilateral Pi XiQigPi. 
The rest follows by Elementary Geometry. 

This enables us to divide a bisected segment into any number 
of equal parts. To divide AC into n equal parts, construct 
the points L1L2 •••-^•+i« ^^^ ALi and CLn+i meet in V. 
With Fas vertex project Xjig ••• L^^i on to AC. 

2. To construct a five-point conic. 

Let A, By C, B, E he the five given points on the conic. 
We shall construct the conic by finding the point in which 
any line AG through A meets the conic again. (See figure 
of XV. 1.) Let AG and CD meet in i, and AB and BE in 
M. Let LM cut BC in N. Then, by Pascal's theorem, NE 
cuts AG in the required point F on AG. And since J. 6r is 
any line through A, we shall thus construct every point on 
the conic. 

If any two of the points are coincident, the necessary 
modification of this construction is obvious, remembering 
that to be given two coincident points is to be given a point 
and the tangent at the point, and that the two coincident 
points lie on the tangent. 

The case of three or four points being coincident is 
discussed in XXV. 17. 

To construct the polar of a given point for a five-point conic. 

Let P be the given point. Construct the points A^ and 
B' in which PA and PB cut the conic again. Then the 
polar passes through {AB^ ; A'B) and (AB ; A^B^. 

To construct the pole of a given line for a five-point conic. 

Take two points on the line; then the polars of these 
points will intersect at the required pole. 

Ex. Given a pair of conjugate diameters in magnitude and 
position, construct the conic by the ruler only. 
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By § 1, Ex. 1, we can construct the tangents at P and Z>, 
meeting at E, Then if D, 1/ are real we have five points 
PPP'Diy ; and if D, 1/ are imaginary we have PPP' and 
two points at infinity on the asymptote CE. 

*3. As an example of coincident points, let us construct 
a conic to Umch two given lines at given points, cmd to pass 
thtxmgh a given point. 

Suppose the conic is to touch OP and OQ at P and Q, and 
to pass through A. Here B and C coincide with P, and 
the line BG coincides with OP, So D and E coincide with 
Q, and DE coincides with OQ. Hence the construction is — 
To find where any line AG through A cuts the conic again, 
let AG and PQ meet in X, and AP and OQ mM; let LM 
cut OP in N; then NQ cuts AG in the required point F. 

Ex. Given four points and the tangent at one of them, 
construct the conic. 

*^, As an example of cases in which some of the given 
points are at infinity, let us construct a conic, given one 
asymptote, the direction of the other asymptote, and two other 
points. 

Let I be the given asymptote, and m any line in the 
direction of the other asymptote, and A and B the two 
given points. We may take C and D to be the points at 
infinity on I, and E to be the point at infinity on m. Then 
M is the point at infinity on AB. 

Hence the construction is — To find where any line AG 
through A cuts the conic again, let AG and { meet in L, 
and let a parallel through L to AB cut a parallel through 
5 to linN. Then a parallel through N io m cuts AG in 
the required point F. 

Ex. 1. Given three points on a conic and a tangent at one of 
them, and the direction of one asymptote ; construct the conic. 

Ex. 2. Given three points and the directions of both 
asymptotes, construct the conic. 

Ex. 3. Given four pomts on a conic and the direction of one 
asymptote; construct the meet of the conic with a given line drawn 
parallel to the asymptote. 
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*5. As an example of drawing a parabola to satisfy given 
conditions, let us construct arpardbokLf given three jpoints and 
the direction of the, axis. 

Let ABG be the given points, and I any line in the 
direction of the axis. We may consider D and E to 
coincide at the point at infinity upon Z, so that the line DJE is 
the line at infinity. Then M is the point at infinity on AB. 

Hence the construction is — To find where any line AG 
through A cuts the conic again, let AG cut a parallel 
through C to I in L; let a parallel through L to AB cut 
BG in N; then a parallel through N to I cuts AG m the 
required point F. 

Ex. Construct a parabola, given two points and the tangent at 
one of them, and the direction of the axis. 

6. Griven five points on a conic, to construct the tangent at 
one of them. 

Let A, B, C, D, E be the five given points, and suppose F 
to coincide with A ; then AF is the tangent at A. Hence 
the construction — Let AB and BE meet in M, and BC and 
AE in JV, and let MN cut CD in i ; then LA is the tangent 
at A, 

Ex. 1. €riven three points on a conic, and the tangents at two 
of them; construct the tangent at the third. 

Ex. 2. Given three points on a parabola, and the direction of 
the axis ; construct the tangent at one of the given points. 

Ex. 3. Given four points on a conic, and the direction of one 
asymptote ; construct that asymptote. 

7. Given five tangents qf a conic, to construct the points of 
contact. 

Let AB, BC, CE, EF, FA be the five given tangents. 
Then in the figure of XY. 4, if D is the point of contact of 
CE, we may consider CD, BE to be consecutive tangents 
of the conic. Hence the construction — Let BE and CF 
meet in ; then AO cuts {XE in its point of contact. So 
the other points of contact can be constructed. 

Hence given five tangents, we can at once construct five 
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points ; so that every construction which requires five points 
to be given, is available if we are given five tangents. 

Ex. 1. Griven four tangents and the point of contact of one of 
thenij construct the points of contact of the others, 

Ex. 2. Given four tangents of a parabola, construct the points 
of contact, and the direction of the axis, 

Ex. 3. Construct the polar of a given point o/nd the pole of 
a given line for a five-tangent conic. 

*8. Griven five tangents of a conic, to construct the conic by 
tangents. 

Let QB, BC, CD, BE, EH be the given tangents. Now 
every tangent cuts GB. Hence if we construct every other 
tangent from points on GB, we shall have constructed every 
tangent of the conic. On GB take any point A. Let AD 
and BE meet in 0. Let CO meet EH in F. Then, by 
Brianchon's theorem, FA touches the conic, i.e. AF is the 
other tangent from any point A on GB. 

Ex. 1. Given five tangents of a conic, construct the ta/ngent 
parallel to one of them. 

Ex. 2. Griven four tangents of a parabola, construct the tangent 
in a given direction. 

9. Given three points on a conic and a pole and polar, to 
construct the conic. 

Let A, B, C be the three given points, and the pole. 
Let OA cut the polar in P, and take A^ such that {OP, AA^) 
is harmonic. Similarly construct Q and ^, Through 
ABCA'B' construct a conic. This will be the required 
conic; for since (OP, AA^ and (OQ, BB^ are harmonic, 
we see that FQ is the polar of 0. 

A reciprocal construction enables us to solve the 
problem — Given three tangents of a conic, and a pole and 
polar, to construct the conic. 

A simple case of each problem is — Griven three points {or 
three tangents) and the centre, to construct the conic. 

We obtain two more points (or tangents) by reflexion in 
the centre. 



CHAPTER XXV 

CONSTBUCTIONS OP THE SECOND DEGBEE 

1. Construct the paints in which a given line cuts a conic 
given by five paints. 

Let A, By C, D, E be the five given points. Let the given 
line cut DAy DBy DC in a, 6, c, and cut EAy EB, EC in 
a', Vy dy and cut the conic in a?, y. Then 

{xyabc) = D{xyABC) = E(xyASC) = {xyaVcTj. 
Hence x, y are the common points of the two homographic 
ranges determined by (abc) and {a'h'c^ Hence the two 
required points Xy y can be constructed by XYI. 6. 

If the given line is the line at infinity, we have to 
construct the directions of the asymptotes in the case of a 
hyperbola, or the direction of the aocis in the case of a parabola. 

To do this, take any point V; and draw Va, Vby VCy Ya'y 
Wy Yc' parallel to DAy DB, DC, EAy EBy EC. Then the 
required directions are those of the common lines Vx, Vy of 
the homographic pencils determined by V{abc) and Y{aVc% 
For taking a, by c, a\ Vy dy x, y on the lin.e at infinity, we 
have (xyabc) =V(osydbc) = YipcyaVc^ = (xyaVc'). 

Ex. Through a given point draw a line meeting four given 
lines ay a', 6, V at points A, A% By Bfy such that 
OA.OA'^OB.OB'. 

Through draw a parallel to either asymptote of the 
conic through the five points ab, a% ab'y a'V and 0. 

2. Qivem five tangents to a conic, to construct the tangents 
from any point to the conic. 

Let three of the given tangents cut the other two in ABC 
and A'BfC'. If a tangent from the given point P cut these 
tangents in Z and Xy then {ABCT) = {A'BfC'X) ; hence 
^{ABCX)^B(A!BfaX). But PZ and PX' coincide; 
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hence one of the tangents from P is one of the common 
lines of the pencils P{ABC) and PiA'B'C'). Hence the 
required tangents are the common lines of the homographic 
pencils determined by F(ABC) and FiA'B'Gy 

3. GHven five tangents to a come, to construct the points in 
which any li/ne cuts the conic. 

Construct first by XXIV. 7 the points of contact, and then 
proceed by § 1. 

Criven five points on a conic, to construct the tangents from any 
point. 

Construct first by XXIV. 6 the tangents at the points, 
and then proceed by § 2. 

4. If instead of five points, we are given four points and 
the tangent at one, or three points and the tangents at two 
of them ; or if, instead of five tangents, we are given four 
tangents and the point of contact of one, or three tangents 
and the points of contact of two of them, the necessary 
modifications of the above constructions are obvious. 

Ex. 1. Construct a line to he cut hyfour given lines in a given 
cross ratio and to pass through a given point 

Let three (&, c, d) of the lines cut the fourth a in B, 0, D. 
Take A such that {ABCD) is equal to the given cross ratio. 
Draw a conic to touch the three given lines and also to 
touch the fourth at A, Through the given point draw 
a tangent to this conic. ' This is the required line. There 
are therefore two solutions. 

Ex. 2. Give the reciprocal construction, 

Ex. 3. TJirough a given point draw a line to he cut hy three 
given lines in A, B, C, so that AB : BG is a given ratio. 

5. Gtiven five points on a conic, to construct the centre, the 
axes, and the asymptotes. 

Let A, B, C, D, E he the five given p(»nts. Through A 

draw AG parallel to BC, and construct, by Pascal's theorem, 

the point A^ in which AG cuts the conic again. Let AG 

■ and BA' cut in H, and AB and A'G cut in K. Then HK 

cuts AA^ at the fourth harmonic for AA' of the intersection 
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of AA^ and BC, i.e. bisects AA'] so it bisects BC. Hence 
HK is a diameter. Similarly construct another diameter. 
Then these diameters meet in the centre, 0. 

To construct the axes and asymptotes, we jnust first con- 
struct the involution of conjugate diameters. To do this — : 
Through the centre draw Oa parallel to BO, and let Oa' be 
the diameter bisecting AA^ and BC. Then Oa, Oa' are a pair 
of conjugate diameters. In the same way determinet^another 
pair 06, OV. Then the rectangular pair of the invrfution 
determined by 0(aa\ W) are the axes ; and the double lines 
of the same inyolution are the asymptotes. 

If the diameters are parallel, the conic is a parabola ; and 
the direction of the diameters is the direction of the axis of 
the parabola. 

To construct the foci of a central five-point conic. 
Construct the axes as aboye, and construct the points 
A, A' and 5, J8' in which they cut the conic. If A, A' 
and B, B^ are real, on AA' and BB^ as diameters construct 
circles. One of these circles, say that on AA', is outside 
the conic. Construct the tangent at one of the given points, 
cutting this circle at Y, Y\ Then the perpendiculars to 
YT at r, F will cut AA' in the foci. If B, Iff are 
imaginary, the conic is a hyperbola; and we proceed, as 
above, with the circle on AA' as diameter. 
To construct the axis and focus of a five-point parabola. 
Construct the two parallel diameters I, m as above. 
Construct the point L in which I cuts the conic. Draw 
LL' perpendicular to Z, and construct the point L^ in which 
LL' cuts the conic again. Bisect LL' at V and draw / 
through V parallel to Z. /is the axis. Construct the 
point A in which /cuts the conic. A is the vertex. Draw 
AZ perpendicular to / Construct the tangent at a given 
point on the conic and let it cut AZ at Y. Then a per- 
pendicular to this tangent at Y cuts /in the required focus. 

6. If we are given five points on a conic, the conic can be 
constructed by Pascal's theorem (see XXIY. 2). If we are 
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given five tangents of the conic, the conic can be constructed 
by points (see XXIV. 7) or by tangents (see XXIV. 8). 

Given four points and one tangent, to construct the conic. 

Let ABCD be the given points and t the given tangent* 
Let t cut the opposite sides of the quadrangle ABCD in 
aa\ W, of. Take e, f, the double points of the involution 
(oa', W, ccTj, Then the two conies satisfying the required 
conditions are the conies through ABCDe and through 
ABCDfi For let the conic through ABCDe cut t again in 
e'. Then e^ belong to the involutfon (aa', hV, ccT), and e is 
a double point of this involution ; hence e' coincides with e, 
i.e. t touches the conic through ABCDe, So it touches the 
conic through ABCDf. 

7. Given four tangents and one point, to construct the conic. 

Let OEj OF be the double lines of the involution sub- 
tended by the given quadrilateral at the given point 0. 
Then the required conies are those touching the given 
lines and also touching OE or OF. 

For the conic touching OE and the four given tangents, 
has, as tangents from 0, OE, OFf where OFj is the ray 
corresponding to OE in the involution. But OE is a double 
ray. Hence OE and OE' coincide. Hence OE touches the 
conic at 0. Hence the conic passes through 0. So for the 
other conic. 

Ex. 1. Shyu) that when fmr points are given and one tangent, 
the solution is unique if the line pass through one of the harmonic 
points. 

The other conic degenerates into a pair of opposite sides. 

Ex. 2. Show that there is no curved solution if the line pass 
through two harmonic points. 

Ex. 3. Reciprocate Ex. 1 and Ex. 2. 

Ex. 4. Describe a parabola through four given points. 

Ex. 6. Construct a parabola, given three tangent^a and one 
point. 

*8. Given three points and two tangents, to construct the conic. 
Let the three points be Ay B, C, and the two tangents 
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TL and TL\ Let AB cut TL and TL' in c and c', and let 
AC cut Ti and TL' in 6 and V. Take z, /, the double 
points of the involution (AB^ ccf), and y, yf the double 
points of the involu- 
tion {AO, W). Let 
any one, yz^ of the 
four lines ye^ yz', 
y'z, yfsf cut TL and 
TL' in P and P^ 

Then one conic 
satisfying the re- 
quired conditions is 
the conic which 
passes through A 
and touches TL and 
TL' at P and P'. For let this conic cut AB again in 5'. 
Then je? is a double point of the involution [AB^ ccTj and also 
of the involution {AB', cc') (XXI. 5). Hence B and B' 
coincide, i.e. the conic passes through B. Similarly the 
conic passes through C, 

So, by taking any of the lines yz', y'z, y'/ instead of yz, 
we obtain another solution. Hence the problem has four 
solutions. 

And there are no other solutions. For if AB cuts PP' 
at z, then jer is a double point of the involution (AB, C(/), 
Hence z must be ^e? or ^e?'. So y must be y or y'. 

Note that since there are only four possible positions of 
the polar PF' of T, we have proved that—//" t?ie sides BC, 
CA, AB of a tria/ngle cut two lines TL and TL' in dcf, hV, c(f, 
and if the double points xaf, y/, z/ of the involutions (BC, aa% 
(CAf IV), (AB, ccT) he taken, then the six points xoiyyfz^ lie 
three "by three on four lines. 

*9. Criven two points and three tangents, to construct the conic. 

Let A and B be the given points, and LM, MN, NL 
the given tangents. Take MY, MY' the double lines of 
the involution M (AB, LN), and take NZ, NZ' the double 
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points of the involution N(AB, LM). Let T be the meet 
of one of the lines MY, MY' with one of the lines NZ, 
NZ'. Describe a conic to touch TA and TB at A and B 
and to touch MN. 

This is a conic satisfying the required conditions. For 

let ML' be the second 
tangent from M to this 
conic. Then MY is a 
double line of both the 
involutions M{AB, NL) 
and M(AB, NL') (XXIII. 
4. ii). Hence ML' coin- 
cides with JfX, i.e. the 
conic touches ML, So 
the conic touches NL. 
By taking one of the other four meets instead of the meet 
of MY and NZ, we obtain three other solutions. 

And there are no other solutions. For if the tangents at 
A and B meet at T, then MT is one of the double lines of 
the involution M(AB, LN) ; so NT is one of the double 
lines of the involution N(AB, LM), 

10. Given a triangle self-conjugate for a conic, and either two 
points on the conic, or one point on the conic and one tangent to 
the conic, or tvoo tangefds to the conic, to construct the conic. 

By V. 9, if we are given a self-conjugate triangle and 
one point, we are given three other points ; and if we are 
given a self-conjugate triangle and one tangent, we are given 
three other tangents. In any of the above cases, therefore, 
the conic can now be constructed. 

11. If we are given a focus, by XXVIII. 8 we are given 
two tangents. Hence the following problems belong to 
this chapter, but in each case a simpler solution can be 
given. 

Given ajbcus and three points, to construct the conic 
Take the reciprocals of the given points for any circle with 
centre at the given focus, and draw a circle to touch these 
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lines. The reciprocal of this circle is the required conic. 
Since four circles can be drawn, there are four solutions. 

Griven a focus and two points <md one tangent, 

Reciprocation gives four solutions, two of which are 
imaginary. 

Criven ajbcus and one point and two tangents. 

Eeciprocation gives two solutions. 

Given a focus and three tangents. 

Eeciprocation gives one solution. In this case, we can 
also solve the problem by determining the second focus by 
means of the theorem that two tangents to a conic are 
equally inclined to the focal radii to their meet. 

12. To construct a conic, given a self-conjugate triangle and 
a pole and polar. 

Let TJYW be the given self-conjugate triangle, and L and 
I the given pole and polar. Project YW to infinity and 




>v 



YUW into a right angle. Let I cut TJY at M' and TJW 
at N\ Draw LM parallel to TJW to cut TJY at M, and LN 
parallel to TJY to cut TJW at N. Take A and A' on TJY 
such that UA^ = UA'^ = UM. UM" ; and B and B" on TJW 
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9uch that KB2 = ^7^2 ^ jj]^^ jjj^^ Describe a conic c' with 
axes AA' and BB^. Then if we project this conic back 
again, we have the required conic c. 

c' is the only conic satisfying the required conditions in 
the new figure. For UV and TJW must be the axes, being 
orthogonal conjugate diameters. Also the polar of 31' (on 
I and TIT) is LW, i. e. X3f. Hence M and Jf' are conjugate 
points. Hence UA'^ = UM. UM" ; so UB^ « Crjy. ZZT, 

Also the conic c^ satisfies the conditions of the problem. 
For since UA^ = UM, TJM!^ the polar of JT passes through 
JIf ; and also through TF, and hence is liM, So the polar 
of ^' is LN, Hence the polar of L is JTiV^', i.e. I. Also 
CTFTT is a self-conjugate triangle since JJY and TJW are 
the axes. Hence in the case of c also the polar of X is Z and 
JJTW is a self-conjugate triangle. 

The actual construction of the required conic is— Let 
WL cut JJY at Jf, and let YL cut TJYY at JV: Let I cut 
Z7F at M! and CTTT at JV^. Take A, A' and JB, B^ the 
double points of the involutions {JJY.MM!) and (CTTT, JV:2V), 
and join W^. Then the required conic is the conic which 
passes through A\ J?, B^ and touches WA at A, For since 
TT is the pole of TJY^ WA touches the conic at A. 

Note that since two sides of a self-conjugate triangle cut 
a conic in real points, the above construction is real if we 
choose those sides of the given triangle on which the 
involutions are non-overlapping. 

Taking I at infinity, we obtain the solution of the 
problem — Gtiven the centre of a conic and a self-conjugate 
triangle, to construct the conic. 

M! and W are now at infinity. Hence the points A, A^ 
and B, B^ on the conic are given by 

MA^ = MA'^ = MJJ. MY and NB^ = NB'^ = NU. NW. 

We see again that two conies cannot in general have two 
common self-conjugate triangles ; for since two such triangles 
more than determine a conic, the two conies would be 
coincident. For exceptional cases, see XL 7. 
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Ex. 1. Given a pentagon ABODE, in which AB and CD 
meet at F, show that in the conic Jbr which ADF is self- 
conjugate and E the pole ofBC, the inscribed and circumscribed 
conies are reciprocal, each vertex being the reciprocal of the 
opposite side. 



2. Gii>en a pole and polar and a self-conjugate triangle, 
construct the tangents from the pole. 

YL and WL cut I in points conjugate to 2^ and JIT. 

*13. Given five points on each of two conies, to construct the 
conic which passes through the {unknown) meets of these conies 
and also through a given point. 

Through the given point L draw any line I; and construct 
the points pp\ qc[ in which I cuts the two conies. Then if 
M be the other point in which the required conic cuts I, we 
know that pp', qc[, LM are pairs in an involution. Hence 
M is known, i.e. a point on the conic is known on every 
line through X. 

Given five points on each of turn conies, to construct the conic 
which passes through the four tmknoum meets of these conies and 
also touches a given line. 

Construct the points in which the given line cuts the 
given conies, viz. j?p', q<g^. Then the points of contact of the 
required conies are the double points e, f of the involution 
determined by pp\ q^. Then, taking either e or / we 
continue as above. 

Ex. Give the reciprocal constructions. 

*14. Given three points on a conic and an involution of 
conjugate points on a Une, to construct the conic. 

If the given involution has real double points, draw a 
conic through the three given points and the two double 
points. This conic clearly satisfies the required conditions. 

If the given involution is overlapping, proceed thus— ^Let 
A, B, C he the given points, and I the line on which the 
involution of conjugate points lies. Let BC cut Z in P, and 
take P', the mate of P, in the involution. Also take P" 

S2 
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such that (BC, PP'O = - 1. Let FA cut P'P'' in A'\ and 
take A' such that (AA\ PA'") = - 1. So, using CA and 
Q(^^ IB' can be constructed. 

Then the conic ABCA^'ff is the required conic. For 
since {BC, PP'O = - 1 = (AA\ PA'\ V'A'' is the polar of P. 
Hence FV are conjugate points. So QQ' are conjugate 
points. Hence the involution {^^^ QQO (which is the 
given involution) is an involution of conjugate points for 
this conic. 

If the given involution is overlapping, we have solved 
the problem — To draw a conic through five given points, two 
of which are imaginary. 

*15. Construct a conic to pass through fimr given points and 
to divide a given segment harmonically. 

Let LM be the given segment. Let JE7, F be the double 
points of the involution determined by the given quadrangle 
ABCJD on LM. Let the double points P, Q of the involu- 
tion {LM, EF) be constructed. Then the conic through 
ABCDP is the required conic. For let LM cut this conic 
again in ^. Then PQ^ belong to the involution of the 
quadrangle on LM. Hence (PQ', EFf^ - 1. Hence Q" 
coincides with Q. And {LM, PQ) = - 1. Hence the conic 
cuts LM harmonically. 

If the double points E, F are imaginary, construct the 
involution of which L, M are the double points, and let 
P, Qhe the common points of this involution and that of 
the quadrangle on LM. Then the required conic is ABCBP, 
For, as before, LM cuts the conic again in Q, and 

(XJIf,PQ) = -l. 
Also, since E, F are imaginary, this construction is real. 

Ex. Construct a conic which shall pass through four given 
points and through a pair {not given) of points of a given 
involution on a line. 

16. The following proposition will be used in the 
succeeding constructions — 
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If a variable conic through Jour fixed jpoints Ay J?, C, 2> meet 
fijced lines through A and B 
in P and Q, then PQ passes 
through a fixed point upon 
CD. 

For consider the invo- 
lution in which CD cuts 
the conic and the four 
sides AP, BQ, AB, PQ of 
the quadrangle ABPQ. Five of these points are fixed, viz. 
the meets with the fixed lines AB, AP, BQ, and the meets 
C, D with the conic. Hence the sixth meet is fixed i.e. PQ 
passes through a fixed point on CD, 

The theorem may also be stated thus — 

A system of conies pass through ABCD, A fiiced line 
through A cuts these conies in PP\., , a^nd a fixed line through 
B cuts them in QQ^.... Then aU the lines PQ, P'Q^,^.. are 
concurrent in a point on CD. 

If A and B coincide, the theorem is — 

A system of conies touch at A and pass through CD. A 
fixed line through 4 cuts these conies in P, P', ... , and another 
fixed line through A cuts them in Q, Q'... . Then all the lines 
PQ, P'Q', ... one concurrent in a point on CD. 

If A, B and C coincide, the theorem is — 

A system of conies have three-point contact at A and pass 
through D. A fixed Une through A cuts these conies in P, P', .•• > 
and another fixed line through A cuts them in Q, C . . . . Then 
all the lines PQ, P'C ...are concurrent in a point on AD. 

If Aj B, C, D coincide, the theorem is — 

A system of conies have four-point contact at A, A fixed Une 
throtigh A cuts these conies in P, P', ... and another fixed line 
through A cuts them in Q, §',.... TJien all the lines PQ, 
P^Q^, ...are concurrent on the common tangent at A. 

Notice that, in the last three theorems, if the lines AP and 
AQ coincide, the lines PQ, P^Q;, ... become the tangents at 
P P' 

Ex. L Eeciprocate all tJiese theorems. 
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Ex. 2. Given three meets ABC of two five-point conies, prove 
the following construction fyr the fourth meet D — Construct any 
two points L, M on either conic, and construct the points L% Mf 
in which AL, BM cut the other conic. Join the meet of LM, 
Vif to C. Then D is the meet of this line mth either conic. 

Ex. 3. Griven two meets A, B of two five-point conies, prove 
the following construction for the other meets C and D — Construct 
any two points L, M on either conic, and construct the points L\ 
Mf in which AL, BM cut the other conic. LM, L^M! meet in 
one point on CJD. Similarly construct another point on CD. 
Now construct the points in which the joining line cuts either 
conic. 

Ex. 4. Beciprocate the two preceding constructions. 

*17. Given five points on a conic, three of which are coincident, 
to construct the conic. 

Let ABC be the three given coincident points, and DE 
the other given points. Then to be given ABC is equivalent 
to being given the point A, the tangent at A, and the circle 
of curvature at A. Let AD, AE cut this given circle in 
2>', E\ Then DE, B'E^ meet on the common chord AP 
of the circle and the conic. Hence the point P where this 
chord cuts the circle can be constructed, , Now P is on the 
conic. Hence we know four points A, B, E, P on the conic 
and the tangent at one of them. Hence the conic can be 
constructed. 

Given five points on a conic, four of which are coincident^ to 
construct the conic. 

Let A, B, C, I> he the four coincident points and E the 
fifth point. Then to be given A, B, C, D is to be given A, 
the tangent at A, the circle of curvature at A, and a conic c 
with which the conies have four-point contact at A, Let 
AE cut c at E'' and let the tangent to c at E' cut the tangent 
to c at J. at T. Now construct a conic having three-point 
contact with the given circle at A and passing through E and 
having TE as tangent at E. This is the required conic. 

Ex. 1. Obtain, hy using the reciprocal theorem, a solution of 
the problem — Given five tangents of a conic, three of which are 
coincident, construct the conic. 
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Notice that the circle of curvature has three-tangent 
contact with the conic as well as three-point contact. 

Ex. 2. Also of the problem— Given five tangents of a conic, 
four of which are coincident, construct the conic. 

XXIV AND XXV 

1. Prove the following construction for the point P at 
which five given points A, B, C, 2), E, no three of which 
are collinear, subtend a pencil homographic with a given 
pncil— Take the lines DI/, BE' such that BiABCD'E") 
is homographic with the given pencil. Let the conic which 
passes through A, B, C and touches DI/ at D cut BE' at F. 
Then FE cuts this conic at P. 

2. Given four points on a conic and the direction of one 
asymptote, find the direction of the other. 

3. Given three points on a conic and the directions of 
both asymptotes ; construct the asymptotes. 

4. Given a parallelogram, construct, using the ruler only, 
a parallel to a given line through a given point. 

6. Verify the following construction (in which the ruler 
only is used) of a conic which shall pass through a given 
point and the (unknown) intersections of two conies, S and 
8\ each given by five points — Draw any line FY through P, 
the given point. On PY construct the involution of con- 
jugate points of S\ Let A be one of the given points on S. 
With A as vertex project this involution on to 8. Let 
be the pole of the involution on S. Find the polar of 
with respect to S and let it intersect PY at X. Let AP 
intersect S at Pi. Join PjX intersecting S again at Qi, 
Then AQi intersects PY at a point on the required conic. 

6. Through a given point C draw a line cutting five given 
lines o, a', h, V, c' at five points A, A\ B, P', C such that 
{AA\ BBf, CC) may be an involution. 

7. Given four points A, B, C, B and a line L With A as 
pole of Z and with BOB as a self-conjugate triangle the conic 
(A, BOB) is drawn. So the conies (P, CBA), (0, BAB) and 
(By ABC) are drawn. Show that these four conies cut I in 
the same two points. 

8. In the problem of constructing a conic, given a self- 
conjugate triangle and a pole and polar, show that if the 
pole lies on one of the sides of the triangle, the problem is 
either indeterminate or impossible. 
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CHAPTER XXVI 

METHOD OP TBTAL AND EBBOB 

1. Given ttoo homograpMc ra/nges {ABC .**) and {ahc ...) on 
different lines, cmd given two points V and v, find two points 
XY of the first nrnge^ such that the a/ngUs XVY and xvy 
may have given values, x and y being the points corresponding to 
X and Y in the homographic ra/nges* 

Try any point P on AB as a position of X To do this, 
take Q on AB, so that the angle F7Q is equal to the given 
value of XVY. Takej? and q, the points corresponding to P 
and Q, Also take r on db, so that the angle pvr may be 
equal to the given angle xvy. Then if r coincides with q, 
the problem is solved. 

If not, try several points Pi, P2 ... . Then 
(rir2...) = t;(rir2...) 
-= vipxp.^ ...) since the pencils are superposable 
= (jPii>2 ...) = (P1P2 ...) since the ranges are homographic 

- F(Px P2 ...) - F(<8i «2 ...) = («i «2 •••) = (21 iz ..■). 
Hence the ranges (^i^*..) and (^1^2 ...) are homographic. 
Now if g and r coincide, g will be a position of y. Hence y 
is either of the common points of the homographic ranges 
tei ^2 •••) ^^^ (^1 ^2 •••)• Hence Y and X are known. 

The problem has four solutions. Two are obtained above, 
and two more are obtained by taking the angles FYQ and 
pvq in relatively opposite directions. 

Notice that we need only make three attempts ; for the 
common points of two homographic ranges can be deter- 
mined if three pairs of corresponding points are known. 

The above process may be abbreviated by writing (r) for 
the range (r^r,;^ ...), and so on. 

The method is called by some writers the method of 
False Positions. 



V 
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Ex. 1. Fmd corresj^nding segments XF, X'Y of two given 
homographk ranges which shall he of given lengths. 

Ex, 2. Griven two homograpJm ranges on the same line, find 
a segment XX' hounded hy corresponding points which divides 
a given segment harmonically, 

X and X' generate ranges which are in involution and 
therefore homographic. 

Ex. 3. Find also XX\ given that XX' divides a given 
segment in a given cross ratio, 

Ex. 4. Mnd corresponding points X, X' of two homographic 
ranges on different lines, such that XO and X'C/ meet at a given 
angle, and (/ hei/ng given points. 

The pencils at and (/ are homographic. 

Ex. 5. If A a/nd A' generate homographic ramges on two lines, 
and B and B' generate homographic ranges on two other lines, 
find the positions of A, B, A', B^ that hoth AB and A'B^ may 
pass through a given point. 

2, Between two given lines, place a segment whose projections 
on two given lines shall he of given lengths. 

Let the projections lie on the lines AB and CD. On AB 
take a length LM equal to the given projection on AB ; 
through L and M erect perpendiculars to AB to meet the 
given lines in X and Y. Let the projection of XY on CD 
be PQ. If FQ is of the required length, then the problem 
is solved. 

If not, make PQ^ of the required length. Then the ranges 
generated by Q^ and P are homographic, being superposable. 
Again, the ranges P and X are homographic, by considering 
a vertex at infinity. Similarly 

range X = range L = range M = range Y = range Q. 
Hence the i*anges ^ and Q are homographic. Either of 
the common points of these ranges gives a true position 
otQ. 

Ex. 1. On two given lines find points A and B, such that AB 
subtends given angles at two given points. 

Ex. 2. Through a given point draw two lines, to cut off 
segments of given lengths from turn given lines. 
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Ex. 3. Given two fixed points and (/ on two fixed lines, 
thnyugh a fiaced point V draw a line cutting the fixed lines in 
points A, A\ such that OA : (/A' is constant 

Ex. 4. Through a given point draw a line to include with two 
given lines a given area. 

Here OA . OA^ is constant. 

Ex. 5. Given three rays OA, OB, 00, find three other rays 
OX, OY, OZ, such that the cross ratios {AB, XY), {BC, YZ), 
{GA, ZX) may have given values. 

Ex. e. Solve the equation aa^ + hx + c^ by a geometrical 
construction. 

The roots are the values of x at the common points of the 
homographic ranges determined by axx^ + feo; + c = 0. 

Ex. 7. Solve geometrically the equations 

y=lx^a, z^my-k-h, x^nse-^c. 
Obtain the common points of the homographic ranges 
{x, xTj determined by y = to + a, is = my-^h, oi = ng + c. 

3. Given two points L, M on a conic, find a point P on the 
conic, such that PL, PM shall divide the segment joining two 
given points U, Yin a given cross ratio. 

Take any position of P, and let PL, PM meet TJY in A, B, 
and take B^ such that (TJY, AB') is equal to the given cross 
ratio. Then (A) = L (A) ^ L (P) = M (P) ^ M (B) =^ (B). 
Also, since [UY, AB^ is constant, we have (A) = (J5'). Hence 
(B) = {By Hence the required position of B is either of 
the common points of the homographic ranges generated by 
B and B", 

Ex. Given tu)0 points L, M on a conic, find a point P on the 
conic such that the bisectors of the angle LPM may have given 
directions. 

Draw parallels to PL, PM through a fixed point. 

4. Inscribe in a given conic a polygon of a given number of 
sides, so that each side shaUpass through a fixed point. 

Consider for brevity a four-sided figure. It will be found 
that the same solution applies to any polygon. 

Suppose we have to inscribe in a conic a four-sided figure 
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ABGDy so that AB passes through the fixed point U, BG 
through F, CD through TT, and DA through X. On the 
conic take any point A. Let AU cut the conic again in B, 
Let BY cut the conic again in C. Let CW cut the conic 
again in D, Let DX cut the conic again in A\ So take 
several positions of A. 

Then the range on the conic generated by J. is in involu- 
tion with the range generate by B, since AB passes 
through a fixed point U. Hence (A) = (B). So 

(B)-(C) = (D) = (4'). 
Hence the ranges {A) and (A') on the conic are homographic. 
A true position of A is either of the common points of these 
homographic ranges. 

Note that in the exceptional case of XXL 3, Ex. 10, the 
common points lie on the line; and the above solution 
becomes nugatory. 

Ex. 1. Describe about a given conic a polygon sttch that each 
vertex shall lie on a given line. 

Inscribe in the conic a polygon whose sides pass through 
the poles of the given lines, and draw the tangents at its 
vertices ; or use the reciprocal construction. 

Ex. 2. Inscribe in a given conic a polygon of a given number 
of sides, such that each pair of consecutive vertices shall determine 
with two given points on the conic a given cross ratio. 

Ex. 3. In the given figure ABGD inscribe the figure NPQB, 
so that ENj PQ meet in the fixed point U, and JVP, BQ in the 
fixed point V. 

Ex. 4. Construct a polygon, whose vertices shall lie on given 
lines and whose sides shall subtend given angles at given points. 

Ex. 6. Construct a triangle ABC, such that A and B shall 
lie on given lines, and that the angle C shaU be equal to a given 
angle, whilst the sides AB, BC, CA pass through fixed points. 

Ex. 6. Given two homographic ranges {ABC ...) = (J.'jB'CT...) 
on a conic, find the corresponding points X, X', such tha>t XX' 
may pass through a given point, 

Ex. 7. Through four given points draw a conic which sJuxll 
cut off from a given line a given length. 
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XXVI 

!• Solve geometrically the equations xy-hlx-hmy + n == 0^ 
xy+px + qif + r^' 0. 

2. Two sides of a triangle are given in position and the 
area is given. Show that the base in two positions subtends 
a given angle at a given point. 

3. Given two pairs of conjugate diameters of a conic, con- 
stinict a pair which shall include a given angle. 

4. A ray of light starts from a given point, and is reflected 
successively from n given lines. Find the initial direction 
that the final direction may make a given angle with the 
initial direction. 

5. Through a given point A is drawn a chord PQ of a conic. 
B, C are fixed points on the conic. Find the position of 
FQ when PB and QG meet at a given angle. 

e. Through two given points describe a circle which shall 
cut a given circle in two points which make a given cross 
ratio with two given points on the circle. 

7. Given two points Aj B on the line of an involution, 
find a pair of points of the involution which shall divide AB 
harmonically. 



CHAPTER XXVII 

IMAGINARY POINTS AND LINES 

1. The Principle of Continuity enables us to combine the 
elegance of geometrical methods with the generality of 
algebraical methods. For instance, if we wish to determine 
the points in which a line meets a circle, the neatest 
method is afforded by Pure Geometry. But in certain 
relative positions of the line and circle, the line does not 
cut the circle in real points. 

Here Algebraical Geometry comes to our help. For if 
we solve the same problem by Algebraical Geometry, we 
shall ultimately have to solve a quadratic equation ; and 
this quadratic equation will have two solutions, real, coin- 
cident or imaginary. Hence we conclude that a line 
always meets a circle in two points, real, coincident or 
imaginary. 

Another instance is afforded by XXIII. 5. Here we 
prove the proposition by using the points and ff in which 
the circled on AA^ and Bff as diameters meet. But these 
circles in certain cases do not meet in real points. But 
we might have proved the same proposition by Algebraical 
Geometry, following the same method. Then it would 
have been immaterial whether the coordinates of the points 
and (/ had been real or imaginary, and the proof would 
have held good. Hence we conclude that we may use the 
imaginary points and ff as if they were real. 

In all solutions by Algebraical Geometry, points and 
lines will be determined by algebraical equations. Hence 
imaginary points and lines will occur in pairs. Hence we 
shall expect that in Pure Geometry, imaginary points and 
lines will occur in pairs. 
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2. The best way of defining the position of a pair of 
imaginary points is as the double points of a given over- 
lapping involution ; and the best way of defining the position 
of a pair of imaginary lines is as the double lines of a given 
overlapping involution. 

Thus the points in which a line cuts a conic are the 
double points of the involution of conjugate points deter- 
mined by the conic on the line ; and these double points, i. e. 
the meets of the conic and line, are imaginary if the involu- 
tion is an overlapping one. 

So the tangents from any point to a conic are the 
double lines (real, coincident, or imaginary) of the involu- 
tion of conjugate lines which the conic determines at the 
point. 

Note that a pair of imaginary points is not the same as 
two imaginary points. For if AA^ are a pair of imaginary 
points and BJB^ another pair of imaginary points, then AB 
are two imaginary points but are not a pair. 

*3. The middle point of the segment joining a pair ofimaginarg 
points is real. 

For it is the centre of the involution defining the imaginary 
points. 

A pair of imaginary points A A' is determined when we Jcnow 
the centre and the square {a negative quomtity) OAK 

For the involution defining the points is given by 
OP. OP" = 0A\ 

The fourth harmonic of a real point for a pair of imaginary 
points is real. 

For it is the corresponding point in the defining in- 
volution. 

The product of the distances of a pair of imaginary points from 
any real point on the same line is real and positive. 

Let AA^ be the pair, and P any real point on the line 
AA\ Take the middle point of the segment AA\ Then 

FA. PA' = (OA-^OP) {OA' -OP) 

= (0^-OP)(-OJ.-OP)=OP2.o^2. 
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Now OA^ is negative, or the involution would have real 
double points. Hence PA , PA^ is. real and positive. 

*4. Two conies cut in four real points, or in two real and two 
imaginary points^ or in four imaginary points. 

Since a conic is determined by five points, two conies 
cannot cut in more than four points, unless they are 
coincident. 

Also we can draw two conies cutting in four points, e. g. 
two equal ellipses laid across one another. 

Now if we were solving the problem by Algebraical 
Geometiy, and were given that the problem could not have 
more than four solutions, and that it had four solutions in 
certain cases, we should be sure that the problem had in all 
cases four solutions, the apparent deficiencies, if any, being 
accounted for by coincident or imaginary points. 

Hence it follows by the Principle of Continuity, that 
two conies always cut in four points, real, coincident or 
imaginary. 

Also imaginary points occur in pairs. Hence two or four 
of the points may be imaginary. 

*5. If two conies cut in two real points, the line joining the 
other common points is real, even if the latter points are 
imaginary. 

For, by the principle of continuity, Desargues's theorem 
holds, even if two or four of the points on the conic are 
imaginary. Let any line cut the conies in pp' and qg^ and 
the given real common chord in a. Then the real point a\ 
taken such that (aa\pp^, qq^ is an involution, lies on the 
opposite common chord. Hence the opposite common chord 
is real, being the locus of the real point a^ 

If two conies cut in two real and two imaginary points, one 
pair of common chords is real and two imaginary. 

For if a second pair were real, the four common points 
would be real, being the meets of real lines. 

*6. One vertex of the common self-conjugate triangle of two 
conies is always real. 
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Take any line I ; then the locus of the conjugate points 
of points on I for both conies is a conic. Take any other 
line m ; the locus of the conjugate points of points on m for 
both conies is a second conic. These conies have one real 
point in common, viz. the conjugate point of the meet of I 
and m. Hence they have another real point in common, 
say U, 

Take the conjugate point QonloiU for both conies and 
the conjugate point Bonmoi U for both conies. Then QB 
is clearly the polar of U for both conies ; for the polar of U 
for both conies passes through Q and JB. Hence CT is a real 
vertex of the common self-conjugate triangle of the two 
conies. 

Similarly, the other two points, real or imaginary, in 
which the conies cut, are the other two vertices of the 
common self-conjugate triangle. 

*7. The other two vertices of the common self-conji^ate triangle 
of two conies are real if the conies cut in four real points or four 
imaginary points ; but if the conies cut in two real and two 
imaginary points, the other two vertices are imaginary. 

If the four intersections are real, the proposition is 
obviously true. 

If the four intersections are imaginary, one conic must be 
entirely inside or entirely outside the other. Hence the 
polar of the real vertex U cuts the conies in either two non- 
overlapping segments AA\ BB\ or in one real segment and 
one imaginary, or in two imaginary segments. Now the other 
two vertices YW are the points on the polar which are con- 
jugate for both conies, i. e. are the common pair of the two 
involutions of conjugate points on the polar. And the double 
points AA% BB^ of these involutions are either real and non- 
overlapping, or one pair (at least) is imaginaiy. Hence by 
XX. 5, FT^ are real. 

If two intersections are real and two imaginary, the meet 
of the given real conmion chord and of the opposite common 
chord (which is known to be real) gives a real position of CT. 
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But the opposite chord does not cut either conic ; hence U is 
outside both conies. Hence the polar of Uj passing through 
the fourth harmonic of U for the two real points, cuts the 
two conies in overlapping real segments. Hence FTT, being 
the double points of the involution determined by these 
segments, are imaginary. 

*8. One pair of common chords of two conies is always real. 

If all four intersections are real, it is clear that the six 
common chords are all real. 

If all four intersections are imaginary, then ZJFTTare real. 
Take any point P and its conjugate point P' for the two 
conies. Then the common chords through U are the double 
lines of the involution U{VW, PF^ ; for the polar of P for 
these common chords passes through P', and the polar of V 
passes through TT. Hence the common chords through U 
are both real or both imaginary. 

Also the common chords through two of the three points 
UVW must be imaginary ; for otherwise the four real com- 
mon chords would intersect in four real common points of the 
conies. Let the chords through V and W be imaginary. 

Then taking P inside the triangle U VW, we see that, since 
V(UW, PP^ overlap, P' must lie in the external angle F; 
so P' must lie in the external angle W, Hence P' lies in the 
internal angle U. Hence U{VW, PP^ does not overlap; 
hence the double lines of the involution are real, i. e. the 
common chords through IT are real. 

If two intersections are real and two imaginary, we have 
already proved that two common chords are real. 

" 9. Ttw conies have four common tangents, of which either two 
or four may be imaginary. 

If two conies have two real common tangents and two imaginary, 
the intersection of the real and also of the imaginary tangents 
is real; and the other four common apexes are imaginary. 

One side of the common self-conjugate triattgle of two conies 
is always real ; the other two sides are real if the four common 
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tangents are aXt real or all imaginary ; otherwise the other two 
sides are imaginary. 

One pair of common apexes of two conies is always real. 

These propositions can be proved isimilarly to the corre- 
sponding propositions respecting common points and common 
chords (or by Reciprocation). 

Ex. If two conies have three-point contact at a pointy they have 
a fourth real common point, and a fourth real common tangent. 



CHAPTER XXVIII 

CIRCULAB POINTS AND CIRCULAR LINES 

1. The circular lines through any point are the double 
lines of the orthogonal involution at the point. Other 
names for circular lines are circulars or isotropic lines. 

Notice that a circular line is perpendicular to itself, 

Every pair of circular lines cuts the line at infinity in the 
same two points (called the circular points or circules or 
focoids). 

Take any two points P and Q. Then to every pair of 
rays in the orthogonal involution at P there is a parallel 
pair of rays in the orthogonal involution at Q, or briefly, 
the involutions are parallel. Hence the double lines are 
parallel. Hence the circular lines through P and Q meet 
the line at infinity in the same two points. 

The notation oo , oo ^ will be reserved for the circular points. 

Any two perpendicular lines are harmonic with the circular 
lines through their meet. 

For by definition the circular lines are the double lines of 
an involution of which the perpendicular lines are a pair. 

The points in which any two perpendicular lines meet the line 
at infinity are harmonic with the circular points. 

For the circular lines through the meet of the lines are 
harmonic with the given lines. 

2. The triangle whose vertices are any point Cand the circular 
points, is self-conjugate for any rectangular hyperbola whose centre 
is at C. 

For (7 GO , C 00 ' being circular lines are harmonic with every 
orthogonal pair of lines through Cy and are therefore bar* 
monic with the asymptotes, i. e. with the tangents from G 
to the r. h., and are therefore conjugate lines for the r. h. 

X 2 
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Also G is the pole of oo oo '. Hence Coo x ' is self-conjugate 
for the r. h. 

Hence oo , go ' are conjugate for any r. h, ; and, conversely, 
if CO J 00 ' are conjugate for a conic, the conic is a r. h. For 
if X, 00 ' are conjugate, then Coo, Coo' are conjugate 
diameters, and are therefore harmonic with the asymptotes, 
which are therefore orthogonal. 

3, All circles pass through the circular points. 

Let C be the centre of any circle. Then Coo , Coo ' are the 
asymptotes of the circle. For Coo , Cx ' are the double lines 
of the orthogonal involution at C, i. e. are the double lines of 
the involution of conjugate diameters of the circle. Now a 
conic passes through the points in which the line at infinity 
meets its asymptotes. Hence the circle passes through oo 
and 00 '. 

Notice that we have proved that C oo , Cx ' touch at x , x ' 
any circle whose centre is at C; for the asymptotes touch 
the conic at the points at infinity. 

4. Every conic which passes through the circular points isacircle. 
Let C be the centre of a conic through x , x '. Then 

since the lines joining the centre of a conic to the points 
where the conic meets the line at infinity are the asymptotes 
of the conic, we see that Cx , Cx ' are the asymptotes of the 
conic. Hence the involution of conjugate diameters of which 
the asymptotes are the double lines must be an orthogonal 
involution. Hence every pair of conjugate diameters is 
orthogonal. Hence the conic is a circle. 

We now see the origin of the names circular points and 
circular lines. The circular points are the points through 
which all circles pass. A pair of circular lines is the limit 
of a circle when the radius is zero ; the circle degenerating 
into a real point through which pass imaginary lines to the 
circular points. So that a pair of circular lines is both a 
circle and a pair of lines. 

I 5. Concentric circles have double contact, the line at infinity 
Ming the chord of contact. 
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For all circles which have C as centre, touch Coo at oo 
and Coo 'at x'. 

Ex. 1. Any semicircle APB is divided harmonically hy the 
circular points. 

Join -4., J5, 00 , 00 ' to P. 

Ex. 2. Uie circle which circumscribes a triangle which is self- 
conjugate for a rectangular hyperbola passes through the centre. 

For five of the vertices of the two triangles consisting of 
the given triangle and Coo oo ' lie on the circle. 

Ex. 8. Give a descriptive proof of the property qf the director 
circle of a conic. 

Let A and B he any fixed points, and let PA and PB he 
any two lines through A and B which are conjugate for a 
conic. Draw the polar b of B cutting PA in Q. Then 
Q is the pole of PB. Hence A(P)'^A (Q) = (Q) = B(P). 
Hence the locus of P is a conic through A and B. 

Now let R be any point on the director circle. Then 
2^00, i^oo' are conjugate for the conic, since the tangents 
from By being perpendiculaor, are harmonic with Boo, Boo \ 
Hence the locus of 12 is a conic through oo and oo ', i. e. is 
a circle. 

6. If the pencil V(ABC... ) be turned bodily through any 
angle about Vinto the position ViA^B'O' *..), then the common 
lines of the tu?ohomographicpencils V{ABC ...)and V(A'B'C...) 
are the circular lines through F. 

The pencils, being superposable, are homographic. Hence 
if they cut any circle through F in abc ... and a'bV ... , the 
two ranges (abc ,..) and (a'6V...) on the circle are homo- 
graphic. One point on the homographic axis of these ranges 
is the meet of aV and a'b. But these lines are parallel ; 
since the angles aVa^, bW and therefore the arcs ac^, bV 
are equal. Hence this point is at infinity. So every point 
on the axis is at infinity. Hence the common points of the 
ranges (abc ...) and (a'&V ...) are the meets of the circle with 
the line at infinity, i. e. are oo , oo \ Hence the common b'nes 
of the pencUs F^J^C. ..) and F(^'-B'C' ...) are Foo, Foo'. 

Conversely, ifY(x^,Y<f^'arethe common lines of the homo- 
graphic pencils y (ABC.) and 7(A'B'(f ...\ then 
AVA' ^ BVB" = CVa ^ .... 
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For, if not, let AVA' ^BYB"' = CYC - ... . Then by 
the first part F(oo ^' ABC ...) = F(oo oo ' A^B^C ...). But 
by hypothesis 7(oo oo 'ABC.) = F(oo ao'A'B'C ...). Hence 
FJB" and FJB' coincide, each being the ray corresponding to VB 
in the homography determined by F(ao oo ' JL) = F(oo oo ' A^ 
Hence BVB" = BVB"' = JLF-4'. So for the other angles. 

The legs of a constant angle divide the segment joining the 
Circular points in a constant cross ratio. 

Let the constant angles be ALA\ BMB", CNC%.... 
Through any point Fdraw a circle and let parallels through F 
to LA, MB, NC, ..., LA', MB', NC ... cut this circle in 
a, h, c, ..., a', V, <! ... . Then, as above, oo oo ' are the common 
points of the homographic ranges (a&c.) and (o'6V...) on 
the circle. Hence by XVI. 4. ii, 

(oo 00 ', aa') = (x 00 ', W) = (oo oo ', ccO = .... 
Hence F(oo oo ', aa') is constant. But the parallel lines LA 
and Ya cut oo oo ' in the same point ; so LA' and Ya' cut 
00 00 ' in the same point. Hence Z (oo oo ', AA') is constant. 
Hence LA and LA' divide the segment oo x ' in a constant 
cross ratio. 

7. Coaxal circles are a system of four-point conies. 

For two circles meet in two points (real or imaginary) 




on the radical axis and also in the circular points. The 
adjoining ideal figure explains the relation of coaxal circles 
to the circular points. A and B are the common finite 
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points on the radical axis, and X2 is the point at infinity on 
the radical axis. 

i and X' are the limiting points. For since LA and LB 
are circular lines through A and ^, X is a point-circle of the 
system. So for L\ Also LL'il is the common self-conjugate 
triangle of the coaxal system. 

Foci of a Conic. 

8. Every conk has four foci, which are inside the conic and 
lie two on each axis, those on either axis being equidistant from 
the centre. 

The tangents from a focus of a conic to the conic are the 
double lines of the involution of conjugate lines at the focus, 
i. e. are the double lines of an orthogonal involution, i. e. are 
circular lines, i. e. pass through x , \ Hence a real focus is 
an internal point, since the tangents from it aie imaginary. 

Also every intersection S of the four tangents from x , oo ' 
to the conic is a focus of the conic. For See, Soo^ being the 
tangents from S and also circular lines, the involution of 
conjugate lines at S 
is orthogonal, i. e. S 
is a focus. Hence the 
foci of a conic are the 
other four meets of 
tangents to the conic 
from 00 and oo '. 

Consider the ad- 
joining ideal figure. 
Here SS'FF" are the 
foci. Also CDSl' is 
a self-conjugate tri- 
angle, being the har- 
monic triangle of a 

circumscribing quadrilateral. Hence C, being the pole of 
00 00 ', is the centre. Again (oo oo ', £lil^ is harmonic. Hence 
C(oo X ', 1212') is harmonic. Hence the conjugate diametera 
CI2, CI2', being harmonic with the circular lines Coo , Coo ', 
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.«»=F' 



•0=rF 



are orthogonaL Hence 88' and FF are the axes ; i. e. the 
foci lie two on each axis. But (88^, CQ) is harmonic and 

il is at infinity ; hence 
8 and 8^ are equidistant 
from the centre C Simi- 
larly for JP and l'^'. 

It will be instructive 
to draw an ideal picture 
showing the relation of 
a parabola and of a 
circle to its foci. 

In the case of a para- 
bola 00 00^ touches the 
conic. Hence F' coin- 
cides with 00 ' and F 
with X . Also C and 8^ 
coincide at the point of 
contact of 00 00 '. 

In the case of a circle, 
00 and oo^ are on the 
conic ; and all the foci coincide with the centre C. 

Ex. 1. The sides of a triangle ABC tomh a conic and meet 
a fourth tangent to the conic in A'B^C ; show that the double 
lines of the involution subtended by (AA\ BB^^ CC^ at a focus 
are perpendicular. 

For 800 ^ 8 CO \ being the tangents from 8, belong to this 
involution. 

Ex. 2. The circle described about a triangle which circum- 
scribes a parabola^ passes through thefi>cus. 

For five of the vertices of the two triangles consisting of 
the given triangle and 5 00 00 Mie on the circle. 

Ex. 8. The intersections of a conic with its directrices are 
points on the director. 

Let P be such a point. Then P is a point on a polar of 
a focus, say, the point of contact of S 00 . Now the tangents 
from P (a point on the conic) coincide with P 00 , a cii*cular 
line, which is perpendicular to itself. Hence P is on the 
director. 
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9« The foci on one axis (called the focal axis) are real, and 
the foci on the other axis (called the non-focal axis) are 
imaginary. 

Take any point P, and through P draw the orthogonal 
pair PGg and FHh of the involution of conjugate lines at P, 
cutting one axis in G and H and the other axis in g and h» 
Then FG and PH are harmonic with Poo and Px', since 
GPH is a right angle, and with the tangents PT, PT' from 
P, since PG and PH are conjugate. Hence PG and PH are 
the double lines of the involution P(Tr, oo oo ', SS\ FJB^. 

Hence P{S8\ GH) and P(2^', ^^) are harmonic. And 
C bisects 8S' and i^i^'. Hence C/S^ =CG.CH and 

But on drawing the figure, we see that if CG and CH are 
of the same sign, Cg and Ch are of opposite signs. Hence, 
taking CG . CH positive, CS^ is positive and CF^ is negative. 
Hence S and iS^ are real and F and JF" are imaginary. 

Notice that in the case of a parabola, S bisects GH; for S' is 
at infinity. 

Ex. 1. Show that gh subtends a right angle at S and at S\ 
Now Cg . Ch^ -CG . CH by elementary geometry 

= - CS2 = CS. CS". Hence SS'gh lie on the circle whose 

diameter is gh. 

Ex. 2. Any line throtigh G is conjugate to the perpendicular 
line through H; and the same is true of g and h. 

10. Confocal conies are a system of four-tangent conies. 

For if S and S^ be the real foci, the conies all touch the 
lines /Soo , S'oo , /Sf 00 ', and S'oo '. 

Hence, the tangents from any point to a system of confocals 
form an involution, to tchich belong the pairs (PS, PS"), 
(PF, PF") and (Poo , Poo '), P being the given point. 

Through every point can be drawn a pair of lines which are 
conjugate for every one of a system of confocals. 

For the double lines PG, PH of the above involution are 
harmonic with the tangents from P to each of these conies. 

PG and PH are perpendicular. 
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For they are harmonic with JPoo , Poo '• 

The pairs of tangents from any point to a system of con- 
focdls and the focal radii to the point have a common pair of 
bisectors. 

For the double lines PG and PH of the involution are 
perpendicular. 

Notice that in the case of a parahda, PQ and PH are the 
bisectors of the angles between PS and a parallel through P to the 
axis. 

Ex. 1. From a given point 0, lines are draton to touch one of 
a system jof confocal conies in P and Q ; show that PQ and the 
normals at P and Q touch a fixed parabola which totiches the 
axes of the confocals. 

Viz. the polar-envelope of the point for the system of 
four-tangent conies. The normal PG at P touches the polar- 
envelope, because it is conjugate to OP for every conic of the 
system. Also oo oo ' and the axes touch, since they are the 
harmonic lines of the quadrilateral. 

Ex. 2. The directrix of the parabola is CO, G being the common 
centre. 

For the tangents at to the two confocals through are 
two positions of PQ. 

!!• The locus of the poles of a given line for a system of con- 
focals is the normal at the point of contact of the given line mth 
a confocal. 

For let the given line I touch a confocal at P, and let PG 
be the normal, and PH(^ I) the tangent to this confocal. 
Then PG and PH are perpendicular. Hence P(GH, oo oo ') 
is harmonic. But PH is one of the double lines of the 
involution of tangents from P to the confocals, being the 
pair of coincident tangents from P to the confocal which 
PH touches. And Poo, Poo' is a pair of this involution. 
Hence PG is the other double line. Hence PG and PH, 
being harmonic with every pair of tangents, are conjugate 
for every confocal. Hence the locus of the poles of I 
13 PG. 
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Beoiprocation of circular points and lines. 

*12. Circular lines are the double lines of the orthogonal 
involution at a point P. Hence the rec^ocal of a pair of 
circular lines is a pair of points on a line p which are the 
double points of the involution on the line which subtends 
an orthogonal involution at the origin of reciprocation, 
in other words, are the meets of p with the circular lines 
through the origin of reciprocation. 

Circular points are the points on the line at infinity which 
are the double points of the involution on the line at infinity 
which subtends an orthogonal involution at 0. Hence the 
reciprocals of the drcuHar points are the double lines of the 
orthogonal involution at 0, i. e. are the circular lines through 
the origin of reciprocation. 

The reciprocal qf a circle Jbr the point is a conic with focus 
atO. 

For since the circle passes through the circular points, 
the reciprocal touches the circular lines through 0, i. e. is 
a focus of the reciprocal. 

To reciprocate confbcal conies into coaxal cirdes. 

Confocal conies are conies inscribed in the quadrilateral 
Soo , /S^ 00 , iSoo ', 5' 00 '• Reciprocate for S. Then since Soo , 
iS^oo ' touch the given conies, the circular points lie on the 
reciprocal conies, i e. the reciprocal conies are circles. Also 
the given conies have two other common tangents ; hence 
the reciprocal conies have two other common points, i. e. are 
coaxal circles. 

To reciprocate coaxal circles into confocal conies. 

Coaxal circles are conies circumscribed to the quadrangle 
AB 00 00 '. (See figure of § 7.) Reciprocate for L. Then 
the given conies pass through four fixed points, two on each 
circular line through the origin of reciprocation. Hence the 
reciprocal conies touch four fixed lines, two through each 
of the circular points ; i. e. the tangents to all the reciprocal 
conies from oo , oo ' are the same, i e. the reciprocal conies are 
confocal. 
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XXVIII 

1. A circle is drawn with centre on the directrix of a para- 
bola to pass through the focus. At By one of the inter- 
sections of the parabola and the circle, are drawn the 
tangents to the circle and the parabola, meeting the para- 
bola and the circle again at P and Q, Show that the circle 
and the parabola are manifoldly related ; and deduce that PQ 
touches both curves. 

2. OP and OQ are the tangents from a fixed point to 
one of a system of confocal conies. Show that the circles 
such as OPQ are coaxal. 

3. OP and OQ are the tangents from a fixed point to 
one of a system of confocal conies, and the normals at P and 
Q meet at B, Show that the locus of the orthocentre of PQB 
is a line. 

4. Every conic through the foci of a conic is a rectangular 
hyperbola, 

5. If the two parabolas which can be drawn through four 
given points have their axes perpendicular, the points lie on 
a circle. 



CHAPTER XXIX 



PROJECTION, REAL AND IMAGINARY 

1. To project a given conk into a cirde and at the same time 
a given line to infinity. 

Take Z", the pole of the given line I which is to be projected 
to infinity. Through K draw two pairs of conjugate lines 
cutting I in AA\ BB". 

On AA' and BB^ as diameters describe circles cutting in 
y and y\ About AA' rotate 
Fout of the plane of the paper. 
With V as vertex project the 
given figure on to any plane 
parallel to the plane YAA\ 

Then KA will be projected 
into a line parallel to YA, and 
KA' into a line parallel to YA\ 
Hence AKA' will be projected 
into a right angle. So BKB' 
will be projected into a right 
angle. Again, since KA and 
KA' are conjugate for the given 
conic, their projections will be 

conjugate for the conic which is the projection of the given 
conic. So KB and KB^ will be conjugate in the figure 
obtained by projection. Again, K is the pole for the given 
conic of the given line { which is projected to infinity. 
Hence in the second figure, K is the pole of the line at 
infinity, i. e. is the centre of the conic. 

Hence in the second figure KAy KA' and KB, KS are 
two pairs of orthogonal conjugate lines at the centre, i.e. 
the second conic has two pairs of orthogonal conjugate, 
diameters. Hence the second conic is a circle. 
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If the conic is given by five points, we should start in the 
above construction with the point A on I and construct by 
XXIV. 2, the polar KA' of this point. Then KA' is tie 
line conjugate to KA. So KB and KB^ can be constructed. 

Notice that we have thus solved the problem — Project any 
five points so that their projections shaU lie on a circle whose 
centre shaU he the projection of a given point. 

2. The above construction fails when the line to be 
projected to infinity is the line at infinity itself. The 
problem then becomes — 

To project a given conic into a circle, so that the centre of the 
conic may "be projected into the centre of the circle. 

If the conic is an ellipse, this can be done at once by 
Orthogonal Projection. If the conic is a hyperbola, we 
must use an imaginary Oi-thogonal Projection. If the 
conic is a parabola, the projection is impossible; but we 
may take the parabola as the limit of an ellipse with one 
vertex at infinity. 

Notice that, as the line at infinity is projected into the 
line at infinity in Orthogonal (or Parallel) Projection, the 
species of the conic is not altered by this kind of Projection. 
For if the line at infinity cuts the conic in real, coincident, 
or imaginary points in the original figure, the line at 
infinity in the new figure will also cut the con'e in real, 
coincident, or imaginary points respectively. 

Ex. Project a system ofhomothetic conies into circles. 
Project any one into a circle, 

3. To project a given conic into a circle and a given point into 
its centre. 

In the above construction, take K to be the given point 
and I its polar. 

To project a given conic, so that one given point may he pro- 
jected into the centre and another given point into a focus. 

To project Z into the centre and K into a focus, take I in 
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the above construction to be the polar of L instead of the 
polar of Kj using K and I as before. Then L is projected 
into the pole of the line at infinity, i. e. into the centre, and 
K is projected into a point at which two pairs of conjugate 
lines are orthogonal, i.e. into a focus. 

To project a given conic, so that two given points may he pro- 
jected into its foci. 

To project K, E! into the foci, take L and L\ the double 
points of the involution \;P:P\ KK% P and P' being the 
points in which KK^ cuts the conic. Now project JTinto a 
focus and L into the centre. Then {KK^, LV) is harmonic ; 
also 2y' is at infinity, for since (PF\ LV) is harmonic, U is 
on the polar of i. Hence KE! is bisected at i, i.e. K' 
is the other focus. 

Ex. 1. Projefi a given conic in a given plane into a circle in 
another given plane. 

In the construction of § 1, take the line AA' parallel to 
the intersection of the two planes, and take F in the plane 
through AA' parallel to the second plane. 

Ex. 2. Project a given conic into a parabola, and a given 
point into its focus, and a given ^oint on the conic into the vertex 
of the parabola. 

Suppose we want to project S into the focus, and P into 
the vertex of a parabola. Let SP cut the conic again in P\ 
Taking the tangent at P' as vanishing line, project 8 into 
a focus. 

4. In the fundamental construction of § 1, if the point K 
be outside the conic, the pencil of conjugate lines at K is not 
overlapping ; hence the segments AA^, BB^ do not overlap ; 
hence the points V and F^ are imaginary. In this case we 
say that the vertex of projection is imaginary, and that we 
can by an imaginary projection still project the conic into a 
circle and I to infinity. Also, by the Principle of Continuity, 
proofs wh'ch require an imaginary projection are valid ; in 
fact we need not pause to inquire whether the projection 
is real or whether it is imaginary. 

The reader will find that the method of Projection 
(combined if necessary with the method of Beciprocation) 
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is very powerful ; and he should try to solve in this way 
any problem which he cannot do in other ways. Many 
propositions can also be proved most easily in this way. 
For instance — 

Prove PasoaVs theorem by projection, 

(See figure of XV. 1.) Project MN to infinity and the 
conic into a circle. Then, in the circle, we have AB parallel 
to BE, and BG parallel to EF. Hence 

FAD = ISO""- FED = 180° -^-BO by parallels = ADC. 
Hence AF is parallel to CD ; i. e. AF and CD meet on 
the line at infinity, MN. Hence in the original figure 
AF and CD meet on MK 

Ex. 1. Prove hy Projection that the harmonic triangle (i) of 
an inscribed quadrangle, (ii) of a circumscribed quadrilateral, is 
self-conjugate for the conic. 

Project in each case into a parallelogram, and notice that 
a parallelogram inscribed in a circle must be a rectangle. 

Ex. 2. Show that the harmonic triangles of a quadrangle 
inscribed in a conic and of the quadrilateral of tangents at the 
vertices of the quadrangle are coincident. 

Ex. 3. The chords PP", QQf, BBf, SS' of a conic meet in 0. 
Show that the two conies OPQBS and OP'OfRSr touch at 0. 

Project the conic into a circle and into its centre. 
Then the two conies are the reflexions of one another in 0. 
Hence the tangents at coincide. 

Ex. 4. If two coaxal triangles be inscribed in (or circum- 
scribed to) a conic, the cofhis the pole of the a. ofh 

Ex. 5. The lines joining the vertices of a triangle ABC 
inscribed in a conic to a point meet the conic again in a, b, c ; 
and Ab, Be, Ca meet the polar of in B, P, Q. Show that the 
lines joining any point on the conic to P, Q, B meet BC, CA, AB 
in coUinear points. 

Ex. 6. If from three coUinear points X, Y, Z, pairs of tangents 
be drawn to a conic, and if ABC be the triangle formed by one 
tangent from each pair, and DEF the points in which the 
remaining three tangents meet any seventh tangent, the lines 
AD, BE, CF meet at a point on XTZ. 

Let the tangents from X be called I, V, from T be called 
m, m', and from Z be called n, n\ and the line XYZ be 
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called 0, and the seventh tangent be called p. Reciprocating, 
we have to prove the theorem—* If LOL', MOM!, NON' 
be chords of a conic, and P any point on the conic, then 
the meets of LM, PN\ of MN, FL\ and of NL, PM" lie 
on a line through 0/ Project to infinity the line joining 
to the meet of LM, PN\ and at the same time the conic 
into a circle. The theorem becomes — *If XX', MM!, NN^ 
be parallel chords of a circle and P a point on the circle 
such that PN' is parallel to LM, then PM' is parallel to 
NL and PV to MN! This theorem follows by elementary 
geometry. 

Ex. 7. ABC is a triangle inscribed in a conic of which is 
the centre. A\ B", C bisect EC, CA, AB. Through P, any 
point on the conic, are draum lines parallel to 0A\ OP!, OC 
meeting BC, CA, AB in X, Y, Z ; show that X, Y, Z are 
coliinear. 

By an Orthogonal Projection, real or imaginary, project 
the given conic into a circle with as centre. Then in the 
circle, OA^ is perpendicular to BC, OB' to CA, and OC 
to AB. 

Ex. 8. Through a fixed point is draum a chord PP' of 
a conic ; show that the locus of the middle point of PP' is 
u homothetic conic through and through the points of contact 
of tangents from 0. 

Ex. 9. Hesse's theorem. AA', BB!, CC are the opposite 
vertices of a complete quadrilateral Show that if A A' and BB' 
are two pairs ofconjfugate points for a conic, then C, C are also 
conjugate points for this conic. (See also XIV. 3, Ex. 3.) 

Project the line AA' to infinity and the conic into a circle. 
Then since A, A' are points at infinity which are conjugate 
for a circle, they subtend a right angle at the centre and 
therefore at any point. Hence the parallelogram BB'CC 
is a rectangle. Now B, B! are conjugate for the circle. 
Hence the circle on BB! as diameter is orthogonal to the 
circle. But the circle on BB! as diameter is also the circle 
on CC as diameter. Hence the latter circle is also 
orthogonal to the circle. Hence G, 0' are conjugate for 
the circle. Hence in the original figure C, C are conjugate 
for the conic. 

Ex. 10. Prove, by Projection, the involution property of a point 
and a conic ; vie. that if chords be drawn through a fixed point 
cutting the conic at the pairs of points PP', Q(^, BB!, ..., 
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then iPP\ QQ\ BB^, ...) form an involution on the conic. (See 
also XX. 2.) 

Project the conic into a circle and into the centre of 
the circle. Then we have to prove that {PP'y QQ', BR", ...) 
is an involution on the circle. We see that P', Qf^ Bfj ,,. 
are the reflexions of P, Q, i?, ... in the centre 0. Take V 
and V at the ends of any diameter. Now we have to 
prove that {PP'QQ'BB'...) = [P'Pi^QB'B ...) ; which is true 
if ViPP'QQ'BBf...) == V (P'PQ'QBfB ...). But these pencils 
are superposable, being the reflexions of one another in the 
centre of the circle. Hence {PP\ QQff BBf, ...) form an 
involution in the figure of the circle, and therefore in that 
of the conic 

Ex. IL If two conies are such that one four-sided and four- 
angled figure c<m he drawn to he inserlhed in one conic and 
circumscrihed to the other, then an infinite numher of such figures 
can he draum. 

Let ABCB be the figure which is inscribed in Ci and 
circumscribed to c^; and let AC and BD meet at U. 
Project Ci into a circle, c^, and U into its centre. Then 
since B^lY is a diameter of Ci\ BfA'B' = 90° ; hence A' is 
on the director of c{, the projection of c^* So Bf, C\ 1/ 
are on this director. Hence c/ is this director. Now start 
with any point P' on Ci, and let the tangents from P^ to c^ 
cut Ci at (^ and S\ and let the other tangents from Q' and 
8^ to C2 intersect at Bf, Then P'Qf^S^ is a rectangle, since 
the angles at P', Q\ S^ are right. Hence B^ also lies on the 
director. Hence, in the original figure, we can draw such 
a figure starting with any point P on Ci. 

Ex. 12. Show that the internal diagonals of sueh a figure 
intersect at a fixed point which is one af the vertices of the 
common self-conjugate tria/ngle of the conies, and that the external 
diagonal is a fixed line, vi^. the polar of the ah&ve point for each 
conic. 

Ex. 13. If my circle he draum through the real foci of a conic, 
quadrilateral figures can he insorihed in the circle which are 
circumscnhed to the conic. 

5. To project any two given imaginary points into the circular 
points. 

Let the two imaginary points E, Fhe given as the double 
points of the overlapping involution {AA\ BB^. Take any 
point K in the given plane and proceed as in § 1 to project 
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the angles AKA' and BKlBf into right angles and AA^ to 
infinity. Then KE and KF are the double lines of the 
orthogonal involution K{AA'^ BB\ and J5 and F are at 
infinity ; hence J57 and F are the circular points. 

To project any two^ imaginary lines into, a pair of circular 
lines. 

Let the given lines KE, KF be defined as the double 
lines of the involution K(AA^, BB"), Draw any transversal 
AA'BBf. Then proceed as in § 1 to project the angles 
AKA' and BKB' into right angles. Then KE and KF, 
being the double lines of an orthogonal involution^ are 
circular lines. 

If the points or lines are real instead of imaginary, the 
projection becomes imaginary. 

To project any conic into a rectangvlar hyperbola. 

Project any two conjugate points into the circular points. 

To project a system of angles which cut a given line in two 
homographic ranges, into equal angles. 

Project the common points into the circulJEir pointy.. 

Ex. L Deduce the construction for drawing a conio totouch 
three lines and to pass through two points from the construction 
for draunng a circle to touch three lines. 

Ex. 2. The pole-locus of four given points, A, B, C, B and 
a given line I, totiches the sixteen conies which can he dnmn 
through the two common conjugate points on I to Umch the sides 
of one of the triangles ABC, ACD, ABB, BOB. 

Project these conjugate points into the circular points ; 
then I goes to infinity. Also AB, BO meet the line at 
infinity in points harmonic with the circular points ; hence 
AB, BC are perpendicular. Similarly BB, AC are per- 
pendicular, and also CB, AB, Hence the- pole-locus becomes 
the centre-locus of rectangular hyperbolas through A, B, C, B, 
i.e. becomes the nine-point circle of each of the four 
triangles ; and this is known to touch any circle which 
touches the sides of any one of the four triangles. 

Ex. 3. The lines AB, AC touch a conic at B and C; and 
the lines FQ and PR touch the conic at Q and B. Show that 
A, B, C, P, Q, B lie on a conic. Through A is drawn a line 
cutting the given conic at L and M and cutting QB at N, and 

U2 
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a point U is taken stick that {LM, NU) is harmonic. Show 
that U lies on the second conic. 

Project Q, B into the circular points. Then the conic 
becomes a circle with centre P, and U becomes the middle 
point of LM. And now a circle goes through ABUPC. 
Hence, in the original figure, a conic goes through 
ABUPCQB. 

Ex. 4. Show that in Ex, 3 the conic throtigh A, J5, C, P, 
ft B is also the hctis of a point X, from which tangents to the 
conic are harmonic with XP and XA. 

6. To project any two conies into circles. 

Project any two common points into the circular points, 
or project one conic into a circle and a common chord to 
infinity. 

There are six solutions, as there are six common chords. 
But the projection is only real if we take a real common 
chord which meets the conies in imaginary points, for the 
line at infinity satisfies these conditions. 

To project a system of four-point conies into a system of coaxal 
circles. 

Proceed as above. 

Ex. 1. Given two tangents and two points on a coniCy the locus 
of the meet of the tangents at these points is two lines. 
Project the two points into the circular points. 

Ex. 2. Two conies pass through ABCB. AEF, BGH cut 
tlie conies in EG, FH; show that CD, EG, FH are concurrent. 

Ex. 3. A variable conic passing through four fixed paints 
A, By C, D meets a fixed conic through AB in PQ ; show that 
PQ passes through a fixed point 

Ex. ^ If a conic pass through tux) given points and touch 
a given conic at a given point, its chord of intersection with the 
given conic passes through a fixed point. 

Ex. 5. The poles of a common chord oftujo conies are divided 
harmonically by the two common apexes (see XIX. 8) which lie 
on the line joining the poles. 

Project the common points into the circular points, and 
notice that S, S^ divide the line joining the centres of the 
circles harmonically. 

Ex. e. Jf tangents be drawn from any point on any common 
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chord of two conks, touching one conic in A, B and the other in 
C, B ; show that the lines AC, AB, EC, BB meet two by two in 
the common apexes corresponding to the common chord. 

Ex. 7. ff through any common apex of two conies a line he 
draum cutting the conies in the points AB and CB, at which the 
tangents are ah and cd ; show that the points ac, ad, he, hd lie 
two hy two on the corresponding common chords. 

Ex. 8. If three conies have two points in cotnmon, the opposite 
common chords of the conies taken in pairs, are concurrent 

Ex. 9. The envelope of a line which meets two given conies in 
pairs of harmonic points is a conic {caUed the harmonic envelope 
of the two conies) which touches the eight tangents to the conies 
at their meets. 

Let the conies meet in A BOB. Project AB into the 
circular points. Then by Ex. 2 of III. 6, the envelope 
of the line is a conic which touches the four tangents at 
C and B. So by projecting CB into the circular points, 
we prove that the envelope touches the tangents at A 
and B. 



10. The locus of a point the tangents from which to turn 
given conies are pairs of a harmonic pencil is a conic (caUed the 
harmonic hcus of the two conies) on which lie the eight points in 
which the given conies touch their common tangents. 
Reciprocate Ex. 9. 

Ex. 11. The tangents to a system of four-point conies at their 
meets form four homographie pencils. 

Ex 12. Reciprocate Ex. 11. 

Ex. 13. If two conies he so situated that two of their meets 
AB subtend at another meet C an angle which divides harmonically 
the tangents at C, the same is true for AB at B, for CB at A, 
andforCBatB. 

Apply Ex. 11 to the four conies consisting of the two 
given conies and the pair of lines AC, BB and the pair 
AB, BC. 

Ex. 14. Four parabolas are drawn with their axes in the same 
direction to touch the four triangles fonned hy four points ; show 
that they have a common tangent. 

A particular ease of the more general theorem — 'Four 
conies are drawn to touch two given lines and to touch, &e.' 

Beeiproeate, and project the given points into the circular 
points. 
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Ex. 15. Prove the involution property of a system of four-point 
conies. 

See the figure of XXI. 2. Project C, 2) into the circular 
points. Then the system becomes a system of coaxal circles 
with radical axis AB. Hence c^p . c'jp' = (fq . c^^ = ... . 
Hence pp% q^y ... form an involution of which (/ is the 
centre. But c is at infinity. Hence cc^ are a pair in the 
involution. So a(f, W are pairs in the involution. 

7. To project any trm conies into confbcal conies. 

Let the opposite vertices of the quadrilateral circumscribed 
to both conies be AA\ BB^^ CG\ Project AA^ into the 
circular points ; then the conies have the foci BB^, CO' in 
common, Le. are' confocal. 

To project a system of conies inscribed in the same quadrilateral 
into confbcal conies. 

Project a pair of opposite vertices of the circumscribing 
quadrilateral into the circular points. 

Ex. 1. A variable conic touches four fixed lines ; from the 
fixed points B, C taken on tux) of these lines the othsr tangents 
are draum ; find the locus of their meet. 

Project By (7 into the circular points. 

Ex. 2. The line PQ touches a conic. Find the locus of the 
meet of tangents of the conic which divide PQ (i) harmonically, 
(ii) in a constant cross ratio. 

Ex. 3. If two conies be inscribed in the same quadrilateral, 
the two tangents at any qf their meets cut any diagonal of the 
quadrilateral harmonically. 

Ex. 4. Given the cross ratio of a pencil, three of whose rays 
pass through fixed points and whose vertex moves along a fixed 
line, the envelope of the fourth ray is a conic touching the three 
sides of the triangle formed by the given points. 

*8. To project any two conies into homoiheUc oonics. 

Project any common chord to infinity. The new conies 
pass through the same two points at infinity, and hence are 
homothetic. (See XIX. 11, end.) 

2b project any two conies which have double contact into 
homothetic and concentric conies. 



xxix] Projection, Bed and Imaginary 295 

Project the chord of contact to infinity. The pole of the 
chord of contact projects into the common centre. 

9. To project any ttoo conies having double contact into 
concentric circles. 

Project the two points of contact into the circular points. 
Then the conies will both pass through the circular points, 
ie. will both be circles. Also they will both have the same 
pole of the line at infinity, L e. they will be concentric. 

Ex. li Conies having the same focus and corresponding 
directrix can be projected into concentric mrdes. 

For the focus ^S^ has the same polar, and the tangents from 
S are the same. Hence the conies have double contact. 

Ex. 2. Throtdgh the fixed point is drawn a chord OAB of 
a conic, and on OAB is taken the point P such that (OABF) is 
constant Show that the locus of P is a conic having double 
contact unth the given conic. 

Project the conic into a circle and into its centre. 

10. The IfMcs which J9in pairs of corresponding points of two 
homographic ranges on a conic, Umch a conic having double 
contact with the given conic at the common points of the ranges. 

Let (ABC.) and (A'B'C\.^) be the two homographic 
ranges, and E, F their common points. Proj-ect the conic 
into a circle and the homographic axis EF to infinity. 
Then E, F are projected into the circular points. 

Now in the second figure, AB' and A'B meet on the 
homographic axis. Hence AB^ and A^B are paralleL So 
AC^ and A^C are parallel, and so on. Hence the arcs AA^, 
BB^f CC\ ... are all equal. Hence the envelope of AA^ is 
a concentric circle, i.e. a circle having double contact with 
the circle which is the projection of the given conic, at 
the circular points E, F. Hence in the original figure the 
envelope of AA^ is a conic having double contact with the 
given conic at the common points of the two homographic 
ranges. 

Ex. 1. Two conies have double ccntact, and a tangent to one 
conic meets the other conic in A and A\ Show that A and AS 
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generate homographk ranges, and find the common points of these 
ranges, 

Ex.2. If (ABC.) and (A'B'C'...) he two homographic 
ranges on a conic, show that the locus of the pdks of AA\ BB^, . . . 
is a conic having double contact with the given conic. 

Ex. 3. Show that the tangents at ABC. and A'BfC... cut 
the homographic axis in homographic ranges. 

Ex. 4. If he the pole of the homographic axis of the two 
homographic ranges on a conic, then 

0(ABC.)=^0{A'B'C\,.). 

Ex. 5. If all but one of the vertices of a polygon move on fixed 
lines and all the sides touch a conic, the locus of the remaining 
vertex is a conic having douUe contact with the given conic. 

Eeciprocate. 

Ex. e. Two sides of a triangle inscribed in a conic pass 
through fixed points ; show that the envelope of the third is 
a conic touching the given conic at the meets of the given conic 
with the join of the given points. 

Ex. 7. A triangle PQR is inscribed in a conic ; PQ, PR are 
in given directions ; show that QR envelopes a conic. 

Ex. 8. Inscribe in a given conic a polygon of any given 
number cf sides, each side qf which shall touch some fixed conic 
having double contact with the given conic. 

Ex. 9. A conic is drawn through the common points E, F of 
tujo homographic ranges A, B, C, ... and A\ B\ C\ ... on the 
same line. A pair of tangents moves so as to pass through a pair 
of points of these ranges. Show that the points of contact generate 
homographic ranges on the cofiic, whose common points are E 
and F. 

Ex. 10. Also if, in Ex. 9, Pbea variable point, and PA cut 
the conic in a, p, and A'p cut the conic in a^ ; show tJiat oof 
envelopes a conic. 

Ex. 11. If two conies Ci and c.^ have douUe contact at the 
points L and M, and through LM be described any conic c^, 
then the q^posite two common chords of Ci, c^ and Cg, c^ meet 
on LM, 

Ex. 12. If tangents at the two points P, Q on one of two 
conies, having double contact at L and M, meet the other in AB 
and CD, show that two of the chords AC, AD, BC, BD meet 
PQ on LM, and the other two meet PQ in points UV smh thai 
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a conk can he drawn touching these chords at U and Y and 
tomhmg the conies at L and M. 

Ex. 13. If a tangent to a conic meet a homothetic and 
concentric conic in P and P', show that CF and CP' generate 
homographic pencils whose common lines are the common 
asymptotes, C being the common centre. 



XXIX 

1. Project a given conic into a rectangular hyperbola, and 
a given point into a focus. 

2. A, B, C, 2>, A\ B', C\ 1/ are eight points on a conic. 
AB, CD, A'B^, C'ly are concurrent, and so are BC, DA, 
B'C', I/A', Show that CA, DB, C'A\ I/B" meet in a 
point, and that a conic can be drawn touching A' A. B'B, 
C'C, lyi) at A, B, C, 2). 

3. Two triangles in perspective are circumscribed to 
a conic. Show that any transversal through the centre of 
perspective cuts the sides in pairs of points in involution. 

4. JL is a fixed point; P is any point on its polar for 
a given conic. The tangents from P meet a given line 
at Q and R. Show that AB and FQ meet on a fixed line. 

6. Ay By Cy D BXQ iowT points on a conic. Show that the 
harmonic triangle of the quadrilateral ABy BC, C2>, DA is 
generally not self-conjugate. 

e. Points P, Qy B are taken on BC, CAy AB, and conies 
are described about AQRLMy BBFLM, CFQLM where X, 
M are any two points. Show that these conies meet again 
in a third point. 

7. The harmonic envelope of two parabolas whose axes 
are parallel is a parabola with axis parallel to these axes. 

8. The harmonic locus of two equal circles which touch 
is two lines. 

9. If the tangents at a common point of two conies are 
harmonic with two common chords, the harmonic envelope 
of the conies is two points. 

10. Ay B, Cy D are four fixed points on a fixed conic. 
BC, DA meet at F, and ABy CD meet at G. A variable 
conic through A, C, F, G cuts the fixed conic again at P, Q. 



298 Projection J Beat and Imaginary [ch. 

Show that PQ passes through the pole of BD for the fixed 
conic. 

11. Of two circles, the poles of the radical axis and the 
centres of similitude form a harmonic range. 

12. Two conies Ci and Cg meet at JB, G and touch at A, 
DEG touches Ci at E and Cg at G. DFH touches Ci at F 
and Cg at H. The tangent at A meets BO at K. Show 
that A (KB, BG) = D(AK, EF) = K{FH, AG). 

13. The locus of the point where the intercept of a variable 
tangent of a central conic between two fixed tangents is 
divided in a given ratio is a hyperbola whose asymptotes 
are parallel to the fixed tangents* 

14. The point F on a conic is connected with two fixed 
points L and JJf. Show that chords of the conic which are 
divided harmonically by VL and YM pass through a fixed 
point 0. Also as V varies, the locus of is a conic touching 
the given conic at two points on the connector of the fixed 
points L and M. 

16. The tangents at A, B, (7, ... to a conic meet a conic 
having double contact with the given conic at P, Q, i?, ... 
and P', Of, Bf, .., . Show tiiat [ABG ...) = {BQE ...). 

16. A and B are fixed points on a conic and P and Q are 
variable points on this conic such that (AB, PQ) is constant. 
Show that AP and BQ intersect on a fixed conic having 
double contact with the given conic at A and B. 

17. The triangle PQR is inscribed in a given conic. If 
the directions of PQ and PB are given, show that QR 
envelopes a conic having the same asymptotes as the given 
conic. 

18. A chord through the fixed point mei&ts a conic at 
P, P' and on it is taken a point Q such that (OQ, PP") is 
constant. If PP^ meet the locus of Q again at Qf, show 
that {OQ, PP^ X (0^, PP') = 1. 

19. Four points PQRS are takeji on a conic. PB and QS 
meet at L» Any point M is taken and PM, QM meet the 
conic at T, U. Prove that ST and RU meet on LM, Prove 
also that, if PS and QR meet on LM, then PQ, SR, UT are 
concurrent. 

20. Any conic drawn through a point and the points of 
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contact of tangents from the point to a given conic is 
such that quadrangles can be inscribed in it which are 
circumscribed to the given conic. 

21. AA\ BB', CCy are the opposite vertices of a quadri- 
lateral circumscribed to a conic. is any point. OA cuts 
the polar of J. at a, OB cuts the polar of B at 6, and so on. 
Show that the seven points 0, a, a', 6, &', c, (f lie on 
a conic. 

22. A, B, C, B are four points on a conic, and AC^ BD 
intersect at 0. Prove that, if any line through meets 
CD at P and BG at Q, and AP, AQ meet the conic at E, F 
respectively, then BE^ FD^ OP and the tangent at C are 
concurrent. 

23. Points A, B, C are such that an infinite number of 
triangles can be inscribed in a given conic whose respective 
sides shall pass through these points. -Show that ABG is 
a self-conjugate triangle for the conic. 

2C A system of conies passes through the points A, B, 
C, 2). Through A and B are drawn the lines I and m. 
Show that the conies determine on I and m ranges in 
perspective. Also state the corresponding theorem when 
both I and m are drawn through A. 



♦CHAPTER XXX* 

GENERALIZATION BY PROJECTION 

1. In the previous chapter we have investigated theorems 
by projecting the given figure into the simplest possible 
figure. In this chapter we shall deal with the converse 
process, viz. of deriving from a given theorem the most 
general theorem which can be deduced by a projection, real 
and imaginary. This process is called QemrcHizing hy 
Projection. 

In our present advanced state of knowledge of Pure 
Greometry, Generalization by Projection is not a very 
valuable instrument of research. In fact the student will 
often find that it is more easy to prove the generalized 
theorem than the given theorem. 

Many things are as general already as they can be. For 
instance, if we generalize by projection a point, a line, 
a conic, a harmonic range, a range having a given cross 
ratiQ, two conies having double contact, and so on, we 
obtain the same thing. 

2. The properties of any figure have an intimate relation 
with the circular points 00,00'. Hence the generalized 
figure will have an intimate relation with the projections 
of the circular points. But in the second figure there 
will also be a pair of circular points. Hence, to avoid 
confusion, we shall call the projections of the circular 
points cj and ^. 

3. Since any two points can be projected into the circular 
points, the circular points generalize into any two points «r 
and m\ real or imaginary. 

Since a pair of circular lines pass through the circular 
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points, a pair of circular lines generalizes into a pair of lines, 
one through ^ and one through v/. 

Since all circles pass through the circular points, a circle 
generalizes into a conic which passes through cr and v/, where 
«r and 's/ are any two points. 

Since concentric circles touch one another at the circular 
points, concentric circles generalize into conies touching one 
another at -sr and at fs/. 

Since the line at infinity touches a parabola, a parabola 
generalizes into a conic touching the line sr^. 

Notice that we cannot generalize the distinction between 
a hyperbola and an ellipse ; for by an imaginary projection a 
pair of real points may be projected into a pair of imaginary 
points and vice versa. 

Since a rectangular hyperbola is a conic for which the 
circular points are conjugate, a rectangular hyperbola gene- 
ralizes into a conic for which 'sr, z/ are a pair of conjugate 
points. 

Since the centre of a conic is the pole of the line at 
infinity, the centre of a conic generalizes into the pole of the 
line 'O'u/, 

Hence a circle on AB as diameter generalizes into a conic 
passing through AB'uns/^ and such that the pole of the line 
«rB/ is on AB, 

Since parallel lines meet on the line at infinity, parallel 
lines generalize into lines which meet at a point on the line 

Note that throughout this chapter, w and w' are any two 
points, real or imaginary. 

4. If B bisects the segment AC, then the range (AC, B£l) 
is harmonic; hence *B bisects AC* generalizes into *If J.C 
meet wis/ in J, then B is such that (AC, BI) is harmonic, tsr 
and cr' being any two points.' 

Generalize by Projection the theorem — * Given two concentric 
circles, any chord of one which touches the other is bisected at the 
point of contact.' 
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The result is — * Given two conies touching one another at 
any two points «r and «r', if any chord FP^ of one touch the 
other at Q and meet tais/ in J, then {FP^ QI) is harmonic' 

Or, without mentioning «r and w^, — 'Given two conies 
having double contact, if any chord PF^ of one touch the 
other at Q and meet the chord of contact in J, then (FF, QI) 
is harmonic' 

The student should convince himself by trial that the 
second theorem can be projected into the first, and that the 
second theorem is the most general theorem which can be 
projected into the first. 

Generalize by Projection the following theorems — 

Ex. 1. I%e middle points of parallel chords of a circle lie on 
a line which passes through the centre of the cirele. 

Ex. 2. If the directions of two sidies of a triangle inscribed 
in a circle are given, then the envelope of the third is a concentric 
circle, 

5. If A YA' is a right angle, then YA and YA' divide the 
segment joining the circular points harmonically ; hence a 
right angle A YA' generalizes into an angle A YA\ such that 
YA and YA' divide the segment joining any two points w, 
•u/ harmonically. 

Oeneralize hy Projection the theorem — *27^ petpendiculars to 
the sides of a triangle at the middle points of the sides meet at the 
centre of the circumcireU.* 

The result is— *If the sides BC^ CAy AB of a triangle 
meet the segment joining any two points «r and v/ in L, M, 
N; and if X, Z, Z be taken such that (tsrzs/, XL), {stts/, ZJIf), 
{arv/f ZN) are harmonic ; and if D,. E, F be taken such that 
(BGy DL), ((M, EM\ {AB, FN) are harmonic ; then DX, 
FYf FZ meet at the pole of tsfs/ for the conic which passes 
through ABG'Sf's/.* 

Generalize by Projection the following theorems — 

Ex. 1. A tangent of a circle is perpendicular to the radius to 
the point of contact. 

Ex. 2. The feet of the perpendiculars from any point on a 
circle on the sides of an inscribed triangle are collinear. 
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Ex. 3, The hem of the meet of perpendicular tangents of 
a conic is a concentric circle. 

Ex. 4. Tlie circle about any triangle self-conjugate for a conic 
is orthogonal to its director circle* 

Ex. 5. The chords of a conic which subtend a right angle at 
a fixed point on the conic pass through a fixed point on the 
normal at the point. 

Ex. Q. If a triangle PQE, right-angled at P, be inscribed in 
a rectangular hyperbola, the tangent at F is tlie perpendicular 
from P on QB. 

6. Since all circles pass through the circular points, a 
system of circles generalizes into a system of conies passing 
through the same two points (sy and ts/). 

Since coaxal circles pass through the same four points of 
which two are the circular points, coaxal circles generalize 
into a system of conies which pass through the same four 
points (of which two are «r and cr'). 

Since the limiting points of a system of coaxal circles are 
the two vertices of the common self-conjugate triangle which 
lie on the line joining the poles of oo oo ^, the limiting points 
generalize into the two vertices of the common self-conjugate 
triangle of a system of four-point conies which lie on the 
line joining the poles of any common chord (fecrO? i« ®« ^^^7 
generalize into any two vertices of the common self-conjugate 
triangle. 

Since the centres of similitude of two circles are the two 
intersections of common tangents which lie on the line 
joining the poles of oo oo ' for the circles, the centres of simi- 
Utude of two circles generalize into the two intersections of 
common tangents of two conies (through w and v/) which 
lie on the line joining the poles of any common chord ('srv/) 
for the conies, i e. they generalize into any pair of opposite 
common apexes of two conies. 

7. Qenerali^ by Projection the theorem — ^Any common tan* 
gent of two circles subtends a right angle at either limiting 
points 
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The result is — * If «r and -0/ be any two common points 
of two conies, and if L and JD' be the two vertices of the 
common self-conjugate triangle which are coUinear with 
the poles of «r, -0/, then any common tangent of the conies 
subtends at L (and at L^ an angle whose rays divide the 
segment cr«/ harmonically.' 

In other words, — * Any common tangent of two conies sub- 
tends at any vertex of the common self-conjugate triangle 
an angle which divides harmonically every common chord 
which does not pass through this vertex.' 

Generalize by Projection the theorems — 

Ex. 1. Any transversal meets a system of coaxal circles in 
pairs of points in involution, 

Ex. 2. The circle of similitude of two circles is coaxal with 
tJiem. 

8. Since a focus of a conic is one of the four meets of the 
tangents from the circular points to the conic, a focus of a 
conic generalizes into one of the meets of the tangents from 
any two points («r and cr^ to the conic. 

The two foci of a conic generalize into a pair of opposite 
intersections of the tangents from any two points («r and «r') ; 
and the aoi^s generalize into the lines joining these opposite 
pairs of intersections, and these generalized axes cut the 
conic in the generalized vertices. 

Since the line joining the circular points touches a para- 
bola, the focus of a parabola generalizes into the meet of tan- 
gents from any two points («r and c/) lying on any tangent 
of a conic. If wo/ touches the generalized parabola at J, 
then SI, the generalized axis, cuts the conic again tit A , the 
generalized vertex of the parabola. 

Since confocal conies touch the same four tangents from 
the circular points (viz. Soo, S^oo , Soo^, S^oo^, confocal 
conies generalize into conies inscribed in the same quadri- 
lateral (of which «r and v/ are a pair of opposite vertices). 

Since conies which have the same focus 8 and the 
same corresponding directrix I touch Soo, S<x>% where I 
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meets these lines, conies which have the same focus S and tJie 
same corresponding directrix T generalize into conies having 
double contact, the common tangents passing through S 
(and through ^ and ^, and touching the conies at points 
on h 

A conic hiving 8 as foctis generalizes into a conic touching 
any two lines (Snr and Sisr^ through S. 

9. Greneralize by Projection the theorem — *The circle which 
circumscribes a triangle whose sides touch a parabola passes 
through the focus of the parabola * 

The result is — * The conic which passes through the points 
A, By Cy -ej, «/, where nr and w' are any two points, and A^ 
By C are the vertices of a triangle whose sides touch a conic 
which touches the line ^«/, passes through the meet of 
tangents to the latter conic from 'sr and ^.' 

In other words^* The conic, which passes through five 
out of the six vertices of two triangles which circumscribe . 
a given conic, passes through the sixth also.' 

Generalize by Projection the following theorems — 

Ex. 1. Any line through a focus of a conic is perpendicular to 
the line joining its pole to the focus. 

Ex. 2. Griven a focus and two tangents of a coniCy the locus of 
the other focus is a line, 

Ex. 3, The locus of the centre of a circle which touches two 
given circles is a conic having the centres of the circles as foci. 

Ex. 4. The locus of the centre of a circle which passes through 
a fixed point and touches a fiooed line is a parabola of which th^ 
point is the focus, 

Ex. 5. Confocal conies cut at right angles^ 

Ex, e. The envelope of the polar of a given point for a system 
of confocals is a parabola touching the axes of tlve confocals and 
having the given point on its directrix. 

10. Since the rays of an angle of given size divide the 
segment joining the circular points in a given cross ratio, 
a constant angle generalizes into an angle whose rays divide 

BUSSELIi X 



306 Generalization by Projection [ch. 

the segment joining any two points {fsr and tff^ in a constant 
cross ratio. 

Since similar conies have the same angle between the 
asymptotes, they generalize into conies which cut wcr' in 
a constant cross ratio ; for a conic and its asymptotes cut the 
line at infinity in the same points. 

Generalize hy Projection the theorem — * The envelope of a chord 
of a conic which subtends a constant angle at a focus S is another 
conic having S as foctis ; and the two conies have the same 
directrix corresponding to 8.* 

The result is — * The envelope of a chord of a conic which 
Bubtends at S, one of the meets of a tangent from any point 
«r with a tangent from any point «/, an angle whose rays 
divide ctct' in a constant cross ratio, is another conic, 
touching S'BT and Stsr^ ; and the two conies have the same 
polar of /S.' 

In other words — *If SQ and SB be the tangents from any 
point 5 to a conic, the envelope of a chord PP^ of the conic 
such that S(QRPP^ is constant, is a conic having double 
contact with the given conic at the points of conta6t of 
SQ and SB.' 

Ex.1. Generaliee^^ a regular polygon.* 

A regular polygon may be defined as a polygon which can 
be inscribed in a circle so that each side subtends the same 
angle at the centre of the circle. 

Generalize by Projection the following theorems — 

Ex. 2. The envelope of a chord of a circle which subtends 
a given angle at any point of the circle is a concentric circle. 

Ex. 3. If from a fixed point 0, OP he drawn to a given circle, 
and TP he dratm making the angle TPO constant, the envelope 
ofTP is a conic with as focus. 

Ex. 4. If from a focus of a conic a line he drawn maUng 
a given angle with a tangent, the loom of the point of intersection 
is a circle. 

Ex. 6. The locus of the intersection of tangents to a parabola 
which meet at a given angle is a hyperbola having the same focus 
and corresponding directrix. 
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11. Generalm— * The bisectors of an angleJ* 

If -4D, AE are the bisectors of the angle BACj then 
A {BC, BE) is harmonic, and also J. (oo oo ', BE) since EAB 
is a right angle. Hence the bisectors of the angle BAG 
generalize into the double lines of the involution 

A {BC, tsrisrO, 
where «r and v/ are any two points. 

Ex. Generalise by Projection — * The pairs of tangents from 
any point to a system ofconfocals have the same bisectors/ 

12. Generalize — * a segment divided in a given ratio,* 

Let AB be divided at C7 in a given ratio. Then ACiCB 
is constant; hence (AB, Ci2) is constant, where 12 is the 
point at infinity upon AB. Hence a segment AB divided in 
a given ratio at C generalizes into a segment AB divided at C 
so that (AB, CI) is constant, I being the meet of AB and 
the segment joining any two points (w and w'). 

Ex. 1. Generalijse the equation AB + BC+ CA = connecting 
three coUinear points. 

The given equation may be written 

-(AC,Ba) + l-(AB, Cfi)=0. 
This generalizes into -(AC,BI) + 1- (AB, CI) = 0, 
ie. into AB.CI-hAI.BC+AC.IB^O. 
Hence the generalized theorem is — * lfA,B, C, 2) be any 
four coUinear points, then 

AB.CB + AC.JDB + AB.BC^O: 

Ex. 2. IfABCB be collinear, show that the ratio AB-^CB 
generalises into - (BCy AE) -r (DA, CE). 

13. Two fixed points A and B on a conic are joined to a 
variable point P on the conic, a^d the intercept QB cut off from 
a given line I by PA and PB is divided at M in a given ratio ; 
show that the envelope ofPM is a conic touching parallels to I 
through A and B. 

Let 12 be the point at infinity on 7. Then (QB, MQ) is a 
given cross ratio. Hence P (AB, MQ) is given. Project A 
and B into the circular points and let I be the projection 

X2 



308 Generalization by Projection 

of 12. Then P(oooo', MI) is given, i.e. IPM is a given 
angle. 

Hence the theorem becomes — * A fixed point I is joined 
to a variable point P on a circle, and PM is drawn making 
a given angle with IP : show that the envelope of PM is a 
conic touching Joo and loo ^, i e. is a conic having I as 
focus.' And this is true (see VIII. 17). Hence the original 
theorem is true. 

Gteneralization by Reciprocation. 

14. If we first generalize a given theorem by projection 
and then reciprocate the generalized theorem, we obtain 
another general theorem. This process is called Generalizing 
'by Projection and Eeciprocation, or briefly Generalising hg 
Beciprocation. 

Generalize hy Beciprocation the theorem--^ All normals to a 
circle pass through the centre of the circle,' 

Generalizing by Projection we get — * Jf t be the tangent 
at any point P of a conic which passes through any two 
points tsr, «/, and if the line n be taken such that t and n 
are harmonic with Pxsr and P«/, then n passes through the 
pole of xsT's/ for the conic* 

Reciprocating this theorem we get — * If on the tangent at 
any point T of a conic, a point N be taken such that the 
segment TN is divided harmonically by the tangents from 
the fixed point 0, then N lies on the polar of for the conic' 
This is the required theorem. 

Ex. Generalize hy Projection and Beciprocation the theorem— 
^The envelope of a chord of a circle which subtends a constant 
angle at the centre is a concentric circle,' 



♦CHAPTER XXXI* 

HOMOLOQY 

1. Two figures in the same plane are said to be in 
homology which possess the following properties. To every 
point in one figure corresponds a point in the other figure, 
and to every line in one figure corresponds a line in the 
other figure. Every two corresponding points are collinear 
with a fixed point called the centre of homology, and every 
two corresponding lines are concurrent with a fixed line 
called the axis of homology. The line joining any two 
points of one figure corresponds to the line joining the two 
corresponding points of the other figure. The point of 
intersection of any two lines of one figure corresponds to the 
point of intersection of the two corresponding lines of the 
other figure. 

The two figures are said to be homological, and each is 
called the homohgue of the other^ The figures may also be 
said to be in plane perspective ; and the centre of homology 
is then called the ceutre of perspective, and the axis of 
homology is called the axis of perspective. 

2. Homological figures exist, for — 

If we take ttoo figures in different planes, each of which is the 
projection of the other, and if we rotate one of the figures about 
the meet of the two planes imtil the planes coincide, then the 
figures toiU he homological. 

For let ABC he the projections of A'B'G' from the vertex 
V. Then AA\ BE', GO' meet in F. That is, the triangles 
ABC, A'BfC (in diflferent planes) are copolar. Hence they 
are coaxal ; i.e. BC, B'C meet in X, and CA, C'A' meet in 
Y, and AB, A'B' meet in Z on the meet of the two planes. 
Similarly every two lines which are the projections, each of 
the other, meet on the intersection of the two planes. 
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Now rotate one figure about the line XYZ until the two 
figures are in the same plane. Then the two triangles are 
still coaxal (for BO, BV still meet at X, and so for the rest). 
Hence the two triangles are also copolar ; i.e. AA', BB% CG' 
meet in a point. Call this point 0. Then may be defined 
as the meet of AA' and BB^, and we have proved that every 
other line such as CC passes through 0. 




Now the two figures are in the same plane. Also to 
every point in one figure corresponds a point in the other 
figure, viz. the point which was its projection ; and to 
every line corresponds a line, viz. its former projection. 
Also, corresponding points are concurrent with a fixed 
point 0, and corresponding lines are coUinear with a fixed 
line XYZ. Also, the join of two points corresponds to the 
join of the corresponding points ; for in the former figure 
the one is the projection of the other. For the same 
reason, the meet of two lines corresponds to the meet of 
the corresponding lines. 

Hence the two figures are homological. 

Notice that in this way we get two sets of homological 
figures, the angle of rotation differing by two right angles. 

The reader should follow all this on the model at 
the end of the book. 
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3. If two figures are homological, and we turn one qf them 
about the axis of homology^ the figures mil he the projections, 
each of the other. 

For suppose the three lines BC, CA, AB in one figure to 
be homologous to BX% C'A\ A'B' in the other figure. Let 
BC, B'C meet in X, let CA, C'A' meet in F, and let AB, 
A'Bf meet in Z, Eotate one of the figures about the axis of 
homology XYZ, so that the figures may be in different planes. 
The figures will now be each the projection of the other. 

For the triangles ABC, A^B'C (in different planes) are 
coaxal ; hence they are copolar. Hence AA', BB\ CG^ meet 
in a point F. This point V may be defined as the meet of 
AA^ and BB^; and we have proved that in the displaced 
position the join CC of any two homologous points passes 
through a fixed point F. Hence the homological figures in 
the displaced position are projections^ each of the other, 

A homologue of a conic is a conic. 

For after rotating one figure about the axis of homology, 
the figures are each the projection of the other ; and the 
projection of a conic is a conic 

A homologue of a figure lias aU the properties of a projection of 
the figure. 

For it can be placed so as to be a projection of the figure. 

Hence a range a/nd the homologous range are homographic; 
also a pencil and the homologous pencil are homographic. 

4. If one of two figures in perspective {I e. either homological 
or each the projection of the other), he rotated about the axis of 
perspective, the figures will he in perspective in every position ; 
and the locus of the centre of perspective is a circle. 

For take any two corresponding triangles ABC &Jid A'B'C. 
Then in every position these triangles will remain coaxal ; 
hence in any position they will be copolar, i.e. CC will pass 
through the fixed point F determined as the meet of AA^ 
and BB^. Hence the figures will be in perspective in any 
position obtained by rotating one figure about the axis of 
perspective. 
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To fincl the locus of F, take any position of F, and 
through V draw a plane P'KP at right angles to the planes 
of the figures, cutting them in KF' and KP. 

Let a parallel to KP' through F cut KP in 7, and a parallel 
to KP through F cut KP' in eT. Let the point at infinity 
on KP be called /, and the point at infinity on KP' be 
called I\ 




Then, since J'V and KI are parallel, we see that eTF 
passes through J", i.e, eT is the projection of J for this 
position of F; and so I is the projection of I\ 

Now rotate the moving plane about the axis of perspective 
into any other position. The new position of the centre of 
perspective (or vertex of projection) is got by joining any 
two pairs AA\ BB' of corresponding points. Hence in the 
new position 11' and JJ' will cut in F. Also KI is still 
parallel to J'V, for J" is at infinity ; so IV is parallel to JKeT. 
Also if KI is the trace on the fixed plane, then KI is con- 
stant in magnitude and position. Also KtT is constant in 
magnitude, although it changes its position by rotation 
about the axis of perspective. It follows that KIYJ' is 
a parallelogram, in which I is fixed, and IV is given in 
magnitude. Hence the locus of F is a circle in a plane 
perpendicular to the planes of the figures, with centre I 
and radius KJ'. 

To form a clear conception of figures in homology, 
imagine that they are the projections, each of the other, the 
vertex of projection very nearly coinciding with the centre 
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of homology, and the planes of the figures very nearly 
coinciding with one another. 

Since figures in homology can be obtained from figures in 
projection by turning one of the planes about the axis of 
projection until the planes coincide, it follows that figures 
in homology have two eqmmgular points and two equir 
segmental lines. Suppose, in the figure of IV. 8, KF' rotates 
about K until F' coincides with F. Then since in the original 
figure 01 is parallel to KF, we have OI:IF::KF':KF; 
hence 10 = IF. Hence in the new figure also coincides 
with F. Hence (as we should expect) one pair of the equi- 
angular points coincide at the centre of homology. Also 
IE = 10 and OeT = J^E^ ; which show that, in the figures 
in homology, the other equiangular points are the reflexions 
of the centre of homology in the vanishing lines. 

'W WT~K I E u 
Again, in figures in projection, the equisegmental lines 
are the reflexions of the axis of projection in the vanishing 
lines. Hence, in figures in homology also, the equisegmental 
lines are the reflexions of the axis of perspective in the 
vanishing lines. Of course the axis of perspective is itself 
an equisegmental line. 

Notice that in each case we reflect, in the vanishing lines, 
the point or line which obviously possesses the property 
under consideration. 

5. Coaxal figures are copdar, and copolar figures are eoaxal ; 
that is to say, if two figures, (in Hie same plane or not) correspondy 
point to point, line to line, meet of two lines to meet of correspond- 
ing lines, and join of tuH) points to join of corresponding points ; 
then, if corresponding lines cut on a fixed line, the joins of cor- 
responding points will pass through a fixed point, and if the joins 
qf corresponding points pass throitgh a fixed point, corresponding 
lines wiU cut on a fixed line. 

Coaxal figures are copolar. Take two fixed points A, B in 
one figure, and let A', W be the corresponding points in the 
other figure. Take any variable point P in one figure, and 
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let P' be the corresponding point in the other figure. Then, 
by definition, AP, A'P' are corresponding lines, for they join 
corresponding points ; hence AP and A'P^ meet on the axis. 
Similarly 5P, B'P' meet on the axis ; and AB^ A'B^ meet on 
the axis. Hence the triangles ABF^ A'B'F' are coaxal, and 
therefore copolar. Hence AA\ BB\ FP' meet in a point, 
i e. PP' passes through a fixed point, yiz. the meet of AA' 
and BB\ 

Gqpolar figures are coaxal. Take two fixed lines, viz, AP 
and AQ, and a variable line PQ in one figure, and let A^P\ 
A^Q\ P^Q^ be the corresponding lines in the other figure. 
Then the points A, P, Q correspond to A^, P', ^. Hence 
the triangles APQ, A'P^Q' are copolar, and therefore coaxal* 
Hence PQy P'(^ meet on a fixed line, viz. the join of the 
meets of J.P, A'P' and of -4Q, A'(i\ Hence the figures are 
coaxal. 

Ex. 1. If (me oftwofigtf/res in homology he turned through two 
right angles about an axis which passes through the centre of 
homology and is perpendicular to the plane of the figures^ the 
figures will again he in homology. 

For the figures will be again copolar. 

Ex. 2. Given two homological figures ABO..., A^B^G'..., 
let A"B'^G"... he a projection ofABG.,. on any plane through 
the axis of homology ; then will A'^B''G^\.. he also a projection 
of A^B'G^,.. f and Uie vertices of projection and the centre of 
homology will he coXlinear. 

For (A'\..) and {A\..) are coaxal, and hence copolar. Let 
AA' and BB' meet at 0, AA" and BB'' at F, and A' A'' and 
B'B"' at V\ Then, when A is at 0, A' is at 0. Hence YD 
is one position oi A'A'\ and hence passes through F'. 

This construction enables us to place any two homological 
figures in projection with the same figure. 

Ex. 8. Show that the two complete quadrangles determined hy 
the points ABGB and A'B'G'B' will he homological provided the 
five points of intersection of AB tvith A'B\ qf BG with B^G\ of 
GA with G'A', qf AD with A'D\ and of BD with B'B' are 
collinear. 

Ex. 4. Show that the two complete quadrilaterals whose vertices 
are ABCDEF md A'BX'D'E'F wiU he homological if AA\ 
BB\ GC\ LI/, EE' meet in a point. 
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Ex. 5. The sides PQ, QR, RP of a variable tfiangle pass 
thnrngh fixed points C, A, B in a line, Q moves on a fixed line. 
Show that P and R describe homological curves. 

For PR and P^R^ pass through the fixed point B, and 
RR', PP' meet on the fixed line Q^', P'^'R' being a second 
position of PQjR. 

Ex. ©. If the aods of homology be at infinity^ show (i) that 
corresponding lines are parallel, (ii) that corresponding sides of 
the figures are proportional, (iii) that corresponding angles of the 
figures are equal. 

Such figures are called homothetic figures, and the centre of 
homology in this case is called the centre of similitude, and 
the constant ratio of corresponding sides is called the ratio 
of similitude. 

Ex. 7. If with any vertex of projection, we project homological 
figures on to any plane, we obtain Jiomological figures ; and if 
the plane of projection be taken parallel to the plane containing 
the vertex of projection and the axis of homology, we obtain 
homothetic figures. 

Hence homological figures might have been defined as 
the projections of homothetic figures. 

Ex. 8. If the centre of homology be at infinity, show that the 
joins of corresponding points are all parallel ; and that if one 
figure be rotated about the aods of homology, the vertex of 
projection will always be at infinity. 

This may be called parallel homology. 

Ex. 9. In parallel homology, show that to a point at infinity 
corresponds a point at infinity, and that the line at infinity 
corresponds to itself. 

Ex. 10. In parallel homology, show that a parallelogram 
corresponds to a parallelogram. 

Ex. U. In parallel homology, show that, when rotated about 
the axis of homology into different planes, tJie figures have the 
same orthogonal projection ; and that the ratios of two areas is the 
same as that of the corresponding areas. 

6. The abbreviation c. of h. will be used for centre of 
homology, and a. of h, for axis of homology. 

Given the c. ofh. and the a. qfh. and a pair of corresponding 
points, construct the homohgue of a ^iven poimi. 

Let be the c. of h., and let A' be the given homologue 
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of A, To find the homologue of X ; let AX cut the a. of h. 
in i, then LA' cuts OX in the required point X\ 

With the same data, construct ike homohgue of a given line. 

Draw through any transyersal cutting the given line in 
X ; construct the homologue X' of Z, then the join of X' 
to the point M, where the given line cuts the a. of h., is 
the homologue of the given line. 

Given the c, ofh. and the a. ofh. and a pair of corresponding 
lines, construct iJw homdogue (i) of a given point, (ii) of a given 
line. 

Let any transversal through cut the given lines in A 




and A\ Then A, A' are corresponding points, and we 
may proceed as above. 

Given the c. ofh. and the a. of h. and a pair of corresponding 
points, one of which is at infinity, construct the homohgue of 
a given point. 

LX' is parallel to AA\ MA' is at infinity. 

Ex. Given the homologues A\ B', C of three points A, B, C; 
construct the homologue of a given point J). 

The triangles give the centre and axis of homology. 

7. The homologue of the c. ofh. is the c. qfh; the homologue 
of any point on the a. of h. is the point itself; if the homologue 
of any other point 'be itself, then the homologue of every point is 
itself. 

For let us constnict the homologue of 0. We draw AO 
cutting the a. of h. in ^; we draw NA' cutting 00 in tha 
required point. . Now 00 is indeterminate, but NA' cuts 
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every line through in 0, and hence cuts 00 in 0. Hence 
the homologue of is 0. 

Next, let us construct the homologue of any point L on 
the a. of h. We draw AL cutting the a. of h. in L ; we 
draw A'L cutting OL in the required point. Hence the 
homologue of X is X. 

Lastly, suppose a point (which is not at the c. of h. nor on 
the a. of h.) to coincide with its homologue. Take these as 
the points A^ A' in the above construction. To construct 
the homologue of X, we draw AX cutting the a. of h. in X ; 
then A'L cuts OX in the required point X\ Hence X' 
coincides with X, for A'L coincides with AL, i.e. with AX. 

The homologue of the a. of h. is the a. ofh. ; the homologue of 
every line through the c. ofh. is the line itself; if the homologue 
of any other line is the line itself the homologtce of every line is 
the line itself. 

We have shown that the homologue of every point on 
the a. of h. is the point itself ; hence the homologue of the 
a. of h. is the a. of h. 

Again, if OA be any line through A, the homologue of 
OA is the line OA' where A' is the homologue of A ; i. e. is 
OA itself, 

Again, if I corresponds to itself, any line through will 
cut ^ in a point A which corresponds to itself; hence by the 
first part, ^very point and therefore every line corresponds 
to itself, 

8. The homologue of a point at infinity of one figui*e is 
called a vanishing point of the homological figure. 

The homologue of the line at infinity considered as 
belonging to one of the figures is called ihe vanishing line 
of the homological figure. 

AU the vanishing points of either figure lie on the vanishing 
line of that figure. 

For a vanishing point is the homologue of a point on the 
line at infinity of the other figure, and hence lies on the 
homologue of the line at infinity. 
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Each vanishing line is parallel to the a. ofh. 

For corresponding lines meet on the a. of h. Hence 
a vanishing line meets the a. of h. at a point on the line 
at infinity, i.e. a vanishing line is parallel to the a. of h. 

Ex. 1. If any transversal through cut the aods in N, and 
the vanishing lines in I and eT, then 01 = J^N. 
For (NI, OD) = (Ml', 0J\ 

Ex. 2. The prodiict of the perpendiculars from any two 
homologous points, each to the vanishing line of its figure, is 
constant. 

Let PQ cut its vanishing line at J, and P'Q' cut its 
vanishing line at J' ; then (PQ, IQ) = (P'Q', Q/JT). 

Ex. 3. Given a parallelogram ABGD, prove the following 
construction for drawing through a given point E a parallel to 
a given line I— Let AB, CD, AC, BO, AB cut I in K, L, M, 
N, B. Through M draw any line cutting EK, tlL in A\ G\ 
Let BA' and NO' cut in F. Then EF is parallel to I. 

For EF is the vanishing line. 

9. Given the c. ofh,, the a. ofh., and a pair of corresponding 
points ; construct the vanishing lines. 

Let A A' be the pair of corresponding points. Let us first 
construct the homologue of the line at infinity, considered 
to belong to the same figure as A. In the construction of 
§ 6, X and M are both at infinity. Hence the construction 
is — Through the c. of h. 0, draw any line OX (X being at 
infinity). Through A draw AL parallel to OX, cutting the 
a. of h. in L; then LA' cuts OX in X' ; and the required 
line is X'M, i.e. a parallel through X' to the a. of h. 

Similarly we construct the vanishing line of the other 
figure. 

Given the c. of h., the a. of h., and one vanishing line, to con* 
struct the homologue of a given point 

Let any transversal through the c. of h. cut the vanishing 
line in A, Then the homologue of the point A is the point 
at infinity A' on 0-4. 

Two cases arise, (i) The given point X belongs to the 
same figure as the finite point A, Let AX cut the a. of h. 
in L ; draw through L a parallel to OA to cut OX in X\ 
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Then X' is the homologue of X, (ii) The given point X' 
belongs to the same figure as the point at infinity A\ 
Through X' draw a parallel to OA cutting the a. of h. in L. 
Then AL cuts OX' in the required point X. 

Ex. Given the c. ofh. and (he a. ofh. and one vanishing line, 
construct the other vanishing line, 

10. The angle between two lines in one figure is equal to the 
angle subtended at the cofhby the vanishing points of the 
homcHogotis lines. 

Let AP and -4. Q be the given lines, P and Q being at 
infinity. Then P' and Q' are the vanishing points of the 
homologous lines A^F^ and A^Q\ Also 01^ is parallel to 
AF, and OQ' to AQ. Hence the angles F'OQ' and FAQ are 
equal. 

11. Construct the homdogue of a given conic, so that the 
homologue of a given point S shall be a focus. 

Take any line as a. of h., and any parallel line as vanish- 
ing line ; and let two conjugate lines at S meet the vanishing 
line in F and Q, and let two other conjugate lines at 8 meet 
it in 27 and F. On FQ and UV as diameters describe 
circles, and take either of the intersections of these circles 
as c. of h. 

Then since the vanishing points F and Q of the lines SF 
and SQ subtend a right angle at the c. of h., the homologues 
/S'P', S^Q' will be at right angles. So S^lT, S'T will be at 
right angles. Hence at S^ we shall have two pairs of con- 
jugate lines at right angles. Hence ^S' is a focus of the 
homologous conic 

12. The homologue of a conic, taking a focus as c. of h. and 
the corresponding directrix as vanishing line and angparaUel as 
a. ofh., is a circle, of which the focus is the centre. 

Let 8 be the given focus and XM the corresponding 
directrix. With /S as c. of h. and XM as vanishing line, 
and any parallel line as a. of h., describe a homologue of the 
given conic The homologue of 8 is 8, and of XM is the 
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line at infinity ; hence in the homologous conic, 5 is the pole 
of the line at infinity, i. e. 5 is the centre of the homologous 
conic. 

Let SP, SP' be a pair of conjugate diameters of the homo- 
logous conic. The homologue of SP is iSP, the homologue 
of SP' is SP' ; and the ho^lologues of conjugate lines are 
conjugate lines. Hence in the given figure, SP and SP' 
are conjugate lines ; and S is the focus, hence SP and SP^ 
are perpendicular. Hence every pair SP, SP^ of conjugate 
diameters of the homologous conic is orthogonal. Hence 
the homologous conic is a circle. And we have already 
proved that the focus is the centre of the circle. 

Note that the homologue of an angle at S is an equal (in 
fact, coincident) angle at S. 

This case of homology is the limit of Focal Projection 
when the two figures are i^ the same plane. 

Ex. 1. Any Jiomologue of a conk, taking a focus 8 as c. ofh., 
is a conic with S as Jbcus ; and the homologue is a circle only if 
the vanishing line is the corresponding directrix, 

Ex. 2. Any homologue of a conic, taking the polar of a given 
point P as vanishing line, is a conic with P as centre ; and the 
homologue is a circle only if Pis a focus of the given conic. 

13, Ifttoo curves he in homology, the c. ofh. must he a meet of 
common tangents, and the a. ofh mtist he a join of common points. 

For let OT be a tangent from the c. of h. to one of the 
curves. Let OPQ be a chord of the curve very near 02^, 
Then OPQ meets the homologous curve in the homologous 
points P', Q\ Now let P and Q coincide in T; then P' and 
Q' also coincide, in T^ the homologue of T. Hence OT 
touches the homologous curve. 

Again, let L be one of the points where one of the curves 
cuts the a. of h. Then L, being on the a. of h., is its own 
homologue. Hence the homologous curve passes through L, 

Hence if two curves are in homology, the c. of h. must be 
looked for among the meets of common tangents ; and the 
a. of h. must be looked for among the joins of commoni 
points. 
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14, Any two circles are homological in four real ways. 

Let 8 be either of the centres of similitude of the two 
circles. Take any point P on one circle, and let 8P cut the 
other circle in P' and P". Then one of these points, and 
only one (viz. P" in the figure), possesses the property that 
SPiSP'iB the ratio of the radii. We may call P, P' similar 
points, and P, P'^ non-similar points. 

If we take either centre of similitude as centre of homology and 
the straight line at infinity as axis of homology, then the circles 
are homoJogicaly each point being homologous to its similar 
point. 

For take' any two pairs of similar points, viz. P, P' and Q, 
Q\ Then SPiSP'iiSQ: SQ' ; hence PQ is parallel to P'Q', 




i. e. every chord joining two points on one circle is parallel 
to the chord joining the similar points on the other circle. 
Hence the two circles are homological, the straight line at 
infinity being the axis of homology, and similar points being 
homologous points. 

If we take either centre of similitude as centre of homology 
and the radical axis as the axis of homology^ then the circles 
are homological, each point being homologous to its non-similar 
point. 

For take any two pairs of non-similar points, viz, P, P" 
and Q, q\ Then 8Px SF: : SQ : SQ\ and 
SP'.SP''^ SQ\SQ'\ 
Hence SP. SP" = SQ . SQ'\ Hence PP^'QQ'' are concyclic ; 
hence, if PQ, P^'Q^^ meet in X, we have 
XP.XQ^XP^'.XQ'', 
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i. 6. X has the same power for both circles, i. e. X is on the 
radical axis of the circles. Hence we have proved that the 
chord joining any two points on one circle and the chord 
joining the non-similar points on the other circle meet on 
the radical axis of the circles, which is therefore the axis of 
homology. 

Hence, since with either centre of similitude we may take 
the straight line at infinity or the radical axis, the circles are 
in homology in four real ways. 

15, Two conies which have double contact are homologkal in 
two waySf the c, of h, being the common pole and the a. of h. the 
common polar in both cases. 

Let be the common pole and MN the common polar, 

the points M and N 
\^ being on both conies. 

Let any line through 
cut one conic a in ^, D 
and the other conic y3 
in B, C. Then a is deter- 
mined by the five points 
AMMNN, the points 
MM being on Oilf and 
the points NN being on ON, Now form the homologue of 
a, taking as c. of h., JOT as a. of h., and B as the homo- 
logue of A. The homologue of a conic is a conic. The 
homologues of the points AMMNN sue the points BMMNN 
Hence the homologue of a is the conic through BMMNN, 
i e. is the conic fi. 

Again, with the same c. of h. and a. of h., but with C as 
the homologue of A, form the homologue of a. The homo- 
logue is now the conic through CMMNN, ie. is the 
conic 13. 

Now in the first case C and D are homologous for they 
are collinear with ; so in the second case B and D are 
homologous. So there are two ways only in which the 
conies are homologicaL 
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In the first way, every point P on a is homologous with 
the point P' in which OP cuts )3 on the same side of MN as 
P ; and in the second way, every point P on a is homologous 
with the point P'' in which OP cuts Q on the opposite side 
oiMNioP. 

Ex. 1. A conk is its own homohgm, any point and its polar 
being c. ofh. and a, ofh. 

Ex. 2. If a conic he its own homohguey show that if the c. of 
h. he given, the a. ofh. must he the polar of the c. ofh 

16. Any two conies are in homology. 

Take any meet of common tangents 2T', VTf as c. of h. 
Let TU and TTTy the 
polars of 0, cut in L. 
Let A be one of the four 
common points of the 
two conies. Take LA as 
a. of h. Also take UTJ'^ 
as a pair of corresponding 
points. 

The homologue of the 
conic TUA can now be 
found. Suppose the conic 
TUA to be given by the 
five points TTUUA, 
where TT are the coin* 
cident points in which 

OT touches the conic, and Z777 are the coincident points in 
which 0^ touches the conic. The homologue of ^ is A, for 
A is on the a. of h. The homologues of UU are JTU^ by 
hypothesis. Again, since IT' passes through 0, and TU, 
T'Tf meet on the a. of h., T is the homologue of T, 
i. e. T'T' are the homologues of TT Hence the homologues 
of TTUUA are TTU'U'A. Hence the homologue of the 
conic TUA is a conic passing through A and touching OT' 
at T' and touching OU' si ZT \ i. e. the homologue of one 
given conic is the other given conic. 

Hence two conies are homological in twelve ways. 

Y3 
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Tor we may take as c. of h, any one of the six meets 
of common tangents of the two conies. We may then take 
as A any one of the four common points of the two conies. 
But this will only give us two possible axes of h. For the 
point where LA, the a. of h., meets either conic again will 
be another common point. Hence there are only two 
positions of LA, when the position of has been chosen. 

Ex. 1. Show ly using the reciprocal solution to the above that 
we may taJce any common chord of the conies as a. ofh. 

Ex. 2. Two conks in different planes may he placed in pro- 
jection by two rotations, viz. (i) about the meet of the plumes until 
the planes coincide, and (ii) about any common chord of the conies 
{tvhen placed in one plane). 

Ex. 3. Show that two homothetic conies have two centres of 
similitude. 

Viz. the common apexes belonging to the line at infinity. 

Ex. 4. Show by using the circular points that any two conies 
which Jiave a common focus are in homology, the common focus 
being the c, ofh. 

Ex. 5. Any conic is homological with any circle whose centre 
is at a focus of the conic, the focus being the c. ofh. 

17. If two conies totich, they are homological, tahmg the point 
of contact as c. ofh. 

This follows as a limiting case of the general theorem ; oa* 
thus directly. Through 0, the point of contact, draw any 
chord cutting one conic in P and the other in P'. Take 
as c. of h.; and the common chord AB, which does not pass 
through 0, as a. of h. Also take P, P' as homologous points. 
Consider the homologue of the conic determined by OOPAB. 
It is a conic through OOP^AB, i. e. it is the other conic. 

18, If the join XX' of any two homologous points cut the a, 
ofh. in U, then (OXUX') is constant, being the c. ofh. 

For take any fixed pair of homologous points AA\ Then 
AX, A'X' meet on the a. of h., say at L. Hence if A A' cut 
the a. of h. in N, we have 

{OXUX') = (OANA') = constant. 
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This proof fails if AA^XX^ all lie on the same line through 
0. In this case take any pair of homologous points BB' which 
do not lie on AA'XX', and let OBB' cut the a. of h. in B. 

Then (OXUX') = [OBBB") = {OANA') - constant. 

Conversely, if a point X' he taken such that (OXTJX^) is 
constant, being a fixed point and U the meet of OX with a 
fixed line, then the figures generated by X and X' will be homo- 
logical, being the c. of h. and the fixed line the a, of h. 

For if AA\ XX^ be two pairs of points thus obtained, 
since {OANA') = (OXUX% it follows that AX, NU, A'X' 
meet in a point. Hence the join of any two points meets 
the join of the corresponding points on a fixed line. Hence 
the figures are homological. 

(OU, XX^ is called the parameter oi the homology. 

Ex. 1. If two homologous lines LX and LX' cut the a. of h, 
in L, show that L (OXMX^ is constant, M being any other 
point on the a. of h, ; and conversely, if LA' be determined as 
tJie corresponding line to LA by this definition, show that the 
figures generated by LA and LA' are homological. 

Ex. 2. If(OU, ZXO = - 1, show that the figure made up of 
a figure and its homohgue is its own homoLo^ue. 

This is called harmonic homology. 

Notice that harmonic homology bears the same relation 
to ordinary homology as an involution range bears to 
two homographic ranges on the same line. In fact the 
figure (ABC, A'B'u ...) is homologous to the figure 
(A'B'G\..ABG...), if the two figures (ABC,..) and (A'BX\..) 
are in harmonic homology. 

Ex. 3. In harmonic homology, if the c. of h, be at infinity in 
a direction perpendicular to the a. of h., then each figure is tfie 
reflexion of the other in the a. ofh. 

Ex. 4. In harmonic homology, if the a, of h. be at infinity, 
then each figure is the reflexion of the other in the c. ofh. 

Ex. B. If a conic be its own homohgue, show that the homo- 
logy is harmonic, and that the homohgue of the line at infinity is 
halfway between the c. of h. and its polar. Also show that 
a conic is an ellipse, parabola, or hyperbola, according as the line 
halfimy between amy point and its polar cuts the conic in 
imaginary, coincident, or real points. 
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. Ex. e. Show that two figures in homology reciprocate into two 
figures in homology^ and that the parameters of homology are 
numerically equal. 

Ex. 7. The parameter of homology of two homothetic figures 
is the reciprocal of the ratio of similitude. 

Ex. 8. The parameter of homology of two figures in parallel 
homology is the constant ratio of the ordinates. 

Ex. 9. Keeping the same c. of h., show that the two para- 
meters of homology of two circles are equal hut of opposite signs. 

Ex. 10. Keeping the radical axis as a. ofh.y show that the two 
parameters of homology of two circles are equal hut of opposite signs. 

Ex. 11. If the radical axis of two circles he taken as the a. of 
h.y and if the vanishing Unes and the radical axis cut the line of 
centres in IJ^N; show that 

J3I:IN::r:r^y and STirNii/ir. 

Ex. 12. IfAj By C he fixed points and P, P' variahle points 
such that B (APF'C) = A (BPP'C) = constant ; show that P 
and P' generate homological figures, of which Gisthe c. ofh. and 
ABis the a. ofh. 

Ex. 13. Tangents from the point P to a conic meet any line 
I in L, M, and the other tangents from L, M meet at P'. Shotv 
that P and P^ generate figi^es in homology. 

19. If PP^ he wiy homologous points, and PM the perpen- 
dicular from P on the 
vanishing line of the figure 
generated hy P, then 
OP/PM « OP", 
heing the c. ofh. 

Let OP cut the yanishing 
line in I and the a. of h. 
in L. Then, since I corre- 
sponds to the point Of at 
infinity upon OP, we have (01, PL) = (0X2', P'X). 
Hence OP ^OL ^ OP^ ^ OL ^ OP^ 
iience p j • ^J " P'fi' ' ZfF " OZ * 

ie. OPiOP'iiPIiLIiiPMih, 
where h is the perpendicular distance between the vanishing 
line and the a. of h. 

Hence OP:PM::OP':h. 
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Ex. Prove the 8P : PM property of a focus. 

Form a homologue of the conic, taking 8 as the c. of h. 
and the corresponding directrix as vanishing line. Then 
SP-r PMoo SP'. But by § 12 the locus of P' is a circle with 
centre S, Hence SP-hPM is constant. 

20. In two homohgical figures, if (X, p) and (X, q) denote 
the perpendiculars from the variable point X on two given lines 
p and q, and if (X', p^ and (X^, q') denote the perpendiculars 
from the corresponding point X! in the homologous figure on the 

corresponding lines p^ and q\ then \^ l -^ ;^/ 1 is constant 

(X,q) (A,g) 

For take another point F, and let XFcut the lines jp and 
qin A and B. Then XT' will cut p^ and g' in the homo- 
logous points A^ and B\ Hence, since homological figures 
are projective, we have 

{AB, XT) = {A'B', XTO, 
i. e. AX/AT^XB/YB = A'X'/A'Y'-r^X'B'/rB', 
i.e. (X,p)/{Y,p)--(X,q)/{T,q) 

= (x^i>o/(r,i>o-^(x^ qV(r, q% 

Hence (X, i?)/(X, g) -r (X', py(X\ q") is constant. 

Ex. 1. IfX and Y he fixed andp vary, then 

(X, p)/(Y, p) - (X^ pV{Y, i>0 is constant. 

Ex. 2. If the the vanishing line of the wnaccented figure, then 
(X, i?)/(X, i) 4- (X', p") is constant. 

Take q' at infinity ; then (X', q") = (T, q"). 

Ex. S.Ifi and f he the vanishing lines, then 

(X, i) . (X', j") is constant. 
Take J) and g' at infinity. 

Ex. 4. OX/{X, p) -h 0X7(X', p") is constant. 

Take q and q^ as the axis of homology a, and notice that 
OX/(X, a)-^0X7(X', a) is constant, since {OU, XX') is 
constant. 

Ex. 5. OX/(X, i) -^ OX' is constant. 

21. Homographic figures are defined to be figures in which 
a point in one figure corresponds to a point. in the other 
figure; a line to a line, the connector of two points to the 
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connector of two points, the intersection of two lines to the 
intersection of two lines, and finally a coUinear range of 
points corresponds to a homographic range and a pencil of 
rays corresponds to a homographic pencil. 

Homographic figures exist ; for two figures in perspective, 
whether in homology or in projection, clearly possess the 
above properties. 

No other homographic figures exist ; for — 

Magnus's theorem. Two homographic fibres cam, he placed 
in homology (and therefore in projection). 

Let Ay Bhe the circular points in the first figure, and let 
A\ B' correspond to -4, B in the second figure. Place the 
figures in the same plane, and let AA' and BB' meet at 0\ 
Let correspond to 0', and take any other corresponding 
points C and C\ First move the first figure without rotation 
until comes to 0'. This will not alter the positions of A 
and B ; for such a motion does not displace any point at 
infinity. To prove this, let I be the point at infinity on the 
parallel lines p and q. Then, after the above motion of 
translation, jp and ^ are parallel to their former positions 
and hence still pass through J. Hence I has not moved. 
Hence A A' and BB' still meet at 0', i.e. at 0. Now rotate 
the first figure about until C is on the line 0G\ This 
will not move A or J?. For A and B are the intersections 
of the line at infinity with any circle with centre at 0. 
But the circle is not changed as a whole by this rotation ; 
and hence its intersections with any fixed curve will remain 
the same. And the line at infinity is fixed, since parallel 
lines remain parallel lines and hence still meet on the line 
at infinity when rotated. Hence AA' and BB' still meet 
at 0. Hence AA% BB\ CC all meet at 0. Hence if D, I)' 
are any other corresponding points, DD^ passes through ; 
for (ABCB) = (A'B[CD% Hence the figures are copolar 
and therefore homological. And we know that homo- 
logical figures are in projection if rotated about the axis 
of homology. 

Hence homographic figures introduce no new properties 
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beyond those of figures in perspective ; for they can be 
placed in perspective. 

22. Corf*elative figures are defined to be figures such that 
a point in one figure corresponds to a line in the other and 
a line to a point ; also the connector of two points corre- 
sponds to the intersection of two lines and vice versa ; and 
finally a range of points corresponds to a homographic 
pencil of rays and vice versa. 

Correlative figures exist; for clearly reciprocal figures 
possess the above properties. 

Also correlative figures introduce no new properties. For 
if the figures /i and /g are correlative, then if we take /g 
recfprocal to /2, /i and /g are homographic and therefore 
projective. For to a point in /i corresponds a line in /a and 
to this corresponds a point in f^ ; and so on. Hence we can 
get from /i to f^ by going from /i to /g by projection, and 
then from/3 ^^/2 ^y reciprocation. 



MISCELLANEOUS EXAMPLES 

1. Generalize by projection and reciprocation the 
theorems — (1) *The director circles of all conies inscribed 
in the same quadrilateral are coaxal,' (2) ' The locus of the 
centre of an equilateral hyperbola which passes through 
three given points is a circle.' 

2. The portion of a common tangent to two circles a and 
P between the points of contact is the diameter of the 
circle y. If the common chord of y and a meets that of 
y and /3 in B, show that E is the pole for y of the line 
of centres of a and yS. 

3. Generalize by projection the theorem — *The straight 
lines which connect either directly or transversely the 
extremities of parallel diameters of two circles intersect 
on their line of centres.' 

4. A pair of right lines through a fixed point meet 
a conic in PQ, -P'Q'; show that if PP^ passes through a 
fixed point, then QQ^ also passes through a fixed point. 

5. Generalize by projection and reciprocation the theorem 
— *A diameter of a rectangular hyperbola and the tangent 
at either of its extremities are equally' inclined to either 
asymptote.' 

6. If P, Q denote any pair of diametrically opposite points 
on the circumference of a given circle, and QY the per- 
pendicular from Q upon the polar of P with respect to 
another given circle whose centre is C, show that QY.CP 
is constant. 

What does the theorem become when the circles are 
orthogonal ? 

7. Through a given point draw a line cutting the sides 
BGy CA, AB of a triangle ABC in points A'j BT, C\ such 
that {0A\ B'O') shall be harmonic. 

8. Given the centre of a conic and three tangents, find 
the point of contact of any one of them. 

9. Two similar and similarly situated conies have a 
common focus which is not a centre of similitude. Prove 
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that a parabola can be described touching the common 
chord and the common tangents of the conies, and having 
its focus at their common focus. 

10, Generalize by projection the theorem — *One circle 
can be described so as to pass through the four vertices 
of a square and another so as to touch its four sides, the 
centre of each circle being the intersection of diagonals.' 

IL Two conies touch at -4, and intersect at B and C. 
Through 0, the point where BG meets the tangent at -4, 
is drawn a chord OJ^P' of the one conic, and AP, AP^ 
produced if necessary meet the second conic in Q and Qf. 
Prove that Q, Qf and are coUinear. 

12. ABCB is a rectangle, and (AC, PQ), (BB, XY) are 
harmonic ranges ; show that the points P, Q, X, Y lie on 
a circle. 

18. Through 0, one of the points of intersection of two 
circles, the chords POQ and OP'Qf are drawn (P and P' 
being on one circle and Q and Qf on the other). Show that 
if PO : OQ :: OP' : OQ', then OP and OP' generate a pencil in 
involution. 

14. is the orthocentre of the acute-angled triangle ABC, 
Prove that the polar circles of the triangles OBC, OCA, 
OAB are orthogonal, each to each. 

15. A number of conies are inscribed in a given triangle 
so as to touch one of its sides at a given point. Show that 
their points of contact with the other two sides form two 
homographic ranges which are in perspective. 

16. ACj BB are conjugate diameters of a central conic, 
and P is any point on the arc AB. PA, PB meet CB in 
Qf B respectively. Prove that the range (QC, BB) is 
harmonic. 

17. Generalize by projection and reciprocation the pro- 
position — *The locus of the foot of the perpendicular upon^ 
any tangent to an ellipse from a focus is a circle.' 

18. P is the pole of a chord which subtends a constant 
angle at the focus 5 of a conic, and SP intersects the chord 
in Q ; find the locus of the point B such that {SB, PQ) is 
harmonic. 

19. A straight line AB is trisected in P, (7; the con- 
nectors of A, P, d B, and the point at infinity on AB with 
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any point S meet another straight line in A\ ff, C, 2>', E^ 
respectively ; show that E'B' : E'D' = 8 . A'ff : A'ly. 

20. From any point Q on a fixed tangent BQ to a circle 
AA^B, straight lines are drawn to A, A\ the extremities of 
a fixed diameter parallel to BQ, meeting the circle again in 
P, P' respectively ; show that the locus of the intersection 
of A'P, AP^ is a parabola of which B is the vertex. 

2L Two conies a and /3 intersect in the points A, B, C,D; 
show that if the pole of AB with regard to a lies on fi, then 
the pole of CJD with regard to a lies on /3. 

If the vertex of a parabola is the pole of one of its chords 
of intersection with a circle, then another common chord 
is a diameter of the circle. 

22. *If a circle be drawn through the foci S, H of two 
confocal ellipses, cutting the ellipses in P and Q, the 
tangents to the ellipses at P and Q will intersect on the 
circumference of the circle.* 

Generalize this theorem (1) by projection, (2) by recipro- 
cation with respect to the point S, (3) by reciprocation with 
respect to any point in the plane. 

23. ' If two circles of varying magnitude intersect on the 
side BC of a given triangle ABC and touch AB, AG at B 
and C respectively ; then the locus of 0, their other point 
of intersection, is the circumcircle of the triangle ; and the 
circle on which their centres and the point lie, always 
passes through a fixed point' 

Obtain by projection the corresponding theorem when 
the two circles are replaced (1) by conies, (2) by similar and 
similarly situated conies. 

24. Two ranges are in perspective, and the centre of 
perspective S is equidistant from the axes of the ranges. 
The axes are turned about their meet until they coincide. 
Show that if S does not coincide with 0, an involution is 
produced ; and find the centre and double points. 

25. * If a circle touches two given circles, the connector 
of its points of contact passes through a centre of similitude 
of the given circles.' 

Beciprocate this proposition with respect to a limiting 
point. 

26. The pairs of points AB, CD form a harmonic range. 
Prove that, if X is any other point on the same axis, then 
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the anharmonic ratios (AB, CX) and (AB, BX) are equal 
and of opposite sign, 

27. The connectors of a point D in the plane of the 
triangle ABC with J5, C meet the opposite sides in JE7, F 
respectively ; show that the triangles BBC, EBF have the 
same ratio as the triangles ABC, AEF, 

28. Ay By C are three points on a straight line ; A^ is the 
harmonic conjugate of A with respect to BC, Bi of B with 
respect to CA, and Ci of C with respect to AB\ show that 
AAiy BBiy CCi are three pairs of a range in involution. 

29. A conic is reciprocated into a circle. Find the 
reciprocals of a pair of conjugate diameters. 

30. Generalize hy projection the theorem — *If a straight 
line touch a circle and from the point of contact a straight 
line be drawn cutting the circle, the angles which this line 
makes with the. line touching the circle shall be equal to 
the angles which are in the alternate segments of the circle,' 

81. The locus of the pole of a chord of a conic which 
subtends a right angle at a fixed point is a conic. 

82. A quadrilateral ABCD is circumscribed to a conic^ 
and a fifth tangent is drawn at the point P ; the diagonals 
ACy BJD meet the tangent at P in a and /3, and the points 
a', 13^ are taken the harmonic conjugates of a and /3 with 
respect to -4, C and By D respectively ; show that a% /3', P 
are on a straight line. 

88. Through the vertex -4 of a square ABCD a straight 
line is drawn meeting the sides BC, CD in Ey F. If EBy 
FB intersect at ff, show that CG is at right angles to EF. 

84. Determine the envelope of a straight line which 
meets the sides of a triangle in Ay B, Cy so that the ratio 
ABiAC is constant. 

86. Generalize by projection the theorem — *If OPy OQ, 
tangents to a parabola whose focus is S, are cut by the 
circle on OS as diameter in M and N, then MN will be 
perpendicular to the axis.' 

86. Eeciprocate with regard to the focus of the parabola 
the theorem — *The circle described on a focal radius of 
a parabola as diameter touches the tangent at the vertex.' 

87. The lines joining any point to four collinear points 
Ay B^ Cy D cut any transversal through B in A\ Bfy C\ JD^ 
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Also BC meets OA in 0', (/Iff meets AB in J5". Prove 
that if (AB, CD) = - 1, then AB'\ CB = 2^0. BB"'. 

88. Jf and i^ are a pair of inverse points with regard to 
a given circle whose centre is C. Prove that (1) if P is any 
point on the circle, FM^iPlP ::CM:CN; (2) if any chord 
of the circle is drawn through M or N, the product of the 
distances of its extremities from the straight line hisecting 
ilf ^ at right angles is constant. 

89. Points P, Q are taken on the sides ABj AC of & 
triangle respectively, such that AP = CQ ; show that the 
line joining PQ will envelope a parabola. 

Through a given point draw a straight line to cut the 
equal sides AB, J. C of an isosceles triangle BAG in P, Q 
respectively, so thai AP is equal to CQ, 

40. Given the proposition * any point P of an ellipse, the 
two foci, and the points of intersection of the tangent and 
normal at P with the minor axis are concyclic,' (1) generalize 
it by projection, (2) reciprocate it with regard to one of the 
foci. 

41. Generalize the following proposition (1) by recipro- 
cating it with respect to -4, and (2) by projection — 'A fixed 
circle whose centre is touches a given straight line at 
a point A ; the locus of the centre of a circle which moves 
so that it always touches the fixed circle and the fixed 
straight line is a parabola whose focus is 0, and whose 
vertex is -4.' 

42. Two circles a and fi intersect a conic y ; show that 
the chords of intersection of a and y meet the chords of 
intersection of fi and y in four points which lie on a circle 
having the same radical axis with a and /3. 

43. Through any point in the plane of a triangle ABC 
are drawn 0A\ OB^, DC bisecting the supplements of the 
angles BOC, COA, AOB and meeting BC, CA, AB in A\ 
Bfj C respectively ; show that the six lines OA, OB, OC, 
0A% OB', 00' form a pencil in involution. 

44. Two conies a and /3 have double contact at B and 0, 
A being the pole of BC. Tangents from a point X upon 
AB are drawn to o and ^ meeting -40 in Yand Y. Show 
that Y and Y generate homographic ranges, the double 
points of which are A and C» 
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45. A quadrangle ABCD is inscribed in a parabola; 
through two of its vertices C and D straight lines are 
drawn parallel to the axis, meeting 2)-4, BC in P and Q ; 
show that PQ is parallel to AB. 

46. Prove that the polar reciprocal with regard to a 
parabola of the circle of curvature at its vertex is a rect- 
angular hyperbola of which the circle is also the circle of 
curvature at a vei-tex. 

47. The opposite vertices AA\ BB^, CC of a quadrilateral 
circumscribing a conic are joined to a given point ; OA 
cuts the polar of J. in a, OB <5uts the polar oi B inbf and so 
on; show that a conic can be drawn through the seven 
points Oaa'Wcf!. 

48. A range on a line is projected from two different 
vertices on to another line. Find the double points of the 
projected ranges. 

49. If four points A^ j&, C> D be taken on the circum^ 
ference of a circle, prove that the centres of the nine-point 
circles of the four triangles ABC, BCD, CDA, DAB will lie 
on the circumference of another circle, whose radius is one- 
half that of the first. 

60. If the orthocentre of a triangle inscribed in a parabola 
be on the directrix, then the polar circle of the triangle 
passes through the focus. 

51. A and BC are a given pole and polar with regard to 
a conic ; DE is a given chord through A; P, Q, ij, ... are 
any number of points on the conic, and P', Qf, JB', ... are 
the points where JEP, EQ, EB, ... meet BC. Prove that 
D(PP% QQ^, BBf^ ...) is an involution; and determine its 
double lines. 

52. ABCD is a quadrilateral circumscribing a conic a. 
AB, DC meet in E, and BC, AD in F, and a conic /3 is 
drawn through the points B, D, Fy En Prove that the four 
tangents to a at the points where the conies intersect pass 
two and two through the pair of points where AC cuts A 

58. Two conies a, jS intersect in the points A, B, C, D, 
If the pole of AB with respect to a coincides with the pole 
of CD with respect to /3, prove that the pole of CD with 
respect to o will coincide with the pole of AB with respect 
to^. 
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54. Three conies all pass through the same two points 
A, B. The first and second conies intersect one another in 
two other points C, 1) ; and the pole of AB with regard to 
the second conic lies on the first conic. The third conic 
touches the line joining Cy D; and the pole of AB with 
regard to it lies on the second conic. Show that the 
tangents, other than CJDj drawn from the points G, I> to 
the third conic meet on the circumference of the first conic. 

65. Given the asymptotes of a conic and another tangent, 
show how to construct the pair of tangents from a given 
point to the conic. 

Given the three middle points of the sides of a given 
triangle, draw a straight line through a given point to bisect 
the triangle. 

66. A conic cuts the sides of a triangle ABC in the pairs 
of points % a2, hi 62 > ^i ^2 respectively ; U Bh.i, (^2 intersect 
in aj, and Bbi, CC2 in ag, and so on, and if ^i ^2 Pz ^aj 
Vi 72 Ys 74 ^® similarly constructed ; show that the straight 
lines obtained by putting in various suffixes in Aa, B^, Cy 
meet, three by three, in eight points. 

67. Reciprocate the proposition that the nine-point circle 
of a triangle touches the inscribed circle (1) with regard to 
one of the angular points of the triangle, (2) with regard to 
the middle point of one of its sides. 

68. ' If, from a point within a circle, more than two equal 
straight lines can be drawn to the circumference, that point 
is the centre of the circle.' 

Generalize the above proposition (1) by reciprocation, 
(2) by projection. 

69. TP and TQ are tangents of a conic and PQ is bisected 
in F; also TF is bisected by the curve. Show that the 
conic is a parabola. 

60. A conic of constant eccentricity is drawn with one 
focus at the centre of a given circle and circumscribing 
a triangle self-conjugate with respect to the given circle; 
show that the corresponding directrices for different positions 
of the triangle will envelope a circle. 

61. A straight line PQ moves so as to make upon two 
fixed straight lines intercepts AP and AQ whose difference 
is constant ; prove that it will always touch a fixed parabola, 
and construct the focus and directrix of the parabola. 
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62. By reciprocation deduce a proposition relating to the 
circle from the following — * The locus of a point dividing 
in a given ratio the ordinate FN of a parabola is another 
parabola having the same vertex and axis.' 

63. The envelope of a straight line which moves so that 
two fixed circles intercept on it chords of equal length is 
a parabola. 

64. Given a conic and a pair of straight lines conjugate 
with regard to it, project the conic into a parabola of which 
the projections of the given lines shall be latus rectum and 
directrix. 

65. An ellipse has the focus of a parabola for centre and 
has with it contact of the third order at its vertex. Tangents 
are drawn to the two conies from any point on their common 
tangent, and the harmonic conjugate of this latter with 
regard to them is taken. Prove that its envelope is the 
common circle of curvature of the two conies at the common 
vertex. 

66. ABCf DEF are two triangles inscribed in a conic. 
BO, CA, AB are parallel respectively to EF, FD, BE. 
Prove that AD, BE, CF are diameters of the conic. 

67. Find the double rays of the pencils 0{ABO.*.) and 
(A^B^C^ ...), each of which is in perspective with the 
pencil ViA^'B^'G''...). 

68. ABCD is a quadrangle, and P^ Q the two diagonal 
points which do not lie on AB. Two conies are drawn, the 
first through A, B, C, B, the second through A, B, P, Q. 
Prove that, if jR is a point on the second conic, and if 
AB, BE meet the first conic at (f, B^ respectively, then 
CB, B^A will also meet on the second conic. 

69. Through a point is drawn a straight line cutting 
a conic in AB, and on AB are taken points GB, such that 

(l4-0(7) + (l"^OZ))«(l-^0-l) + (l-^OJ?). 
Then if MNhe the points of contact of tangents from B, and 
LB those of tangents from G, show that either LM and BN, 
or LN and BM, meet in 0. 

10. Construct the conic which passes through the four 
points ABCB and is such that AB and CB are conjugate 
lines with regai*d to it. 

71. AOB and COB are two diameters of a circle and QB 

BUSSELIi Z 
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is a chord parallel to AB ; if P be the intersection of CQ and 
DiJ, or of BQ and CB, and if from P be drawn PM parallel 
to AB to meet CD in M, then JP = OB^ + PJf^. 

72. -45, -4 (7 are two chords of an ellipse equally inclined 
to the tangent at A ; show that the ratio of the chords is 
the duplicate of the ratio of the diameters parallel to them, 

73. Construct, by means of the ruler only, a conic which 
shall pass through two given points and have a given self- 
conjugate triangle. 

Also construct the pole of the connector of the given 
points with respect to the conic. 

74. Through a fixed point A any two straight lines are 
drawn meeting a conic in J9, B' and (7, C respectively; 
parallels through A to BC% BfC meet JB'C, BCj respectively 
in D, JEJ ; find the locus of D and of E. 

76. Two equal tangents TP and TQ of a parabola are cut 
in M and JV by a third tangent ; show that TM = (^N. 

76. The tangents at two points of an ellipse, whose foci 
are S^ H, meet in T, and the normals at the same points 
meet in ; prove that the perpendiculars through S, H to 
ST, HT respectively divide OT harmonically. 

Deduce a construction for the centre of curvature at any 
point of the ellipse. 

77. An ellipse may be regarded as the polar reciprocal of 
the auxiliary circle with respect to an imaginary circle of 
which a focus is the centre. Prove this, and find the lines 
which correspond to the centre and the other focus of the 
ellipse. 

78. Two conies u, v intersect m Ay B, 0, D ; EjF are the 
poles of CB with regard to the conies w, v respectively, and 
AE, AF meet GB in G, H respectively ; a straight line is 
drawn through A meeting w, v in F, Q respectively ; show 
that the locus of the intersection of PH, QG is a straight 
line passing through B and through the intersection of 
EF, CB. 

79. Show that two triangles, one inscribed in and the 
other escribed to a given triangle, and both in perspective 
with it, are in perspective. 

Each of the triangles determined by the common tangents 
of two conies is in perspective with each of the triangles 
determined by the common points of the conies. 
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80. Two circles cut each other orthogonally ; show that 
the distances of any point from their centres are in the 
same ratio as the distances of the centre of each circle from 
the polar of the point with respect to the other. 

The directrix of a fixed conic is the polar of the corre- 
sponding focus with respect to a fixed circle; with any 
point on the conic as centre a variable circle is described 
cutting the fixed circle orthogonally ; find the envelope of 
the polar of the focus with respect to the variable circle. 

81. Obtain a construction for projecting a conic and a 
point within it into a parabola and its focus. 

82. A conic circumscribes a triangle ABC^ the tangents 
at the angular points meeting the opposite sides on the 
straight line BEF. The lines joining any point P on BEF 
io AjB, C meet the conic again in Af, ^, C'. Show that 
the triangle A'B^C envelopes a fixed conic inscribed in ABC^ 
and having double contact with the given conic at the 
points where it is met by BEF* Show also that the tangents 
at A\ ff, a to the original conic meet B'C, C'A\ A'B' in 
points lying on BEF. 

88. ABGB is a quadrilateral whose sides ABy GB meet in 
E, and AB, BG in F; A is a. fixed point, EFa fixed straight 
line^ and B, G lie each upon one of two fixed straight lines 
concurrent with EF; find the locus of B. 

84. All the tangents of a conie are inverted from any 
point. Show that the locus of the centres of all the circles 
into which they invert is a oonie. 

85. If Ay By Gj By be four collinear points, and any 
point whatever, prove that 2 { OA^ -i- (AB .AG. AB) \ = 0. 

Also show that if A\ B^, (/, 2/ be four coney die points, 
then 2 {l^iA'B" .A'G". A'B^} = 0, the sign of any recti- 
linear segment being the same as in the i»^ceding identity. 

86. If be the intersection of the common tangents to 
two conies having double contact, and if a straight line 
through meet the two conies in P, P' and Q, Q' re- 
spectively, prove that 

and that FQ.PQ'i P'Q . P'Q' : : PO" : P'Ol 

87. Describe a conic to touch a given straight line at 
a given point and to osculate a given circle at a given point. 

88. If a system of conies have a common self-conjugate 

Z 2 
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triangle, any line through one of the vertices of this triangle 
is cut by the system in involution. 

Two conies, U and U\ touch their common tangents in 
ABCB and A'B^G'D' ; show that AB cuts U, TT and the 
other sides of the quadrilateral of tangents in six points in 
involution. 

89. Four points A, B, C, B are taken on a conic such 
that ABj BC, CD touch a conic having double contact with 
it ; show that A and D generate homographic ranges on the 
conic, and find the common points of the ranges. 

90. The angular points ABC of a triangle are joined to a 
point and the bisectors of the angles BOCj CO A, A OB meet 
the corresponding sides of the triangle in Oj ag, ^i ^2> yi.y2 ) 
show that these points lie three by three on four straight 
lines ; and that if lie on the circle circumscribing the 
triangle, each of the lines a^ ^^ y^, &c., passes through the 
centre of a circle touching the three sides of the triangle. 

9L *If from a point T on the directrix of a parabola 
whose vertex is A tangents TP, TQ are drawn to the curve, 
and PAf QA joined and produced to cut the directrix in 
M, Ny then will T be the middle point of MN/ 

Obtain from the above theorem by reciprocation a property 
of (1) a circle, (2) a rectangular hyperbola. 

92. In two figures in homology M and M^ are homo« 
logons points and O is the centre of perspective. Show that 
OM is to MM as the perpendicular from M on its vanishing 
line is to the perpendicular from M on the axis of per* 
spective. 

93. Given two points A,^B on a rectangular hyperbola 
and the polar of a given point in the line AB; determine 
the points of intersection of the curve with the straight line 
drawn through perpendicular to AB. 

94. Show how to project a given quadrilateral into a 
quadrilateral ABCB such that AB is equal to AC, and that 
2> is the centre of gravity of the triangle ABC 

95. A circle has double contact with an ellipse, and lies 
within it. A chord of the ellipse is drawn touching the 
circle, and through its middle point is drawn a chord of the 
ellipse parallel to the minor axis. Show that the rectangle 
contained by the segments of this chord is equal to the 
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rectangle contained by the segments into which the first is 
divided by the point of contact. 

96. ABCDEF is a hexagon inscribed in one conic and 
circumscribing another. The connectors of its vertices with 
any point in its plane meet the former conic again in the 
vertices of a second hexagon A'B^C^D'E'F', Prove that it 
is possible in this to inscribe another conic. 

97. ABCD, AB'CB^ are two parallelograms having a 
common vertex A and the sides AB, AD of the one along 
the same straight lines as the sides AB\ AB' respectively 
of the other. Show that the lines BB\ B'D, CC are con- 
current . 

98. Three coniqs a, j9^ y are inscribed in the same quadri- 
lateraL Frosxk any pointy tangents a, h are drawn to a, and 
tangents a', b^ to j3. Show that if a, a' are conjugate lines 
with respect to y, so are b, b\ 

89. If three tangents to a conic can be found such that 
the circle circumscribing the triangle formed by them passes 
through a focus, the conic must be a parabola. 

100. From each point on. a straight line parallel to an axis 
of a conic is drawn a straight line perpendicular to the polar 
of the point ; show that the locus of the foot of the per- 
pendicular is a circle. 

101. Give a construction for projecting a conic into 
another, of which the projections of three given points shall 
be a focus, an extremity of the minor axis, and a vertex. 

102. Find the locus of the centre of a circle which divides 
two given segments of lines harmonically. 

103. The sides ABj AD of a parallelogram ABCD are 
fixed in position, and C moves on a fixed line ; show that 
the diagonal BD envelopes a parabola. 

104. A tangent of a hyperbola whose centre is C meets 
the asymptotes in P and Q ; show that the locus of the 
orthocentre of the trikngle CBQ is another hyperbola. 

106. Through fixed points A and B are drawn conjugate 
lines for a given conic. Show that the locus of their meet 
is the conic through Ay B and the points of contact of 
tangents from A and B. 

106. A,B,Cy Dare four points on a conic, and is the pole 
of AB, Show that 0(AB, CD) is the square of (AB, CD). 
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107. Ay B, C, D are four points on a conic. The tangent 
at A meets JBC, CJD in ai, a2 ; the tangent at B meets CI), 
DA in bi, 62 5 ^^^ so on. Show that the eight points 
«i, a.2, &i, &2> ^i> ^2> ^i> ^2 li® ^^ * conic. 

108. The centre of a conic lies on the directrix of a para- 
bola, and a triangle can be drawn which is circumscribed to 
the parabola and self-conjugate for the conic. Show that the 
tangents from to the parabola are the axes of the conic. 

109. Two sides AQ, AE of a triangle AQR circumscribed 
to a given circle are given in position ; the circles escribed 
iio AQ and AB touch AQ and AR in V and U; show that 
the locus of the meet of QU and jRF is a hyperbola with 
,AQ and AR as asymptotes. 

110. If the chords OP, OQ of a conic are equally inclined 
to a fixed line ; then, if be a fixed point, PQ passes through 
a fixed point. 

111. A fixed line i meets one of the system of conies 
through the four points A, B, C, 1) in P and Q ; show that 
the conic touching AB, CD, PQ and the tangents at P and 
Q touches a fourth fixed line. 

112. Triangle^ can be inscribed in a which are self-con- 
jugate for /3 ; ABC is a triangle inscribed in a and A'B'C 
is its reciprocal for ^ ; show that the centre of homology of 
ABC and A'B'C is on a. 

113. Six circles of a coaxal system touch the sides of 
a triangle ABC inscribed in any coaxal in the points (m\ W, 
cc^ ; show that these points are the opposite vertices of 
a quadrilateral. 

114. -4, 5, C> Z) are four points on a circle, and A', B^, Cf, B' 
are the orthocentres of the triangles J5(7Z), CBA, DAB, ABC. 
Show that the figures ABCD, A'B'C'D' are superposable. 

115. Any conic a which divides harmonically two of the 
diagonals of a quadrilateral is related to any conic ^ inscribed 
in the quadrilateral in such a way that triangles can be 
inscribed in o which are self con jugate for ^. 

lie. The envelope of the axes of all conies touching four 
tangents of a circle is a parabola. 

117. If {AA\ J9B0 « - 1 = i^A', PQ) = (BB', PQ') ; show 
that (AA', BB\ QQ') is an involution. 

118. If two conies can be drawn to divide four given 
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segments harmonically, then an infinite number of such 
conies can be drawn. 

U9. If (AA% BB\ CC) be an involution, show that 
(A' A, B(f) + (B'B, CA") + (O'C, AB") = 1. 

120. jT is a point on the directors of the conies a and 13, 
The reciprocal of a for /3 meets the polar of T for jS in Q, B, 
Show that the angle QTB is right. 

121. Through the centre of a circle is drawn a conic, 
and A and A' are a pair of opposite meets of common 
tangents of the circle and conic ; show that the bisectors of 
the angle AOA' are the tangent and the normal at 0. 

122. A given line meets one of a series of coaxal circles in 
P, Q. The parabola which touches the line, the tangents at 
P, Q, and the radical axis has a third fixed tangent. 

128. If a series of conies be inscribed in the same quadri- 
lateral of which A, A' is & pair of opposite vertices, and if, 
from a fixed point 0, tangents OP, OQ be drawn to one of 
the conies, the conic through OPQAA' will pass through 
a fourth fixed point, 

124. On a tangent to a circle inscribed in a triangle ABC 
are taken points a, 6, c, such that the angles subtended by 
Aa, Bb, Cc at the centre are equal ; show that Aa, Bb, Cc 
are concurrent. 

125. Through two given points, four conies can be drawn 
for which three given pairs of lines are conjugate ; and the 
common chord is divided harmonically by every conic 
through its four poles for the conies. 

126. The locus of the pole of a common chord of two 
conies, for a variable conic having double contact with the 
two given conies, consists of a conic through the two common 
points on the given chord, together with the join of the 
poles of the chord for the two conies. 

127. Find the locus of the centre of a conic which passes 
through two given points and divides two given segments 
harmonically. 

128. A variable conic passes through three fixed points 
and is such that triangles can be inscribed in it which are 
self-polar for a given conic. Show that it passes throu|i*h 
a fourth fixed point. 
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129. If a variable conic touch three fixed lines, and be 
such that triangles can be drawn circumscribing it which 
are self-polar for a given conic, then the variable conic will 
have a fourth fixed tangent, and the chords of contact of 
the variable conic with the fixed lines pass through fixed 
points. 

180. The directrix of a parabola which has a fixed focus 
and is such that triangles can be described about it which 
are self-polar for a given conic, passes through a fixed 
point. 

131. A conic U passes through two given points and is 
such that two sets of triangles can be inscribed in it, one 
self-polar for a fixed conic V and the other self-polar for 
a fixed conic W. Show that Z7has a fixed self-polar triangle. 

132. A variable conic U cuts a given conic Y in two given 
points and also touches it and is such that triangles can be 
inscribed in it self-polar for a given conic W. Show that 
TJ touches another fixed conic. 

133. Three parabolas are drawn, two of which pass 
through the four points common to two conies and the third 
touches their common tangents. Show that their directrices 
are concurrent. 

134. If a system of rectangular hyperbolas have two 
points common, any line perpendicular to the common 
chord meets them in an involution. 

136. The reciprocal of a circle through the centre of a 
rectangular hyperbola, taking the r. h. itself as base conic, 
is a parabola whose focus is at the centre of the r. h. 

136. The reciprocal of any circle, taking any r. h. as base 
conic, is a conic, one of whose foci is at the centre of the 
r. h. ; and the centre of the circle reciprocates into the 
corresponding du'ectrix. 

137. The chords AB and A'B' of a conic a meet in F. 
fi is the conic touching AB^ A'B' and the tangents at J., jB, 
A\ B\ VL and FX divide AY A' harmonically and cut 
the conic a in LM and L'M\ Show that the other joins of 
the points X, M, L\ M! touch /3. Also any tangent of 3 
meets AB and A'B' in points which are conjugate for a. 

138. The director circle of a conic is the conic through 
the circular points and the points of contact of tangents from 
these points to the conic. 
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130. Tangents to a circle at P and Q meet another circle 
in AB and CD ; show that a conic can be drawn with a 
focus at either limiting point of the two circles and with PQ 
as corresponding directrix, which shall pass through ABCD, 

140. Tangents to a conic from two points PP' on a con- 
focal meet again in the opposite points QQ' and RBf. Show 
that QQ' lie on one confocal and RB' on another ; and that 
the tangents to the confocals at PF^QQ'BB' are concurrent. 

141. The centroid of the meets of a parabola and a circle 
is on the axis of the parabola. 

142. A variable tangent of a circle meets two fixed 
parallel tangents in P and Q, and a fixed line through the 
centre in ^ X is taken so that (PQ, BX) « - 1. Show 
that the locus of X is a concentric circle. 

148. A triangle is reciprocated for its polar circle. Show 
that the reciprocal of the centroid is the radical axis of the 
circumcircle and the nine-point circle. 

144. The reciprocal of a triangle for its centroid is a 
triangle having the same centroid. 

146. Triangles can be circumscribed to a which are self- 
conjugate for /3. A tangent of a cuts /3 in P and Q ; and 
a conic y is drawn touching /3 at P and at Q. Show that 
triangles can be circumscribed to a which are self-conjugate 
for y. 

146. PP^ is a chord of a parabola. Any tangent of the 
parabola cuts the tangent parallel to PP' in Z, and the 
tangents at P and P' in -R and B' ; show that BX = XB\ 

147. If the conic a be its own reciprocal for the conic ^, 
then /3 is its own reciprocal for a. 

148. Given a conic a and a chord BC of a, a conic /3 can 
be found having double contact with a at J^ and C> such 
that a is its own reciprocal for /3. 

149. A conic cannot be its own reciprocal for a conic 
having four-point contact with it. 

150. If the conic a be its own reciprocal for the conic )3, 
then a and /9 can be projected into concentric circles, the 
squares of whose radii are numerically equal. 

151. Any point P on a conic and the pole of the normal 
at P are conjugate points for the director circle. 
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152. The pole of the normal at any point P of a conic is 
the centre of curvature of P for the confocal through P. 

153. ABC is a triangle, and AL, BM, CNrxieei in a point, 
LMN Being points on JBC, GA, AB. Three conies are 
described, one touching BM, CN at M, N and passing 
through A ; so the others. Prove that at Ay B, G respectively 
they are touched by the same conic. 

154. The lines joining four fixed points in a plane inter- 
sect in pairs in points O1O2O3, and P is a variable jwint. 
Prove that the harmonic conjugates of O^P, O2P, O3P for 
the pairs of lines meeting in OiO^O^ respectively, intersect 
in a point. 

165. If a parabola touch the sides of a fixed triangle, the 
chords of contact will each pass through a fixed point. 

156. The six intersections of the sides of two similar and 
similarly situated triangles lie on a conic, which is a circle 
if the perpendicular distances between the pairs of parallel 
sides are proportional to the sides of the triangle. 

157. Two conies have double contact, being the inter- 
section of the common tangents. From P and Q on the 
outer conic pairs of tangents are drawn to the inner, forming 
a quadrilateral, and B is the pole of PQ with respect to the 
inner conic. Prove that two diagonals of the quadrilateral 
pass through By and that one of these diagonals passes 
through 0. 

158. A conic is drawn through the middle points of the 
lines joining the vertices of a fixed triangle to a variable 
point in its plane, and through the points in which these 
joining lines cut the sides of the triangle. Determine the 
locus of the variable point when the conic is a rectangular 
hyperbola ; and prove that the locus of the centre of the 
rectangular hyperbola is a circle. 

159. The feet of the normals from any point to a rect- 
angular hyperbola form a triangle and its orthocentre. 

160. ABG is a triangle and A'B'G' are the middle points 
of its sides. is the orthocentre. AOy BO, GO meet the 
opposite sides in BEF. EF, FD, BE meet the sides in 
LMN. Prove that OL is perpendicular to AA', OM to BB\ 
md ON to GC\ 

161. A variable conic touches the sides AB, AC o{ sl 
triangle ABC at* B and G. Prove that th points of contact 
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of tangents from a fixed point P to the conic lie on a fixed 
conic through PABG. 

162. Given two tangents to a parabola and a fixed point 
on the chord of contact, show that a third tangent is known. 

163. Tangents to a conic from two points on a confocal 
form a quadrilateral in which a circle can be inscribed. 

164. AA'f BB\ CO' are the opposite vertices of a quadri- 
lateral formed by four tangents to a conic. Three conies pass 
respectively through AA', BB\ CC and have three-point 
contact with the given conic at the same point P. Show 
that the poles of AA^, BB\ CC with respect to the conies 
through A A' J BB\ G(j respectively coincide, and the four 
conies have another common tangent. 

165. If two conies, one inscribed in and the other circum- 
scribed to a triangle, have the orthocentre as their common 
centre, they are similar, and their corresponding axes are at 
right angles. 

166. A fixed tangent is drawn to an ellipse meeting the 
major axis in T. QQ' are two points on the tangent equi- 
distant from T. Show that the other tangents from Q and Q' 
to the ellipse meet on a fixed straight line parallel to the 
major axis. 

167. With a fixed point P as focus a parabola is drawn 
touching a variable pair of conjugate diameters of a fixed 
conic. Prove that it has a fixed tangent parallel to the polar 
of P. 

168. A conic is described having one side of a triangle 
for directrix, the opposite vertex for centre, and the ortho- 
centre for focus ; prove that the sides of the triangle which 
meet in the centre are conjugate diameters. 

169. The radius of curvature in a rectangular hyperbola 
is equal to half the normal chord. 

170. The radius of curvature in a parabola is equal to 
twice the intercept on the normal between the directrix and 
the point of intersection of the normal and the parabola. 

171. Two ellipses touch at A and cut at B and C. Their 
common tangents, not at A^ meet that at J. in Q and B and 
intersect in P. Prove that PQ and CB meet on ^P, and so 
do BB and Cq. 

172. A transversal is drawn across a quadrangle so that 



348 Miscellaneom Examples 

the locus of one double point of the involution determined 
on it is a straight line. Show that the locus of the other 
is a conic circumscribing the harmonic triangle of the 
quadrangle. 

173. FQ is a chord of one conic a and touches another 
conic /3. Prove that P, Q are conjugate for a third conic y, 

174. XYZ is a triangle self-conjugate for a circle. The 
lines joining XYZ to a point 2> on the circle meet the circle 
again in A, B, C respectively. Show that as 2> varies, the 
centre of mean position of ABCD describes the nine-point 
circle of XYZ. 

175. Two conies are described touching a pair of opposite 
sides of a quadrilateral, having the remaining sides as chords 
of contact, and passing through the intersection of its 
diagonals ; show that they touch at this point. 

176. With a given point as focus, four conies can be 
drawn having three given pairs of points conjugate ; and 
the directrices of these eonics form a quadrHateral such 
that the director circles of all the inscribed conies pass 
through 0. 

177. The line joining two points A and B meets two 
lines OQ, OP in Q and P. A conic is described so that OP 
and OQ are the polars of A and B with regard to it. Show 
that the locus of its centre is the line OB where B divides 
AB so that ABiBB:: QBiBP. 

178. A chord of a conic passes through a fixed point. 
Prove that the other chord of intersection of the conic and 
the circle on this chord as diameter passes through a fixed 
point. 

179. One of the chords of intersection of a circle and 
a r. h. is a diameter of the circle. Prove that the opposite 
chord is a diameter of the r. h. 

180. Tangents are drawn to a conic a parallel to con- 
jugate diameters of a conic ^. Prove that they will cut on 
a conic y, concentric with a and homothetic with (3. Also 
y will meet a in points at which the tangents to a are 
parallel to the asymptotes of p, 

181. Four concyclic points are taken on a parabola. 
Prove that its axis bisects the diagonals of the quadrilateral 
formed by the tangents to the parabola at these points. 

182. If four points be taken on a circle, the axes of the 
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two parabolas through them are the asymptotes of the 
centre-locus of conies through them. 

183. The locus of the middle point of the intercept on 
a variable tangent to a conic by two fixed tangents is a 
conic having double contact with the given one where it is 
met by the diameter through the intersection of the fixed 
tangents. 

184. On two parallel straight lines fixed points A, B are 
taken and lengths AP, BQ are measured along the lines, 
such that J.P+ BQ is constant. Show that AQ and BP cut 
on a fixed parabola. 

185. Chords AP, AQ of a conic are drawn through the 
fixed point A on the conic, such that their intercept on 
a fixed line is bisected by a fixed point. Show that PQ 
passes through a fixed point. 

186. Three tangents are drawn to a fixed conic, so that 
the orthocentre of the triangle formed by them is at one of 
the foci ; prove that the polar circle and circumcircle are 
fixed. 

187. Given four straight lines, show that two conies can 
be constructed such that an assigned straight line of the 
four is directrix and the other three form a self-polar 
triangle ; and that, whichever straight line be taken as 
directrix, the corresponding focus is one of two fixed points. 

188. Parallel tangents are drawn to a given conic, and the 
point where one meets a given tangent is joined to the 
point where the other meets another given tangent. Prove 
that the envelope of the joining line is a conic to which the 
two tangents are asymptotes. 

189. With a point on the circumcircle of a triangle as 
focus, four conies are described circumscribing the triangle : 
prove that the corresponding directrices will pass each 
through a centre of one of the four circles touching the 
sides. 

190. Three conies are drawn touching each pair of the 
sides of a triangle at the angular points where they meet 
the third side and passing through a common point. Show 
that the tangents at this common point meet the corre- 
sponding sides in three points on a straight line, and the 
other common tangents to each pair of conies pass re- 
spectively through these three points. 
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191. ABCJD is a quadrilateral circumscribing a conic, and 
through the pole of AC & line is drawn meeting CD, JDA, 
ABy EC, and CA in FQBST respectively. Show that PQ, 
BS subtend equal angles at any point on the circle whose 
diameter is OT. 

192. The normal at a fixed point P of an ellipse meets the 
ciu've again in Q, and any other chord PP' is drawn ; QP' 
and the straight line through P perpendicular to PB^ meet 
in B ; prove that the locus of 1? is a straight line parallel to 
the chord of eurvatuie of P and passing through tiie pole of . 
the normal at P. 

193. Two tangents of a hyperbola, a, are asymptotes of 
another conic, /S. Prove that if y3 touch one asymptote of a, . 
it touches both. 

194. A conic is drawn through four fixed points ABCJD, 
BC, AJD meet in A'; CA, BJD in B'; AB, CD in C; and 
is the centre of the conic. Prove that i ABCJD} on the 
conic = {A^B'C'^O} on the conic which is the locus of 0. 

195. Tangents drawn to a conic at the four points ABCJD 
form a quadrilateral whose diagonals are aa\ W^ cc' (the 
tangents at ABC forming the triangle ahc and being met by 
the tangent at 2> in a'b'c'). The middle points of the 
diagonak are A'B'C\ and the centre is 0, Prove that 
{A'B'CO) = [ABCB] at any point of the conic. 

196. If a right line move in a plane in any manner, the 
centres of curvature at any instant of the paths of all the 
points on it lie on a conic. 

197. Defining a bieircular quartic as the envelope of a 
circle which moves with its centre on a fixed conic so as to 
cut orthogonally a fixed circle, show that it is its own inverse 
with respect to any one of the vertices of the common self- 
conjugate triangle of the fixed circle and conic, if the radius 
of inversion be so chosen that the fixed circle inverts into 
itself. 

198. A quadrilateral is formed by the tangents drawn 
from two fixed points on the radical axis of a system of 
coaxal circles to any circle of the system. Prove that the 
locus of one pair of opposite vertices is one conic, and of the 
remaining pair is another conic, and the two fixed points 
aie the foci of both these conies. 

199. Two fixed straight lines through one of the foci of 



Miscellaneous Examples 351 

a system of confocal conies meet any one of the conies in 
FF\ QQ\ Prove that the envelope of FQ and P'Q' is one 
parahola, and of PQ\ F'Q is another parahola. Also the 
points of contact of FQ, P'^', P'Q, FQ' with their respective 
envelopes lie on a straight line parallel to the conjugate axis 
of the system, which axis touches both parabolas. 

200. A parallelogram with its sides in fixed directions 
circumscribes a circle of a coaxal system. Prove that the 
locus of one pair of opposite vertices is one conic and of the 
remaining pair is another conic, and the common tangents 
of these two conies are the parallels throu^ the common 
points of the system to the sides of the parallelogram. 
Prove also that the tangents at the vertices of any such 
parallelogram to their respective loci meet in a poikit on the 
line of centres of the system. 

201. is the centre of a conic circumscribing a triangle, 
and 0' is the pole of the triangle for this conic. Show that 
is the pole of the triangle for that conic which circum- 
scribes the triangle and has its centre at 0\ 

202. AA\ BB', CC are the three pairs of opposite ver- . 
tices of a quadrilateral A conic through BB\ CC and any 
fifth point F meets AA' in X and Y. Prove that PZ, FY 
are the double lines of the involution P {AA\ BB\ CCf]. 

208. If tangents be drawn to a system of conies having 
four common tangents, from a fixed point (X) on a side 
(AA^ of the self-conjugate triangle of the system, the points 
of contact will lie on a conic (viz. XBB'CC% 

204. AA\ BB\ C(j are the three pairs of opposite vertices 
of a quadrilateral A straight line meets AA% BB\ CC in 
LM¥. Prove that the conies LBB'QG', MCC'AA', NAA'BB\ 
and the conic touching the sides of the quadrilateral and 
also LMN, have a common point. 

205. Three conies have double contact at the same two 
points, and A, B, C are their centres. A straight line 
parallel to ABC meets them in FF^, QQ\ BE' respectively, 
and is any point on this straight line. Prove that 

OF. OF". BG-h OQ. 0Q\ GA + OB. 0B\ AB =» 0. 

206. In XXVIII, end, Ex. 2, prove that if 0' be the second 
fixed point, then CO, CO' are equally inclined to the axes, 
andOO.CO'=CS2. 

207* If triangles can be inscribed in a conic a and cir- 
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cumscribed to a conic ^, the locus of the centroid of such 
a triaugle is a conic homothetic with a. 

208. If the conic )3 be a parabola, this locus is a straight 
line. 

209. This straight line is parallel to the line joining 
points on the parabola where the tangents are parallel to 
the asymptotes of a. 

210. The tangents at three points of a rectangular hyper- 
bola form a triangle, of which the circumcircle has its 
centre at a vertex and passes through the centre of the 
hyperbola. Show that the centroid of the three points 
lies on the conjugate axis. 

211. Show that the orthocentre of the three points in 
Ex. 210 is the vertex which is the centre of the circle. 

212. If in Ex. 207 the conies a and fi are homothetic, 
the centroid of the three points of contact with /3 of such 
a triangle is a fixed point. 

213. If the conies a and fi are coaxial, then the normals 
to a at the vertices of any such triangle are concurrent and 
also the normals to fi at the points of contact of the sides ; 
and conversely, if PQB be three points on a conic such that 
the normals at these points are concurrent, a coaxial conic 
can be inscribed in the triangle PQB. 

214. If the conies a and /3 are both parabolas, the locus 
of the centroid is parallel to the axis of a. 

215. If a and /3 are parabolas with the same axis, whose 
latera recta are I and V, then V = 42. 

216. Oiven a triangle self-conjugate for a conic, if a 
directrix touch a conic /9 inscribed in the triangle, then the 
corresponding focus lies on the director circle of )3. 

217. A conic is inscribed in a triangle self-conjugate for 
a rectangular hyperbola, with one focus on the hyperbola. 
Show that its major ax^s touches the hyperbola. 

218. A triangle is inscribed in a conic and circumscribed 
to a pai'abola. Prove that the locus of the centre of its 
circumscribing circle is a straight line. 

219. The following pairs of conies are manifoldly re- 
lated— 

(i) A rectangular hyperbola, and a parabola whose focus 
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is at the centre of the r. h. and whose directrix touches 
the r. h. 

(ii) Two rectangular hyperbolas, each passing through 
the centre of the other and haying the asymptotes of one 
parallel to the axes of the other. 

220. If the polar circle of three tangents to* a conic 
passes through a focus, the orthocentre lies on the corre* 
spending directrix. 

221. If a triangle inscribed in a parabola has its ortho- 
centre on the directrix, its polar circle passes through the 
focus. 

222. A circle has its centre on the directrix and touches 
the sides of a triangle self-conjugate for a parabola. Show 
that it passes through the focus. 

223. Triangles can be inscribed in a conic a so as to be 
self-conjugate for a conic fi. A circle has double contact 
with a along a tangent to ^. Show that it cuts orthogonally 
the director of y3. 

224. Two conies, in either of which triangles can be 
inscribed self-conjugate for a third conic, have double 
contact. Show that their chord of contact touches this 
conic. 

225. From any point P two tangents JPQ, PR are drawn 
to an ellipse: if C is the centre of the ellipse, then all 
hyperbolas drawn through P and C and having their 
asymptotes parallel to the axes of the ellipse cut QB 
harmonically. 

226. A conic circumscribes a triangle self-conjugate for 
a parabola and has its centre on the parabola. Show that 
an asymptote touches the parabola. 

227. A circle through the centre of a rectangular hyper* 
bola cuts it in ABCD. Show that the circle circumscribing 
the triangle formed by the tangents to the r. h. at ABC 
passes through the centre of the hyperbola, and has it$t 
centre on the hyperbola at the extremity 2/ of the diameter 
through D ; and D' is the orthocentre of ABC. 

228. Show that if 2) be the pole of the triangle ABCiov 
a conic, then A, B, C are the poles of the triangles BCD, 
ACD, ABB respectively. Such a quadrangle may he said to 
he seJf-ccmjugate for the conic. • 

229. If triangles can be inscribed in /9 which are 3elf- 

BUSSEIiL A a 
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conjugate for a, then quadrangles can be inscribed in ^ 
which are self-conjugate for a ; and conversely. 

280. If triangles can be circumscribed to fi which are 
self-conjugate for a, then quadrilaterals can be circumscribed 
to /9 which are self-conjugate for a ; and conversely. 

281. If we can describe triangles to touch a conic a and 
to be self-polar for each of two conies fi and y, then the four 
intersections of y3 and y form a self-polar quadrangle for a. 

232. If triangles can be inscribed in each of two conies 
^, y so as to be self-polar for a conic a, then triangles self- 
polar for a can be inscribed in any conic through the 
intersections of y3 and y. 

• 233. If triangles can be circumscribed to each of two 
^5onics ^3, y self-polar for a conic a, then triangles self-polar 
for a can be circumscribed to any conic touching the 
common tangents of ^ and y. 

234. The polars of a fixed triangle for a system of four- 
point conies envelope a conic touching the sides of the 
triangle. 

235. The poles of a fixed triangle for a system of conies 
having four common tangents lie on a conic circumscribing 
the triangle. 

236. If the system of four-tangent conies is a system of 
confocals, the locus of the poles is a rectangular hyperbola. 

237. If two conies are .manifoldly related, and the first 
passes through the centre of the second, then the second 
passes through the centre of the first. 

238. Three tangents to a conic/ a, form a triangle. A conic, 
/3, circumscribes the triangle and passes through the centre 
of a and the pole of the triangle with respect to a. Prove 
that its centre lies on a. 

289. A rectangular hyperbola circumscribes a triangle 
and passes through the centre of one of the circles touching 
the sides. Show that its centre lies on this circle. 

240. Hence prove Feuerbach's theorem, viz. — the nine* 
point circle of any triangle touches the inscribed and escribed 
circles. 

241. Show that in Ex. 239 the poles of the triangle for 
these circles lie on the respective hyperbolas ; and the polars 
of the triangle for the hyperbolas are tangents to the 
respective circles. 
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242. The nine-point circle of a triangle inscribed in a 
rectangular hyperbola touches the polar-circle of the triangle 
formed by the tangents at the vertices, at the centre of the 
conic 

243. The pole with respect to a parabola of the triangle 
formed by three tangents to it lies on the pn'ninr^nnri ellipse 
circumscribing the triangle. 

244. The polar in this case passes through the centroid 
of the triangle. 

245. The pole with respect to a parabola of an inscribed 
triangle lies on the jnaximum ellipse inscribed in the 
triangle. 

246. The two conies in the last example are reciprocal 
with respect to a conic with its centre at this pole and 
having the triangle as a self-conjugate triangle. 

247. Show that the polar of a triangle for a rectangular 
hyperbola which circumscribes it, touches the conic which 
touches the three sides at the vertices of the pedal triangle ; 
and the pole of the triangle lies on the radical axis of the 
circumcircle and nine-x>oint circle of the triangle* 

248. A conic passes through the vertices and centroid 
of a fixed triangle. Show that the pole of the triangle for 
the conic lies on the line at infinity, and the x>olar touches 
the maximum inscribed ellipse. 

249. A conic touches the sides of a triangle and passes 
through its centroid. Show that the polar of the triangle 
for this conic is a tangent to the minimum ellipse circum* 
scribing the triangle. 

250. The foci of a conic inscribed in a triangle self- 
conjugate for a rectangular hyperbola are conjugate points 
for the r. h. 

251. A parabola touches the sides of a triangle ABC, and 
5 is its focus. The axis meets the circumcircle again in 0. 
With as centre the rectangular hyperbola is described for 
which the triangle is self-conjugate. Show that the axis of 
the parabola is an asymptote of the r. h. 

252. Two parabolas touch the sides of a triangle, and have 
their foci at the extremities of a diameter of its circumcircle. 
Show that their axes are the asymptotes of a rectangular 
hyperbola for which the triangle is self-conjugate. 

Aa :% 
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258. Triangles can be inscribed in a parabola (whose 
latus rectum is I) so as to be self-conjugate for a coaxial 
parabola (whose latus rectum is Vy, Prove that V =21. 

254. The locus of the centre of a circle, of constant radius, 
circumscribed to a triangle self -conjugate for a fixed conic is 
a circle concentric with the conic. 

255. Given three tangents and the sum of the squares of 
the axes, the locus of the centre of a conic is a circle. 

256. A circle of given radius is inscribed in a triangle 
self-conjugate for a fixed conic. Prove that the locus of its 
centre is a concentric homothetic conic. 

257. A circle a touches the sides of a triangle self- 
conjugate for a conic /3. Show that a rectangular hyperbola 
having double contact with /3 along a tangent to a passes 
through the centre of the circle. 

258. A circle touches a fixed straight line, and triangles 
can be circumscribed to it which are self-conjugate for 
a fixed conic. Prove that the locus of its centre is a 
rectangular hyperbola. 

259. The orthocentre of a triangle of tangents to a 
rectangular hyperbola, and the centre of the circle through 
the points of contact are conjugate points for the r. h. 

260. If the centroid of a triangle inscribed in a conic lies 
on a concentric homothetic conic, prove that the nine-point 
circle cuts orthogonally a fixed cii-cle. 

261. If two circles touch respectively the sides of two 
triangles self-conjugate for a conic, then their centres of 
similitude are conjugate points for the conic. 

262. If a rectangular hyperbola has double contact with 
a conic a, its centre and the pole of the chord of contact are 
inverse points for the director ciicle of a. 

263. A circle circumscribes triangles self -con jugate for 
a given conic and passes through a fixed point. Prove that 
its centre lies on the directrix of the parabola which has 
double contact, with the conic at the points of contact of 
tangents from the fixed point. 

264. Triangles are circumscribed to a central conic so as 
to have the same orthocentre. Prove that they have the 
same polar circle. 

265. Two triangles are inscribed in a conic (which is not 
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a rectangular hyperbola) so as to have the same orthocentre. 
Prove that they have the same polar circle. 

266. Two triangles are inscribed in a conic (which is not 
a circle) so that their circumcircles are concentric. Prove 
that they are self-conjugate for a parabola. 

267. Two triangles are circumscribed to a conic, so that 
their circumcircles are concentric. Prove that they either 
have the same circumcircle or are self-conjugate for a 
parabola. 

268. A conic which is inscribed in a triangle self- 
con jugate for a rectangular hyperbola and has a focus at 
the centre of the r. h., is a parabola. 

269. A conic, with a focus at the centre of a rectangular 
hyperbola, circumscribes triangles self-conjugate for the r. h. 
Prove that the corresponding directrix touches the r. h. 

270. Triangles can be inscribed in each of two conies 
a and ^, self -con jugate for the other. Prove that the 
reciprocal of a for /3 and of for a is the same conic y ; 
and a, ^, y are so related that each is the envelope of lines 
divided harmonically by the other two, and also the locus 
of points from which tangents to the other two form a 
harmonic pencil. Also any two of these conies are 
reciprocals for the third. 

271. Two hyperbolas pass each through the centre of the 
other and detei-mine a harmonic range on the line at infinity. 
Prove that, the reciprocal of either, for the other, is the 
parabola inscribed in the quadrilateral formed by parallels, 
through each centre, to the asymptotes of the hyperbola 
passing through it. 

272. A conic is inscribed in a given triangle and passes 
through its circumcentre. Show that its director circle 
touches the circumcircle and the nine-point circle of the 
triangle. 

273. Find the locus of the centre of the conic in the last 
example. 

274. The locus of the centre of a conic touching three 
given straight lines and passing through a given point is 
the conic touching the triangle formed by the middle points 
of the sides of the fixed triangle and such that, if JD be the 
fixed point, G the centroid of the triangle and the centre 
of the locus, then OBG are collinear, and DO = |2>6f. 
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276. If the fixed point be the centroid of the triangle, the 
locus is the maximum ellipse inscribed in the triangle 
formed by joining the middle points of the sides. 

276. A circle inscribed in a triangle self-conjugate for 
a hyperbola cuts the hyperbola orthogonally at a point P. 
Show that the normal at P is parallel to an asymptote. 

277. A circle is inscribed in a triangle self-conjugate for 
a conic and has its centre on its director circle. Prove that 
it touches the reciprocal of the director circle for the conic. 

278. A circle, a, with centre 0, is inscribed in a triangle 
self-conjugate for a conic, /3. If P and Q be the points of 
contact of tangents to /3 from 0, then the tangents from 
P and Q to the conic which is the reciprocal for ^ of its 
director, are also tangents to the circle a. 

279. The six tangents to a conic from the vertices of 
ft triangle cut again in twelve points which lie by sixes 
on four conies. 

280. The six points in which a conic cuts the sides of 
a triangle can be joined in pairs by twelve other lines which 
are tangents by sixes to four conies. 

281. If tangents are drawn to a parabola from two points 
A and P, the asymptotes of the conic through AB and the 
points of contact of the tangents from A and P, are parallel 
to the tangents to the parabola from the middle point 
of ^P. 

282. If tangents are drawn to a parabola from A and P, 
the conic through AB and the points of contact will be 
a circle, rectangular hyperbola or parabola as AB is bisected 
by the focus, directrix, or parabola respectively. 

283. Tangents are drawn to a circle from two points on 
a diameter. Show that the foci of the conic touching the 
tangents and their chords of contact lie on the circle. 

284. If tangents are drawn to a central conic from P and 
Q, and C be the centre and S a focus, then the conic through 
P, Qf and the points of contact of tangents from P, Q will 
be a circle if the angle PCQ is bisected Internally by CSj and 
ifCP.CQ^CS^ 

286. The conic in the previous example will be a rect- 
angular hyperbola if P and Q are conjugate for the director 
circla 
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286. A point, and the orthocentre of the triangle formed 
by tangents from it to a conic and their chord of contact, are 
conjugate points for the director circle of the conic. 

287. If a conic, a, pass through two points -4, B and the 
points of contact of tangents from them to a given conic, 
and if /3 be the similarly constructed conic for two points 
A\ JB' ; then if AB are conjugate for )3, A'B^ are conjugate 
for a. 

288. The reciprocal of the director circle of a conic, a, for 
a is confocal with a. 

289. Along the normal to a conic at a point are taken 
pairs of points PQ such that OB. OQ is equal to the square 
of the semi-diameter parallel to the tangent at 0. Show 
that tangents to the conic from B and Q intersect on the 
circle of which a diameter is the intercept made on the 
tangent at by the director circle. 

290. The orthocentre of a triangle formed by two tangents 
to a conic and their chord of contact lies on the conic. 
Prove that the locus of the vertex of the triangle is the 
reciprocal of the conic for its director circle or the reciprocal 
for the conic of its evolute. 

291. The centre of the circle inscribed in a triangle 
formed by two tangents to an ellipse and their chord of 
contact lies on the conic. Prove that the locus of the vertex 
of the triangle is a hyperbola, confocal with the ellipse, and 
having the equi-con jugate diameters of the ellipse for its 
asymptotes. 

292. The centre of gravity of a triangle, formed by two 
tangents to a conic and their chord of contact, lies on the 
conic. Prove that the locus of the vertex of the triangle 
is a concentric homothetic conic. 

293. From two points BC, tangents are drawn to a fixed 
conic, and the sides of the two triangles formed by these 
two pairs of tangents and their chords of contact touch the 
conic a. Similarly the pairs of points CA, AB determine 
the conies p and y respectively. Prove that if A lies on a, 
then B lies on ^, and C on y. 

294. A'B'O' are the middle points of the sides of a 
triangle ABC. Prove that the conic which is concentric 
with the nine-point circle of A'B'C and inscribed in A'B'C 
has double contact with the polar circle of ABO at the 
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points where the circumcircle of ABG meets the polar 
eircley and also has double contact with the nine-point 
circle of A'B'C\ 

295. A triangle is self-conjugate for a conic. Prove that 
the sides of the pedal triangle touch a confocal. 

296. A triangle is self -polar for a conic; show that an 
infinite number of triangles can be at once inscribed in the 
conic and circumscribed to the triangle, and vice versa. 

297. If two conies a and fi are related so that the poles 
for a of two opposite common chords lie on /3, then the 
poliars for /3 of two opposite common apexes touch a. 

298. Of all conies inscribed in a given triangle, that for 
which the sum of the squares of the axes is least has its 
centre at the orthocentre of the triangle. 

299. JEj F are a pair of inverse points with respect to 
a circle whose centre is A; B la the harmonic conjugate 
of A with respect to E, F; APf BP and the tangent at P, 
any point on the circle, meet the polar of E in i, M, T 
respectively ; show that LT, TM subtend equal angles at A, 

300. The connector of a pair of conjugate points with 
respect to a given conic passes through a fixed point, and 
one of the pair lies on a given straight line ; show that 
the locus of the other is a conic, and determine six points 
upon the locus. 
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222. 
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have one, 148. 
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have one, 161. 
real or imaginary, 271, 273. 
two conies have only one, 213, 
258. 
Common tangents of two conies, 

160, 273. 
Concentric circles, have double 

contact, 276. 
Confocal conies, 81, 103, 281, 

283. 
Conic, C6?. or =(75^, 80. 
CF.Cr=CP», 57. 
CF.Cr= - Cd\l\. 
definition, 49. 
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Conic, species, 49. 

Conical projection, 38. 

Conies, any two are reciprocal, 

168. 
eight points of contact of 

tangents, 153. 
eight tangents at intersec- 
tions, 153. 
four common points, 148, 271. 
four common tangents, 160, 

273. 
through four given points, 

148. 
touching one another, 148, 

261. 
touching four given lines, 161. 
Conjugate axis, 60. 
diameters of circle, 32. 
diameters of conic, 57, 58, 156, 

210. 
diameters, involution of, 210. 
hyperbola, 67. 
lines for circle, 31. 
lines for conic, 52, 142, 166, 

183. 
points for circle, 30, 32. 
points for conic, 52, 156, 166, 

177, 181. 
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228. 233. 
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162. 
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246. 

of the second degree, 251. 

by trial and error, 264. 

of parallel, 318. 

of the ratio a/b-r c/d^^ 7. 
Constructions (harmonic), of a 
segment dividing two given 
coTlinear segments harmo- 
nically, 15. 

of fourth harmonic point, 22. 

of fourth harmonic ray, 23. 



Constructions (harmonic), of pair 
of tangents to conic, 54. 
of polar of point for circle, 35. 
of polar of point for conic, 54. 
of pole of line for circle, 37. 
of two rays harmonic with 
two pairs of concurrent rays, 
19. 
Constructions (homographic), 
of common points (or rays) 
of ranges for pencils), 187. 
of point X, given AX . A'X -r 

BX, 134. 
of points at which AA\ BB\ 
. . . subtend equal angles, 
138, 161. 
of vanishing points of two 
ranges, 126. 
Constructions (involution), by 
means of circles, 204, 206. 
of an involution pencil, 238. 
of an involution range, 226. 
of common points (or rays) of 

two involutions, 222. 
of double points (or rays) of 
an involution, 224. 
Continuity, principle of, 269, 

287. 
Conventional semi-diameter, 67. 
Copolar figures, 313. 

triangles, 46. 
Correlative figures, 329. 
Correspondence, (1, 1), 129. 
Cross ratio, 109, 141, 155, 194. 

Desargues^s theorem, 227, 294. 
Diameter of conic, 57. 
of quadrilateral, 241. 
Director,- descriptive proof, 277. 
directors coaxal, 241. 
intersections with directrices, 

280. 

orthogonal to circle about a 

self-conjugate triangle, 243. 

orthogonal to polar circle, 242. 

Directrix of conic, 75, 105, 242, 

243. 
Double contact, 52, 148, 163, 
276. 
points of involution, 194, 219. 
224. 
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Double rays of involution pencil, 

202, 224. 
Duality, principle of, 88. 

Eleven-point conic, 234. 

Ellipse, 50. 

Envelope, curve considered as 

an envelope, 86. 
of axes of conies having 

double-contact, 163. 
of chord of circle bisected by 

given line, 101. 
of chord of conic subtending 

constant angle at focus, 98. 
of chord of conic subtending 

right angle at a given point 

on a conic, 106, 223. 
of line cut by given lines in 

given cross ratio, 160. 
of lines joining corresponding 

points of homographic 

ranges on a conic, 187, 295. 
of lines joining corresponding 

points of homographic 

ranges on two lines, 159. 
of perpendicular from point 

on its polar, 166. 
of QRj given OQR constant 

and 9 on a circle, 102. 
polar-envelope, 244. 
Equation, of ellipse, 67. 
of hyperbola, 68. 
of parabola, 66. 
of straight line, 129. 
Equiangular points, homology, 

313. 
points, projection, 44. 
Equisegmental lines, homology, 

313. 
lines, projection, 44. 

False positions, method of, 264. 
Fixed line, meet on, 122. 

point, passes through, 120, 
131. 
Focal axis, 80, 281. 

chord, 79, 99. 

projection, 83. 
Foci of conic, bisectors of SVS' 
conjugate, 82, 281. 

elementary theory, 75. 



Foci of conic, generaltheory,279. 
properties by reciprocation, 

98, 100, 102. 
SPiPJlf property, 78, 327. 
Focoids, 275. 
Focus of involution, 194. 
Four-point conies, centre-locus, 
235. 
coaxal circles are, 278. 
conjugate points, 228, 233. 
fixed chords through two of 

the points, 261. 
polars of two points, 234. 
poles of a line, 233. 
tangents at common points, 
2o5. 
Four-point contact, 149, 231, 

240, 261. 
Four-tangent conies, conjugate 
lines through a point, 240. 
locus of centres, 241, 244. 
locus of poles of a given line, 

244. 
polars of a point, 244. 
Five points determine a conic, 

69, 147. 
Five tangents determine a conic, 

160. 
Fourth harmonic, 13, 166, 292. 
Fregier point, 106, 223. 

Gaskin's theorem, 243. 
Generalization by projection,300. 
by projection and reciproca- 
tion, 308. 

Harmonic envelope of two cir- 
cles, 27. 

envelope oftwoconics, 173, 293. 

homology, 325. 

lines, 21. 

locus of two conies, 173, 293. 

pencils, 17, 

points on a conic, 142. 

properties of a circle, 25. 

property of complete quad- 
rangle, 22, 45. 

property of complete quadri- 
lateral, 21, 45, 226. 

ranges, 13,112. 

segments, 13. 
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Harmonic tangents, 156. 
triangle of inscribed quad- 
rangle and circumscribed 
quadrilateral, 36, 53, 214. 
Hesse's theorem, 177, 289. 
Hexagon, Brianchon's theorem, 
89, 182. 
Pascal's theorem, 179, 288. 
Homogeneous projective rela- 
tions, 64. 
nomographic axis, 123. 
axis (conies), 185. 
correspondence, 130. 
figures, 327. 
nomographic pencils, 115, 117, 
126. 
determined by points on 

conic, 144. 
determined by polars, 165» 
two can be placed in involu- 
tion, 202. 
nomographic pole, 123, 187. 
nomographic ranges, 111, 117, 
126. 
determined by poles, 165. 
determined by tangents, 155. 
on a conic, 185, 218, 295. 
two can be placed in involu- 
tion, 194. 
nomographic relation, 127, 133. 

sets of tangents, 187. 
Homological figures, 309. 

triangles, 46, 176. 
Homologue, 309. 
Homology, axis of, 46, 309. 
centre of, 46, 309. 
figures in, 3C9. 
harmonic, 325. 
nomothetic figures, 214. 
Hyperbola, 49. 

Imaginary points and lines, 25, 

49, 270. 
projection, 287. 
Infinity, points at, 9. 

straight line at, 9, 29, 40. 
Inverse points, 25. 
Inversion of cross ratio on circle, 

220. 
Inversion of cross ratio on line, 

109, 194. 



Involution, of conjugate dia- 
meters, 210. 

of conjugate lines 209. 

of conjugate points, 209. 

of four-point conies, 228, 294. 

of four-tangent conies, 239, 

of quadrangle, 226. 

of quadrilateral, 238. 

overlapping, 192, 195,203,219. 

pencils in, 201. 

ranges in, 189. 

ranges on conies in, 217, 289. 

sets of tangents in, 221. 
Isotropic lines, 275. 

Limiting points, 36, 242, 279. 
Locus (of centre) of circle, 151, 

of four-point conies, 235. 

of four-tangent conies, 241. 

of rectangular hyperbola, 243. 
Locus (of intersection), homo- 
graphic pencils, 145. 

is a sphere, 127. 

OPand (yP', 133. 

perpendicular with conjugate 
diameter, 211. 

superposable jjencils, 150. 

tangents to a parabola, 101. 
Locus (of point), given CM: DNy 
149. 

given cross ratio, 147. 

perpendicular on polar, 211. 

segments of an involution, 203. 

vertex of projection, 311, 

vertex of triangle, 149. 

Magnus's theorem, 328. 
Manifoldly related conies, 174. 
Mates, 189. 

Menelaus's theorem, 6. 
Model— end of book. 

Negative involution, 195. 

reciprocation, 91. 
Newton's theorem, 65. 
Non-focal axis, 281. 
Normals, 166, 211. 

Obliques, 212. 
Origin of reciprocation, 90. 
Orthocentre, four triangles, 34. 
rectangular hyperbola, 73. 
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Orthocentre, triangle circum- 
scribing a parabola, 105, 
243. 
Orthogonal circles, 26. 
involution, 204. 
projection, 38, 286. 
rays of pencil in involution, 
204, 223. 

Pappus's theorem, 143. 

converse of, 151. 

correlative of, 157. 
Parabola, circle about a touching 
triangle, 101, 280. 

definition, 49. 

limit of central conic, 68. 

SA . SA' = SB . SB' = SC.Sa, 
159. 

tangents divided similarly, 
162. 

rP = PF, 55. 

various theorems, 163. 
Parallel projection, 38. 
Parameter of homology, 325. 
Pascal line, 1§0. 
Pascal's theorem, 179, 288. 
Perspective, central, 38. 

figures, 311. 

pencils and i-anges, 119. 

triangles, 46. 
Picture, 38. 

Point reciprocation, 90. 
Polar of point for circle, 28. 

of point for conic, 51. 

of point for two lines, 19. 

of triangle for conic, 177. 

circle of triangle, 34, 242, 243. 

envelope, 244. 
Pole of involution on a conic, 
218. 

of line for circle, 28. 

of line for conic, 51. 

of line for two points, 19. 

of triangle for conic, 177. 
Pole-locus of line for four-point 

conies, 233, 291. 
Poles and polars, 165. 
Polygon, 7, 143, 229, 266. 
Positive involution, 195. 
Principal axes of conic, 60, 163, 
210. 



Principle of continuity, 269, 

287. 
Projection, elementary theory, 
38. 

figures in projection, 309, 311. 

higher theory, 285. 

of ABCD into A BCD', 116. 

of a conic is a conic, 69, 152. 

of conjugate lines into axes, 
69. 

of five points into cyclic 
points, 146. 

of involution pencil into ortho- 
gonal pencil, 206. 

of involution range, 190. 

of pole and polar, 51. 

use in involution, 206. 
Projective pencils and ranges, 
124. 

Quadrangle, complete, 22. 
construction of polar, 35, 54. 
harmonic property, 22, 45. 
inscribed and circumscribed, 

290. 
inscribed in circle, 35. 
inscribed in conic, 53, 288. 
self-conjugate for conic, 353. 
two, having same harmonic 

points, 152. 
Quadrilateral, circles on the 

diagonals, 34, 241. 
circumscribed to circle, 35. 
circumscribed to conic, 53, 

288. 
complete, 21. 
construction of pole, 37. 
diameter, 241. 
harmonic property, 21, 45, 

226. 
middle points of diagonals, 

34, 241. 
six points on diagonals, 178, 

238. 
two having same harmonic 

triangle, 153. 
vertices are conjugate, 177, 

289. 

Radial projection, 38. 
Radius of reciprocation^ 90. 



866 



Index 



Range, 13. 

Ratio of similitude, 214. 

Rational construction, 131* 

correspondence, 130. 
Rays of projection, 38. 
Reciprocal, any two conies are 
reciprocal, 168. 

oiAB'.BCyim. 

of Carnot's theorem, 106. 

of circle, 92, 283. 

of circular points and lines, 
283. 

of coaxal circles, 103, 283. 

of confocal conies, 103, 283. 

of conic, 87, 167. 

of pole and polar, 87, 167. 

of range, 165. 

of range in involution, 201. 

theorems, 88. 

triangles, 176. 
Reciprocation, 85, 283. 
Rectangular hyperbola, 60. 

circumscribing a triangle, 73. 

conjugate diameters, 60, 71, 72. 

one through four points, 73. 

perpendicular diameters, 72. 

triangle self-conjugate for, 
175, 277. 

two touching four lines. 244. 

00, oo' conjugate for, 276. 
Relation, homographic, 127, 133. 

involution, 198. 

(1, 1), 129. 

(1, 1) symmetrical, 199. 

SPiPM property of conic, 78, 

327. 
Salmon's theorem, 29. 
Segment, formulae, 1. 
external bisector, 10. 
internal bisector, 4. 
Self-conjugate triangle, for 
circle, 33. 
for conic, 53. 
for parabola, 56. 
foi-med by circumscribed quad- 
rilateral, 35. 
formed by inscribed quad- 
rangle, 34. 
given and one point, 54. 
given and one tangent, 55. 



Self-corresponding points (see 

Common points), 
rays {see Common rays). 
Self-pokr triangle (see Self-con* 

jugate triangle). 
Self-reciprocal triangle {see 

Self-conjugate triangle). 
Signs,algel|raical ,ingeometry, 1 . 
Similar nguives, 214. 

ranges, 128, 135, 136, 162. 
Solution of certain equations, 

266. 
Steiner's theorem, 105^243. 
Stewart's theorem, 3. 
Superposable pencils, 137, 139, 

150, 277. 
ranges, 135, 136. 

Three-point contact, 148, 172, 

230, 240, 261. 
Transverse axis, 60. 
Trial and error, method of, 264. 
Triangle, circumscribed to conic, 

inscribed in circle and circum- 
scribed to parabola, 1 01, 280. 

inscribed in circle and self- 
conjugate for r. h., 277. 

inscribed in one conic and cir- 
cumscribed to another, 171. 

inscribed in one triangle and 
circumscribed to another, 
120. 

self-conjugate, inscribed and 
circumscribed, 172. 

two triangles touching conic 
at the bases, 171, 291. 
Trisection of arc-by r. h., 151. 
Two lines form a conic, 50, 146, 
147. 

points form a conic, 50, 160. 

Vanishing lines and points, ho- 
mology, 317, 
lines and points, projection, 

39, 40. 
points of homographic ranges, 
126, 137. 
Vertex of pencil, 13. 

of projection, 38. 
Vertices of conic, tangents at, 80. 



SIGNS 

X, fly V, 110. 

(1, 1) Correspondence, 129. 

relation, 129, 133. 

symmetrical relation, 199. 
00, oo', 275. 
nr, tsx', 300. 



ABBREVIATIONS 

c of h '^ \ *^^® *"^ centre of homology, 
r. h. = rectangular hyperbola. 

director = director circle of central conic and directrix of 
parabola. 

{AB ; CD) = intersection of the lines AB and CD. 

{AB, CD) = cross ratio of A, B, C, D. 

{A, h) => length of perpendicular from the point A to 
the line b. 
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